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Abstract: We study the unique continuation property of some second order elliptic

systems.
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1. Introduction. In this paper we prove the

strong unique continuation property for some

second order systems. There are many results for

second order single equation (for example [1–3]).

Let � be a nonempty open connected subset of Rn

containing the origin, and let

pðx; @Þ ¼
X
j;k

aj;kðxÞ@j@k

be an elliptic differential operator in � such that

aj;kð0Þ is real and aj;kðxÞ is Lipschitz continuous

in �. In [3], Regbaoui proved that if u 2 H1
locð�Þ

satisfies

jpðx; @Þuj � C0jxj�2juj þ C1jxj�1jruj

with a sufficiently small C1 and

lim
�!0

���

Z
jxj��

juj2dx ¼ 0

for any positive �, then u is identically zero in �.
We are interested in second order systems, that

is, aj;kðxÞ is of matrix valued.

2. Main Results. Let � be a nonempty

open connected subset of Rn containing the origin,

and let

P ðx; @Þ ¼
X

1�j;k�n

Aj;kðxÞ@j@kð2:1Þ

be an elliptic differential operator in � where Aj;k is

an N �N matrix valued function with the entries

which are Lipschitz continuous in � for any 1 �
j; k � n: We assume that P ðx; @Þ satisfies the

following properties;

A�
j;kAl;m ¼ Al;mA

�
j;kð2:2Þ

for any 1 � j; k; l;m � n; and there exist an elliptic

differential operator pð@Þ ¼
P

1�j;k�n aj;k@j@k with

real coefficients and complex numbers �j j ¼
1; 2 . . . ; N such that

P ð0; @Þ ¼ diag

�1pð@Þ

. .
.

�Npð@Þ

0
BB@

1
CCA:ð2:3Þ

Then it follows the following theorem.

Theorem 2.1. There exists a positive con-

stant C� depending only on pð@Þ such that if u 2
fH2

locð�Þg
N satisfies

jP ðx; @Þuj � C0juj=jxj2 þ C1jruj=jxjð2:4Þ

with C1 < C� and

lim
�!0

���

Z
jxj��

j@�
x uj

2dx ¼ 0ð2:5Þ

for any positive � and any j�j � 2; then u is

identically zero in some neighborhood of the origin.

3. Proof of Theorem. After a linear trans-

form, we may assume that pð@Þ ¼ 4. Considering

~uu ¼ ð��1
1 u1; . . . ; �

�1
N uNÞ, without loss of generality,

it suffices to prove the theorem assuming P ð0; @Þ ¼
4IN: In [3] Regbaoui proved the following result.

Lemma 3.1. There exists a positive constant

C such that

X
j�j�2

�2�2j�j
Z

jxj�2�þ2j�j�3j@�
x uj

2dxð3:1Þ

� C

Z
jxj�2�þ1j4uj2dx
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for any � 2 fjþ 1=2; j 2 Ng and any u 2
C1

0 ð� n f0gÞ:
Remark 3.2. The estimate (3.1) in Lemma

remains valid if we assume u 2 fH2
locð�Þg

N with

compact support satisfies (2.5).

Proposition 3.3. Let u 2 fH2
locð�Þg

N satisfy

(2.4) and (2.5). Then there exist positive C2 and C3

such that

kuk2H2ðfx;jxj��gÞ � C2 expð�C3�
�1Þ

for any small positive �.

Proof. Let �ðrÞ 2 C1
0 ð½0;1ÞÞ be a nonnegative

function such that �ðrÞ ¼ 1 when 0 � r � 1;
�ðrÞ ¼ 0 when 2 � r and j�0j � C: Setting ~uuðxÞ ¼
�ð��1�jxjÞuðxÞ where � is a small positive parameter

which will be determined later. By Lemma 3.1

and (2.3) we haveX
j�j�2

�2�2j�j
Z

jxj�2�þ2j�j�3j@�
x ~uuj

2dxð3:2Þ

� C

Z
jxj�2�þ1j4~uuj2dx

� C

Z
jxj�2�þ1jP ð0; @Þ~uuj2dx:

