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An example of nonuniqueness of the Cauchy problem for

the Hermite heat equation

By Bishnu P. Dhungana∗), ∗∗)

(Communicated by Shigefumi Mori, m. j. a., March 14, 2005)

Abstract: Using Mehler kernel, we give an example of nontrivial solution of the homoge-
neous Cauchy problem of the Hermite heat equation, which is, for each t, bounded in the space
variables.
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1. Introduction. For k = 0, 1, 2, . . . , we de-
note by hk the normalized Hermite functions on R
defined by

hk(x) = (2kk!
√

π)−
1
2 h̃k(x)

where h̃k is the Hermite function on R defined by

h̃k(x) = (−1)ke
1
2x2 dk

dxk
e−x2

.

For all x, ξ ∈ R and w ∈ C with |w| < 1, the well
known Mehler formula (p. 107, [6]) is

∞∑
k=0

h̃k(x)h̃k(ξ)
2kk!

wk(1.1)

= (1 − w2)
−1

2 e
− 1

2
1+w2

1−w2 (x2+ξ2)+ 2w

1−w2 xξ

where the series is uniformly and absolutely conver-
gent on {w ∈ C : |w| < 1}. In view of (1.1), it is
easy to see that

∞∑
k=0

e−(2k+1)thk(x)hk(ξ)

=
e−t

√
π(1 − e−4t) 1

2
e
− 1

2
1+e−4t

1−e−4t (x−ξ)2− 1−e−2t

1+e−2t xξ

for x, ξ ∈ R and t > 0. We denote by E(x, ξ, t) the
Mehler kernel and define by

(1.2)

E(x, ξ, t) =




∞∑
k=0

e−(2k+1)thk(x)hk(ξ), t > 0

0, t ≤ 0.
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For fixed ξ ∈ R, we easily see that E(x, ξ, t) satisfies
the Hermite heat equation
(

∂

∂t
− ∂2

∂x2
+ x2

)
U(x, t) = 0, x ∈ R, 0 < t < ∞.

Moreover for each x ∈ R and each t > 0, E(x, ζ, t)
is an entire function of ζ ∈ C.

As a particular case of the second order
parabolic equation, the following is the famous
uniqueness theorem on the Cauchy problem of the
Hermite heat equation:

Theorem 1.1 (p. 86, [1]). Let T > 0 and
U(x, t) be a continuous function in R × [0, T ] such
that

(a)
(

∂
∂t − ∂2

∂x2 + x2
)
U(x, t) = 0 in R × (0, T ),

(b) for some constants C, A > 0,

|U(x, t)| ≤ C eA(x2+1) in R × (0, T ),

(c) U(x, 0) = 0 for x ∈ R.

Then U(x, t) ≡ 0 in R × [0, T ].

The aim of this paper is to give an example of
nonuniqueness for the Cauchy problem of the Her-
mite heat equation, which is, for each t, uniformly
bounded in the x variable.

2. Main results.

Lemma 2.1. Let E(x, ξ, t) be the Mehler ker-
nel as defined in (1.2) and let 0 < ε < 1. For each
M > 0, let Lε = {ξ + iη : ξ > M − ε, |η| ≤ ε}. Then,
for t > 0, there exist some constants C1, C2 > 0 such
that

sup
ζ∈Lε

|E(x, ζ, t)| ≤ C2 exp
(

ε

t
− C1

2t
d(x, Lε)2

)
.
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Proof. For ζ = ξ + iη and t > 0, we have

|E(x, ζ, t)|

=
e−t e

−
�

1
2

1+e−4t

1−e−4t (x−ξ)2+ 1−e−2t

1+e−2t xξ
�
+ 1

2
1+e−4t

1−e−4t η2

√
π(1 − e−4t)

.

Since e−t√
1−e−4t

≤ 1
2
√

t
for every t > 0, we have

|E(x, ζ, t)| ≤ e
−
�

1
2

1+e−4t

1−e−4t (x−ξ)2+ 1−e−2t

1+e−2t xξ
�

+ 1
2

1+e−4t

1−e−4t η2

2
√

πt
.

Put P = 1
2

1+e−4t

1−e−4t and Q = 1−e−2t

1+e−2t for positive t.
Then P > 0 and Q > 0. Using the inequality

P (x − ξ)2 + Qxξ ≥
(

P − Q

2

)
(x − ξ)2,

we obtain that

|E(x, ζ, t)| ≤ 1
2
√

πt
e

1
2

1+e−2t

1−e−2t η2− e−2t

1−e−4t {η2+(x−ξ)2}.

Since d (x, Lε)
2 ≤ η2 + (x − ξ)2 for every ζ ∈ Lε, we

have

(2.1)

sup
ζ∈Lε

|E(x, ζ, t)| ≤ 1
2
√

πt
e

1
2

1+e−2t

1−e−2t ε2− e−2t

1−e−4t d(x,Lε)
2

.

For 0 < t < 1, it is not difficult to see that

1 + e−2t

2(1 − e−2t)
≤ 1

t
,

e−2t

1 − e−4t
≥ C1

t

for some constant C1 > 0. It then follows from (2.1)
that for 0 < t < 1

(2.2) sup
ζ∈Lε

|E(x, ζ, t)| ≤ 1
2
√

πt
e

ε2
t −C1

t d(x,Lε)
2
.

But for 0 < ε < 1 and 0 < t < 1, there exists some
constant C2 > 0 such that

(2.3)
1

2
√

πt
e

ε2
t −C1

t d(x,Lε)
2− ε

t +
C1
2t d(x,Lε)

2 ≤ C2.

