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1. Introduction and results. For an inte-
ger k, the Euler number E ) of order k (the index k
may be negative) is deﬁned by (see [2, 5])

oo 2n
secz)k = g _1npk) 2

or equivalently
DI
E— +e %

The numbers Eg? = Es,, are the ordinary Euler
numbers. By (1.1) or (1.2), we can get

(1.2)

(1.3)
E(k) (QTL) Z E2v1 E2v2 ce EQ’U)C
ot onen (20D)1(202)!- - (208)!
v120,v22>0,...,v >0

when k is positive.

The Euler numbers Es, satisfy the recurrence
relation
(1.4)

EO = 17 E2n = -

k=0

By induction, all the Euler numbers FEjy, Fs,
Ey, ... are integers. By (1.3), we know Eéﬁ) is an
integer.

Recently, several researchers have studied the
congruences for Euler numbers. For example:

n [7], Wenpeng Zhang obtained an interesting
congruence for Euler numbers,

(1.5) E, 1 =1+ (-1)®*D/2 (mod p).

where p is any odd prime.
In [4], Guodong Liu obtained an congruence for
Euler numbers,
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In this paper, we prove some congruences for higher-order Euler numbers.

Higher-order Euler numbers; Euler numbers, congruences.

(p—1)/2

(1.6) Z Eonior = —1 (mod p).

where n > 0 is integer and p is any odd prime.

The following conjecture is on Euler numbers
(see [1] B45).

Conjecture. For any prime p = 1 (mod 4),
the congruence Eq,_1y/2 70 (mod p) holds.

In [3], Guodong Liu proved the conjecture for
p =5 (mod 8). In [6], Pingzhi Yuan, using a result
of [3] and the class number formula for the quadratic
field with negative discriminant, proved the above
conjecture.

The main purpose of this paper is to prove some
congruences for higher-order Euler numbers. That is,
we shall prove the following main conclusion.

Theorem 1. Letn > 0,7 > 3 be integers, p
be any odd prime. If r =2k +1 (mod p), where 1 <
k<(p—1)/2. Then

(p—1)/2

(1.7) Z E) 5 =0 (mod p).

Theorem 2. Letn > 0,7 > 2 be integers, p
be any odd prime. If r =2k +2 (mod p), where 0 <
k<(p—1)/2. Then

(1. 8)
(p—1)/2

—1)P+1)/2 /9
S H= T () tmedn)

Taking » = 2 in Theorem 2, we may immediately
deduce the following

Corollary 1.
any odd prime.

Let n > 0 be any integers, p be
Then we have

(p—1)/2

Z E2n+22 -

Setting p = 3,5,7,11 in Corollary 1, we can get

(1.9) 1)(”'“)/2 (mod p).
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(1.10) B, =1 (mod 3).
(1.11) B o+ ES) = —1 (mod 5).
(112) B+ B  +EP s =1 (mod 7).

+ Eéi)+6 + Eéi)+8 + Eéi)_;’_lo =1 (mOd 11)

2. Some lemmas.
Lemma 1. Letn > 1,k > 1 be integers. Then

we have
(2.1) ES) =0 (mod k).

Proof. By (1.1), we have

e o (k) x2n—1
(2.2) ;( DB (g =1
= k(secz)¥ tan .
By (secx)? = Yool (-1)"ES)(@*/((2n)) =
Y (1) TER) (2?2 (2n — 2)1)), we get
s ‘,E2n71
(2.3) tanwz = ;(—1)"*1@?,2@.
By (2.2) and (2.3), we have
o0 x2n
nzl( 1)nE(k) (271 1)!