Since Aj;k is Lipschitz continuous and jxj � 2��1�;

it follows thatZ
jxj�2�þ1jP ð0; @Þ~uuj2dxð3:3Þ

� 2

Z
jxj�2�þ1jP ðx; @Þ~uuj2dx

þ 2
X
j�j�2

Z
jxj�2�þ3j@�

x ~uuj
2dx

and

X
j�j�2

Z
jxj�2�þ3j@�

x ~uuj
2dxð3:4Þ

� 4�2��2
X
j�j�2

Z
jxj�2�þ1j@�

x ~uuj
2dx:

Fixing � such that 1� 8C�2 > 0, we obtainX
j�j�2

�2�2j�j
Z

jxj�2�þ2j�j�3j@�
x ~uuj

2dxð3:5Þ

� C

Z
jxj�2�þ1jP ðx; @Þ~uuj2dx

by (3.2), (3.3) and (3.4). On the other hand, from

(2.4) and ���1 � jxj � 2���1; we have

ð3:6ÞZ
jxj�2�þ1jP ðx; @Þ~uuj2dx

�
Z
jxj����1

jxj�2�þ1jP ðx; @Þuj2dx

þ
Z
���1�jxj�2���1

jxj�2�þ1jP ðx; @Þ~uuj2dx

� 2

Z
jxj����1

jxj�2��1ðC2
0 jxj

�2juj2 þ C2
1 jruj2Þdx

þ C
X
j�j�2

Z
���1�jxj�2���1

jxj�2�þ2j�j�3j@�
x uj

2dx:

By (3.5) and (3.6), if C1 is small enough, then we

haveX
j�j�2

�2�2j�j
Z

jxj�2�þ2j�j�3j@�
x ~uuj

2dx

� C
X
j�j�2

Z
���1�jxj�2���1

jxj�2�þ2j�j�3j@�
x uj

2dx

for any large � 2 fjþ 1=2; j 2 Ng: It follows that

��2ð���1=2Þ�2�þ1
X
j�j�2

Z
jxj�1=2���1

j@�
x uj

2dx

�
X
j�j�2

�2�2j�j
Z
jxj�1=2���1

jxj�2�þ2j�j�3j@�
x ~uuj

2dx

�
X
j�j�2

�2�2j�j
Z

jxj�2�þ2j�j�3j@�
x ~uuj

2dx

and

X
j�j�2

Z
���1�jxj�2���1

jxj�2�þ2j�j�3j@�
x uj

2dx

� ð���1Þ�2��3
X
j�j�2

Z
���1�jxj�2���1

j@�
x uj

2dx:

Therefore there exist positive C3 and C4 such that

X
j�j�2

Z
jxj�1=2���1

j@�
x uj

2dx

� Cð1=2Þ2��1�6
X
j�j�2

Z
���1�jxj�2���1

j@�
x uj

2dx

� C3 expð�C4�Þ;

which proves the desired conclusion. �

Proposition 3.3 allows us to use e�=2ðlog jxjÞ
2

rather than the usual weight jxj��: Using the

similar method as [3], we can get the following

Carleman estimate under the hypothesis of

Theorem 2.1.
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Proposition 3.4. Under the hypothesis of

Theorem 2.1 there exists a positive C such that

�kjxj’�rujxj�n=2k2 þ �3k’�ujxj�n=2k2ð3:7Þ
� Ckjxj2’�P ðx; @Þujxj�n=2k2

for any large � and any u 2 C1
0 ð~�� n f0gÞ with a

sufficiently small ~�� where ’� ¼ expð�=2ðlog jxjÞ2Þ.
Remark 3.5. The estimate (3.7) in Proposi-

tion 3.4 remains valid if we assume u 2 H2
locð�Þ

with compact support satisfies

lim
�!0

expð�ðlog j�jÞ2Þ
Z
jxj��

j@�
x uj

2dx ¼ 0

for any positive � and any j�j � 2:

Proof. Let’s introduce polar coordinates in

Rn n f0g by setting x ¼ et!; with t 2 R and ! ¼
ð!1; . . . ; !nÞ 2 Sn�1. For k ¼ 1; . . . ; n, we set Dk ¼
�k and D0 ¼ @t. We have then

@xj ¼ e�tð!j@t þ �jÞ

where �j is a vector field on Sn�1. The vector fields

�j have the properties
Xn
j¼1

!j�j ¼ 0 and
Xn
j¼1

�j!j ¼ n� 1:

The adjoint of �j as an operator in L2ðSn�1Þ is
��

j ¼ ðn� 1Þ!j � �j:

Then the operator P ðx; @Þ takes the form

e2tP ðx; @Þ ¼ e2tP ð0; @Þ þ e2tðP ðx; @Þ � P ð0; @ÞÞ
¼ ð@2

t þ ðn� 2Þ@t þ4!ÞIN
þ
X
j;k

ðAj;kðet!Þ � Aj;kð0ÞÞ

� ð!jð@t � 1Þ þ �jÞð!k@t þ �kÞ
:¼ ð@2

t þ ðn� 2Þ@t þ4!ÞIN
þ

X
jþj�j�2

Bj;�ðt; !Þ@j
t�

�;

where Bj;� are N �N valued matrices such that

Bj;� ¼ OðetÞ as t tends to �1, and DkBj;� ¼ OðetÞ
as t tends to �1; for any k 2 f0; 1; . . . ; ng. We

note

B�
j;�Bk;� ¼ Bk;�B

�
j;�ð3:8Þ

for any j; k; � and � thanks to the hypothesis (2.2).

Set u ¼ e��t2=2v and P�v ¼ e�t
2=2P ðe��t2=2vÞ; thus P�

can be written

e2tP�v ¼ ð@t � �tÞ2vþ ðn� 2Þð@t � �tÞvþ4!v

þ
X

jþj�j�2

Bj;�ð@t � �tÞj��v

¼ @2
t vþ ðn� 2� 2�tÞ@tv

þ ð�2t2 � � � ðn� 2Þ�tþ4!Þv
þ

X
jþj�j�2

Bj;�ð@t � �tÞj��v

¼ a1 þ a2 þ a3 þ a4:

Set

e2tP�
� v ¼ ð�@t � �tÞ2vþ ðn� 2Þð�@t � �tÞv

þ4!v� 2�v

þ
X

jþj�j�2

B�
j;�ð�@t � �tÞjð��Þ�v

¼ @2
t v� ðn� 2� 2�tÞ@tv

þ ð�2t2 � � � ðn� 2Þ�tþ4!Þv
þ

X
jþj�j�2

B�
j;�ð�@t � �tÞjð��Þ�v

¼ a1 � a2 þ a3 þ a5;

Dð�; vÞ ¼ ke2tP�vk2 � ke2tP�
� vk2

and

Sð�; vÞ ¼ ke2tt�1P�vk2 þ ke2tt�1P�
� vk2:

Thus we have

Dð�; vÞ ¼ 4<fða1; a2Þ þ ða2; a3Þg
þ 2<fða4; a1 þ a2 þ a3Þ � ða1 � a2 þ a3; a5Þg
þ ka4k2 � ka5k2

Sð�; vÞ � kt�1ða1 þ a2 þ a3Þk2=2
þ kt�1ða1 � a2 þ a3Þk2=2
� kt�1a4k2 � kt�1a5k2

¼ kt�1a1k2 þ kt�1a2k2 þ kt�1a3k2

þ 2<ðt�1a1; t
�1a3Þ � kt�1a4k2 � kt�1a5k2

where ð�; �Þ is the L2 inner product. Using the same

method as [3], we have

2<ða1; a2Þ ¼ 2�k@tvk2;

