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Abstract:

We calculate the g-Eulerian distribution W (¢, q) of the elliptic Weyl group of

type Agl’l), which is a formal power series in Z[[t,q]], and classically defined for any Coxeter

system (W, S).
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1. Introduction. Let (W,S) be a Coxeter
system, then for w € W, its length and de-
scent number are defined by l(w) = min{l: w =
SiySip - -+ 8;, forsome s;, € S}, des(w) =
H{s € S: l(ws) <l(w)}|, and the bivariate gener-
ating function which is called the g-Eulerian dis-
tribution; W(t,q) = 3, cw t9¢" ™) is defined
([2]). For example, when W is the symmetric group
Sp, the following result was given by Stanley [3];
Sz 2" [y Syes, t150q0 = (1—1) exp(a(1 -
t): q)/(1 — texp(xz(l — t): q)) where exp(z: q) =
S im0/ [lay [1lg = (1= ¢)/(1 = q). When W
is finite, W (¢, 1) is called the Eulerian polynomial of
W. In this paper, we calculate W (¢, q) for the el-
liptic Weyl group of type Agl’l) with the given gen-
erator system. Here we note that the elliptic Weyl
groups are not Coxeter groups, but in a sense, gener-
alized Coxeter groups ([1]), and we can define their
lengths, descent numbers and ¢g-Eulerian distribution
similarly to Coxeter groups. In the case of the ellip-
tic Weyl group W(A(ll’l)) with the given generator
system, the length distribution, which are also called
Poincaré series; W (q) = >, oy ¢') was calculated
by Wakimoto [4], and in a different way by the au-
thor [5]. To calculate W (t,q) for that, we use the
previous result [5].

2. The g-Eulerian distribution of the el-
liptic Weyl group W(Agl’l)). The elliptic Weyl
group W(A(ll’l)) of type Agl’l) is presented as fol-
lows ([1]):

Generators: w;,w; (i =0,1).
Relations: w? = w;? =1 (i =0,1),

;=

wowguwrw] = 1.
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We set T = wjwo, R = wijwi = wowg, then
there hold the relations; TR = RT, wiT = T wy,
wiR = R7'w;. We calculate W(t,q) by using
the same method as [5]. Noting W(A(ll’l)) =
{R™T"wy, R™"T",m,n € Z}, we divide them into
the following cases; {(I) 7" (n > 0), (II) 77" (n >
1), (III) T"wy (n > 0), (IV) T7™w; (n > 1)}, and
multiply the elements R™ (m € Z) on the left by
those. Further we use the following
Lemma 2.1. (i) Let w be a minimal ex-
pression by wy and wy. Then even if we attach
x to any letters of w, the length of w does not
decrease.
(ii) For a positive integer m,

m * m * k% *
R™ = (wijw1)™ = wjwiwy -+ wj, wg -+ wiwowy

m m

*\m * * * *
= (wow()™ = wowrwo - - WE, Wy -+ - WHWTW

m m

where wy, € {wo, w1 }.
Proof. (i) is the same as [5], and (ii) is directly

calculated. ]
() T" = (wiwp)™ (n > 0).
When n = 0, for w = R™ = (wjw)™ =

(wow§)™ (m > 1), des(w) = {w,wi}| = 2 and for
w=R"™ = (ww}) = (wiwe)™ (m > 1), des(w) =
{wi, wo}| = 2.

When n > 1, we consider w = R*T™ (k > 0).
Noting the relation Rwjwo = wiwe = wiwg, and
using Lemma 2.1 (i),
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(i) if k=0, then w = (wywp)™, and
des(w) = {wo}| =1,
(i) if1<k<2n—1, then
w = (w11w10) te (wnfl,lwnfl,O)(wn,lwn,O);

where w1 € {w1, wi}, wio € {wo,wi}, and

des(w) = [{wo, w§}| = 2,
(i) if & = 2n, then w = (wiw§)™, and
des(w) = [{wg} = 1.

Further using Lemma 2.1 (ii), for

w= R2n+an _

= (wowg)™ (wiwg)"

= wWowiwWp -+ WEW} - - wiwiws (wiwg)"

= (wiwg)" (wiw)™

= (wjwg)"wiwiws - wiwg - -wrwowr (M >1),
des(w) = [{w§, w1 }| = 2, and for
w=R"MT" =

= (wiwo)™ (wiwo)"

=wiwiwg - wiwy - - - wowy wo (wiwp)™

= (w1wo)" (wrwi)™

= (wiwo)"wiwows - - wrwy - - wiwgw;  (m>1),
des(w) = [{wg, wi}| = 2. From the above, we have;
W(t,q)y=1+ Z 2% %™ + Zthzn

m>1 n>1
4 Z(Qn _ 1)t2q2n 4 Z 2t2q2n+2m.

n>1 n>1m>1

From now on, similarly to (I) we calculate the
others.