It then follows from (2.2) and (2.3) that for 0 < t < 1
(2.4)

sup
ζ∈Lε

|E(x, ζ, t)| ≤ C2 exp
(

ε

t
− C1

2t
d(x, Lε)2

)
.

But from (2.1) we see that

(2.5) sup
ζ∈Lε

|E(x, ζ, t)| → 0 as t → ∞.

Hence in view of (2.4) and (2.5), we obtain

sup
ζ∈Lε

|E(x, ζ, t)| ≤ C2 exp
(

ε

t
− C1

2t
d(x, Lε)2

)

for t > 0 and 0 < ε < 1.

Theorem 2.1. Let T > 0 be fixed and ε > 0
be arbitrary. Then there exists a continuous function
U(x, t) on R × [0, T ] satisfying
(2.6)(

∂

∂t
− ∂2

∂x2
+ x2

)
U(x, t) = 0 in R × (0, T ),

for some constant C := C(ε)

(2.7) |U(x, t)| ≤ C exp
(ε

t

)
in R × (0, T ),

(2.8) U(x, 0) = 0 for x ∈ R.

But U(x, t) is not identically zero in R × [0, T ].
Proof. For each M > 0, consider a curve

γM = γ1 ∪ γ2 ∪ γ3

in the complex plane C where ζ = ξ + iη and

γ1 =
{

ζ ∈ C|ξη =
π

2
, ξ ≥ M

}
,

γ2 =
{

ζ ∈ C|ξ = M, |η| ≤ π

2M

}
,

γ3 =
{

ζ ∈ C|ξη = −π

2
, ξ ≥ M

}
.

Define a function U(x, t) on R × (0, T ) by

(2.9) U(x, t) =
1

2πi

∫
γM

E(x, ζ, t) exp(eζ2
)dζ

where the integral is taken counterclockwise. Since

| exp(eζ2
)| = exp(−eξ2−η2

)

on the curve ξη = ±π
2 , it shows that the function

exp(eζ2
) decreases very rapidly as ξ → ∞ on the

curve ξη = ±π
2
. So U(x, t) is well defined on R ×

(0, T ). Also the integral is independent of M > 0
and moreover it satisfies (2.6).

For 0 < ε < 1, let Lε be as in Lemma 2.1.
Choose M > 0 sufficiently large so that γM ⊂ Lε.
Since the integral

1
2π

∫
γM

| exp(eζ2
)| |dζ|

is finite, we obtain

(2.10) |U(x, t)| ≤ CM sup
ζ∈Lε

|E(x, ζ, t)|

for some constant CM > 0. By (2.10) and Lemma
2.1, we have

(2.11)

|U(x, t)| ≤ C exp
(

ε

t
− C1

2t
d(x, Lε)2

)
, t > 0
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for some constants C, C1 > 0. Moreover the inequal-
ity (2.11) holds for any ε > 0 and we easily obtain
(2.7) from (2.11).

Since the integral (2.9) is independent of M ,
(2.11) means that for any R > 0,

(2.12) sup
x≤R

|U(x, t)| → 0 as t → 0+

which implies that U(x, t) is continuous on R×[0, T )
and U(x, 0) = 0 on R.

Now we show that U(x, t) is not identically zero.
Since

Ex(x, ζ, t)

=
e−t e

− 1
2

1+e−4t

1−e−4t (x−ζ)2− 1−e−2t

1+e−2t xζ

√
π(1 − e−4t)

(
−1+e−4t

1−e−4t (x − ζ) − 1−e−2t

1+e−2t ζ
)−1

we obtain that for suficiently large M > 0,

Ux

(
0,−1

4
log

1
3

)
=

3
3
4√

2π 2πi

∫
γM

ζ eeζ2−ζ2
dζ

=
3

3
4√

8π 2πi

∫
Lπ

e−ζeeζ

dζ

= − 3
3
4√

8π Γ(2)

= 0

where the last equality follows from the Hankel inte-
gral formula for Γ functions (p. 245, [5]). This com-
pletes the proof.

Remark 2.1. Rauch in his monograph [4]
proved that

u(x, t) =
∫

Γ0

ex(−z)1/2
e−zα

eztdz, α ∈ (1/2, 1)

where Γ0 denote the contour Re(z) = a ≥ 0 oriented
in the direction of the increasing imaginary part, is
a nontrivial solution of the heat equation vanishing
identically for t < 0. But for each t, it is not bounded
in the space variable. A better nontrivial solution of
the heat equation with null initial data was presented
in [3] via heat kernel. Quite naturally, our effort
to find an example of nonuniqueness of the Cauchy
problem for the Hermite heat equation was a chal-
lenging task. We fulfilled it with the use of Mehler
kernel. Though the example is based on the tech-

niques involved in [3], the role of Mehler kernel that
gives a different mode to the example is considered
to be predominant. In particular, the solution con-
verges [see Section 2, (2.12)] to zero uniformly for x ∈
{|x| ≤ R : R > 0} as t → 0 which is an important
aspect of the example. Moreover, extending the defi-
nition of U(x, t) for t < 0 by U ≡ 0 we have U(x, t) ∈
C∞(Rx × Rt) by virtue of (2.12) and hypoelliptic
property of the Hermite heat operator. That is to
say, U(x, t) is a nontrivial C∞-solution satisfying the
Hermite heat equation and vanishing identically for
t < 0. Furthermore possibly the first example of
nonuniqueness of the Cauchy problem for the Her-
mite heat equation, it might be useful for further
researches in partial differential equations. For ex-
ample, it remains to study about the optimal growth
condition with respect to t, for small t > 0, for the
uniqueness of the solution to the Cauchy problem for
the Hermite heat equation (cf. [2]).
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