2<ða2; a3Þ ¼ kfvk2=2� 2�
Xn
j¼1

k�jvk2;

kt�1a1k2 þ kt�1a2k2 þ kt�1a3k2 þ 2<ðt�1a1; t
�1a3Þ

¼ kt�1@2
t vk

2 þ kt�14!vk2 þ 2
Xn
j¼1

kt�1@t�jvk2
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þ khvk2 þ kg@tvk2 �
Xn
j¼1

kl�jvk2

where f2 ¼ 12�3t2 � 12ðn� 2Þ�2t� 4�2 þ 2ðn� 2Þ2�,
g2 ¼ ð�2�þ ðn� 2Þt�1Þ2 � 2�2 þ 2ðn� 2Þ�t�1þ2�t�2,

h2 ¼ ð�2t� ðn� 2Þ� � �t�1Þ2 � 2ðn� 2Þ�t�3 � 6�t�4

and l2 ¼ 2ð�2 � ðn� 2Þ�t�1 � �t�2Þ þ 6t�4 (see from

page 212, line 23 to page 213, line 18 in [3] in

detail). On the other hand, by the definition of a4
and a5 it follows that

kt�1a4k þ kt�1a5k �
X
j�j�2

�4�2j�jkB1D
�vk2

where B1 ¼ B1ðt; !Þ satisfies B1ðt; !Þ ¼ OðtetÞ as t

tends to �1.

To prove Proposition 3.4 we need the following

similar result as [3] (see Lemma 2.3 in [3]).

Lemma 3.6. Let ~DD0 ¼ @t � �t and ~DDj ¼ �j

for j ¼ 1; . . . ; n, and let Aðt; !Þ be an N �N matrix

valued function such that A ¼ OðetÞ as t tends to

�1, and DkA ¼ OðetÞ as t tends to �1. Then there

exists Bðt; !Þ such that for any v 2 C1
0 ðI � Sn�1Þ;

and for any �; � 2 Nnþ1; with j�j; j�j � 2 we have

ðAðt; !Þ ~DD�v; ~DD�vÞ � ðAðt; !Þð ~DD�Þ�v; ð ~DD�Þ�vÞ
�

X
j�j�2

�3�2j�jkBD�vk2

and B ¼ Oðt2et=2Þ as t tends to �1:

Now, we proceed to the proof of Proposi-

tion 3.4. By Lemma 3.6 and (3.8) there exists a

function B2ðt; !Þ such that B2ðt; !Þ ¼ Oðt2et=2Þ as t

tends to �1 and

2<fða4; a1 þ a2 þ a3Þ � ða1 � a2 þ a3; a5Þg
þ ka4k2 � ka5k2

�
X
j�j�2

�3�2�kB2D
�vk2:

Thus we have

Dð�; vÞ � 4�k@tvk2 þ kfvk2 � 4�
Xn
j¼1

k�jvk2

�
X
j�j�2

�3�2�kB2D
�vk2

and

Sð�; vÞ � kt�1@2
t vk

2 þ 2
Xn
1

kt�1@�jvk2

þ kt�14!vk2 þ kg@tvk2 �
Xn
j¼1

kl�jvk2

þ khvk2 �
X
j�j�2

�4�2j�jkB1D
�vk2:

Therefore we have

�Dð�; vÞ þ Sð�; vÞ

� kt�1@2
t vk

2 þ 2
Xn
j¼1

kt�1@t�jvk2 þ kt�14!vk2

þ 4�2k@tvk2 þ kg@tvk2 þ khvk2 þ �kfvk2

�
Xn
j¼1

kl�jvk2 � 4�2
Xn
j¼1

k�jvk2

�
X
j�j�2

�4�2j�jkBD�vk2

where B ¼ Oðt2et=2Þ as t tends to �1: Using the

same method in [3], if jT0j is sufficiently large, then

we conclude that there exists a positive constant C

such that

ke2tP�vk2 � C
X
j�j�2

�3�2j�jkt1�j�jD�vk2

for any v 2 C1
0 ðð�1; T0Þ � Sn�1Þ; which is a better

estimate than the desired one (3.7) (see from page

214, line 2 to page 215, line 12 in [3]). �

By Proposition 3.3 and Proposition 3.4 we

can see Theorem 2.1 in the standard manner.
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