(I1) 77" = (wowr)™ (n >1).

For k > 0, we consider w = R~FT—".

(i) ifk=0, thenw=T"= (wow1)", and
des(w) = {wi} =1,

(i) if1<k<2n-—1,
then w = (wipw11) -+ (Wn,o0Wn 1),
where w;o € {wo, w§}, w1 € {wr,wi}, and
des(w) = [{wy, wi}| = 2,

(iii) if k = 2n, then w = (wjwi)™, and
des(w) = [{wi}| = 1.

Further, for
w= R = ()" ()"

des(w) = {wi,wo}| = 2, and for w = R™T~" =

(m = 1),
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(wiw)™(wowy)™ (m > 1), des(w) = [{wr, w}| = 2.
From the above, we have;
tq II)_Zth2n+Z t2 2n
n>1 n>1
+ Z t2 2n+2m
n>1,m>1

(III) T"w; = (wywp)"wy (n > 0).
For k > 0, we consider w = RET 0.
(i) if k=0, then w = (wywp)"wy, and
des(w) = {w1}| =1,
(i) if1<k<2n,
then w = (wi1w1p) « -+ (Wn1Wno)Wnt1,15
where w;1 € {w1,wi}, wi € {wo,ws}, and
des(w) = [{wy, wi}| = 2,
if k=2n+1, then w = (wiwd)"w;, and

(ii)

des(w) = [{uf}| = 1.
Further, for w R2ntlHmngy, =
(wowg) ™ (wiwg)"wi = wi(wiwi)™(wgwi)” =
wi(wiwi)"™ (wiwe)™ (m = 1), des(w) = [{w], wo}| =

2, and for w = R™™T"w; = (wiwo)™ (wiwe) wy =
= wi(wowr)" (wowg)™ (m >

wy (wiw)™ (wowy)™
1), des(w) = |[{w1,wi}| = 2. From the above, we
have;
t q (IH Zth2n+1 + Z2nt2 2n+1
n>0 n>0
+ Z 2t2q2n+2m+1 )
n>0,m>1
(IV) T~ "w; = (wowq)" twg (n > 1).

For k > 0, we consider w = R™*T~"w;.

(i) if k=0, then w = (wowy)"
des(w) = [{wo}| =1,

(i) if 1 <k <2n—2, then
w = (wiow11) - (Wp—1,0Wn—1,1)Wn,0,

where w;g € {wo, w§}, wi € {wy,wi}, and

~lwyg, and

des(w) = [{wo, w5} =2,
(iii) if & =2n — 1, then w = (wjw})" 'wg, and
des(w) = [{ug}| = 1.

Further, for w = R~ @n-D-mp-—ny =
(wrwf )™ (gt )" = (wgwd) (wgwo) s —
(wgwi)" twg(wiw)™  (m = 1), des(w) =
Hw§, w1} = 2, and for w = R™T ™w; =

(wiwr)™(wowr )" twy =

(wowy )" (wowg) ™ wo
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(wow1)" two(wiwi)™ (m > 1), des(w) =
[{wo, wi}| = 2. From the above, we have;

t q ) = Z2tq2n 1+Z t2 2n—1

n>1 n>1

+ Z t2 2n+2m— 1

n>1m>1

Proposition 2.2. The qg-Fulerian distribu-
tion of W(Agl’l)) with the above generator system
s given as follows:

Witg)= Y ¢ = (1—q42qt)* /(1)
wGW(Agl’l))

Proof. From the above (I)~(IV),

W(tq) =1+ Y 26%¢>" + > 2tg™"

m>1 n>1
+ Z(Zn _ 1)t2q2n _|_ Z 2t2q2n+2m
n>1 n>1,m>1
+) 2" + ) (20— 1)
n>1 n>1
+ Z 2t2q2n+2m + Z 2tq2n+1
n>1,m>1 n>0

+ Z 2nt2q2n+1 + Z 2t2q2n+2m+1

n>0 n>0,m>1

+) 2”4+ (20— 2)7 !
n>1 n>1
+ Z 2t2q2n+27n—1

n>1m>1
_ (1—q+2qt)?
(1—-q)?
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