2n—
2.4 n lE z
( ) X nzl 2n (2n 1)|
e (M)
2n—1
g2 T
X Loy  Logyy_9i—2 (2n _ 1)l
Comparing the coefficients of 22"~ on both sides of
(2.4), we get
(2.5)
— /2n—1
k - k) (2
ER = kY ( 0 )EggEgg_%_z =0 (mod k).
i=0
This completes the proof of Lemma 1. L]
Lemma 2. Letn > 0,k > 1,m > 1 be inte-
gers. Then we have

(2.6) ES™ = B (mod m).
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Proof. By (1.1), we have

(2.7)
- (o) T .
> (1) By, " = (s "
nzo( ) 2n (271)' (secx)

= (secz)k(secz)™

nE(k) x2n i(—l)nE(m) ‘T2n
n (2n)! = n(2p)!

N % k) pm) 22"

_;( 1) Z(2J>E By an

=0

Comparing the coefficients of 22" on both sides of
(2.7), we get

k+m = 2n k
Eén Y = Z <2J>Eén)—2]E£§n)
j=0

k - 2n k m
= Eén) + Z (2j>E§n)—2jE§j g
j=1

(2.8)

y (2.8) and Lemma 1, we have

(2.9) EST™ = EM - (mod m).

This completes the proof of Lemma 2. L]

Lemma 3.
gers.
(2.10)

1 <~ /m
U

Letn > 1,k > 1,m > 0 be inte-
Then we have

(mod (m + k)).

Proof. By (1.1), we have

o0

S (-1 L

2n |
— (2n)!

k

= (secx)

= (secx) m

e 2n
_ _1\n p(m+k) x
> 2n
np(-m) T
" <Z(‘” Fon <2n>!>
n=
NS S (20 gk p(-m) 2"
DAEDY (o)t B, s

(secx)™

Comparing the coefficients of 22" on both sides of
(2.11), we get
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k 271 m+k

7=0
E 2” m+k: ( m)
- 2n + Z 2n72j'

By (2.12) and Lemma 1, we have

(2.12)

2.13)  EX =EC™ (mod (m+ k).
On the other hand, by (1.2), we have

(2.14)

iE(*m) x2n _ et +e 7 m
o (2n)!

—9m i (T) i(m - 21)"%.

n=0

Comparing the coefficients of 22" on both sides of
(2.14), we get

(2.15)

‘m)_Q—mZ< ) — 2i)?

By (2.13) and (2.15), we immediately obtain (2.10).
This completes the proof of Lemma 3. L]

3. Proof of the theorems.

Proof of Theorem 1. By Lemma 2 and

Lemma 3, we have

(p—1)/2 (p—1)/2

S
1 P k-1
= op—2k—1 Z (p ] >

(r—1)/2

(2k+1)
E2n+27,

(3.1)

p—2k—1

X Z (p—2k —1—2j)2n+2
>

i=1
(p —2k— 1>
=0 J

X (p—2k—1—25)%"+2
(p—2k—1-25)P~1 -1
(p—2k—1-24)2—1

1
op—2k—1

=0

(mod p).

This completes the proof of Theorem 1. L]

Proof of Theorem 2. By Lemma 2 and Lem-
ma 3, we have
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(3.2)
(p—1)/2 - (p—1)/2 (2142)
r +
Z E2n+21: Z E2n+21
i=1
1 PRy ok -2
= op—2k—2 Zo j
=
(p—1)/2

x> (p—2k—2—25)>

i=1

1 P2y 9k 2
= gp2k—2 Z ( j )

=0
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>
i=1

(p _ 2k _ 2 _ 2j)2n+2i
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1 p—2k—2
L (87
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p—2k— i 2j#+1

(p—1)/2
XY (p—2k—2—25)>
i=1
p—1
= gp—2k—1
» p—2k—2 n p—2k—2
(p—2k—-1)/2 (p—2k—3)/2

p—2k—2

1 —2k—2
e S
p—2k—2—2j#+1

X (p— 2k — 2 — 2j)2"+2
(p—2k—2—25)P~1 —1
(p—2k—2—-2j)2—1

() ()
(p—2k—1)/2 (p—2k—3)/2

_22k( p—2k—1 )

(p—2k—1)/2

(—1)+D/2 1ok

= | (mod p).
This completes the proof of Theorem 2. L]
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