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Abstract:

The elliptic Hecke algebras associated to the 1-codimensional elliptic root sys-

tems have been defined by H. Yamada [10], which are subalgebras of Cherednik’s double affine
Hecke algebras [2, 3]. The elliptic Hecke algebras associated to the elliptic root systems of type
X @1 have been defined similarly by the author [11] in terms of generators and relations associ-
ated to the completed elliptic diagram. On the other hand, M. Kapranov [6] has defined modified
Cherednik algebras associated to the double coset decomposition of the group schemes over 2-
dimensional local field. In this paper, we see that modified Cherednik algebras are isomorphic to

elliptic Hecke algebras of type X (11),
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1. Introduction. Let G be a Chevalley
group over a p-adic field K associated to a complex
semi-simple Lie algebra gc, and G’ be the commu-
tator subgroup of G. Let B C G be a Borel sub-
group and B’ = B N G’, then N. Iwahori and H.
Matsumoto [4] examined the structure of the dou-
ble coset decomposition of G’, G, with respect to
B’, B, respectively. The decompositions (so called
the Bruhat decompositions) G’ = |, . B'w(o)B’
and G =, 5y Bw(o)B induce the structure of the
affine Hecke algebra #°(G’, B'), and the extended
affine Hecke algebra (G, B), where W' and W
are the affine and the extended affine Weyl group,
and we have W = W’ x II, by using a finite abelian
group II isomorphic to PV /QY (where Q¥ and PV
are the coroot and coweight lattices of gc). The
group II acts on J(G’, B') as a group of automor-
phism and J#(G, B) is isomorphic to the “twisted”
tensor product Z[Il] ®z 2 (G’, B"), with respect to
this action. Recently, I. Cherednik defined “the dou-
ble affine Hecke algebra” [2]. This is an algebra gen-
erated by three set of variables; T; (1 = 1,...,1),
Yy (A € PY), X, (p € P), and the central ele-
ment ¢g¥!/™ where Yy, T} satisfy the relations of
the extended affine Hecke algebra. In this construc-
tion, the generators Yy, T; (i = 1,...,1) are replaced
with II, Tp, ..., T; which generate the same extended
affine Hecke algebra, and the subalgebra generated
by T1,...,T;, X, (u € P) satisfy the relations of
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the extended affine Hecke algebra for the root sys-
tem RY (where RV is the dual root system of R)
(see A. Kirillov [9]). But the double affine Hecke
algebra is also differently defined by the generators
To,..., Ty, I, X, (p € PV) and ¢*/™ [3]. In this
case Q¥ C PV and in the previous case, by consid-
ering the embedding of lattices Q¥ — P, we can
consider the subalgebra generated by the elements
T, (0 <i<l), Xg (B € QV) and ¢*'. We will
see that this subalgebra is isomorphic to the elliptic
Hecke algebra of type X (1) defined by the author in
[11]. Similarly to the case of the p-adic field (i.e., 1-
dimensional local field), in the case of 2-dimensional
local field K, for the group scheme G(K), one can
consider the problem to decompose G(K) to the dou-
ble coset spaces with respect to a Borel subgroup (see
A. N. Parshin [8]), and to describe the associated
Hecke algebra. M. Kapranov [6] has given one an-
swer to this problem, and constructed the modified
Cherednik algebra J#(T", A1) which is a subalgebra
of the double affine Hecke algebra. In this article, we
will show that 2 (T", Ay) is isomorphic to the elliptic
Hecke algebra of type X (11,

2. Double affine Hecke algebras and el-
liptic Hecke algebras. Let R be a root system of
type X (X = A, By,...,G2), and QY, PV be the co-
root lattice, the coweight lattice of R. Let R:=Rx
Z and R := R x Z x Z be the affine root system of
type X1 and the elliptic root system of type X (1-1)
(see [1]), respectively. Let W be the Weyl group as-
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sociated to R, then the elliptic Weyl group and the
extended elliptic Weyl group of type X (1Y) are real-
ized by the semi-direct product W x (QV x QV) and
W x (PY x PV), respectively. The quotient group
PY/QY = 11 acts on the system of simple roots of
the affine root system R by permutations. Now let
us recall the definiton of the double affine Hecke al-
gebras [3]. Let C,; be the field of rational functions
in terms of independent variables ¢'/™, {tl/ 2= tl/ 2
(0 < j <)}, where m = 2 for Dy, and CQk+1, m =
1 for Cak, By, otherwise m = |II|. Let ai,...,q
be the basis of simple roots in R, and ag = —0 +
5, Alyeeny
f € R is the maximal root.

Definition 2.1 (I. Cherednik [3]). The double
affine Hecke algebra 7 is generated over the field
C,.+ by the elements {7}, 0 < j <[}, pairweise com-
mutative {Xgv, 3 € PV} (BY :=28/(B,)), group
II and the central element ¢&'/™. Let Xgv4ks =
XgvgF for ¥ € PV, k € (1/m)Z. Then the follow-
ing relations are imposed.

«y be the basis of simple roots in E, where

0) (T3 ;)T +4,%) =0,
() TIyT,- - =T;TT -,
m;; factors on each side,

0<j<l,

(mi; =2,3,4,6 if a; and «; are joined

by 0,1,2,3 laces respectively),

(i) mLim =Ty if m(a;) = aj,

(iii) T3 XpvT; = Xpv—ay
f(8Y,0i) =1 1<i<l,

(iV) ToXpgvTy = XSO(BV) if (ﬁV)e) = -1,

(V) Tngv ZXBVTZL-
f (8Y,a;) =0 for 0<i<lI,

(vi) mXgvm, b=

m(BY):
Let us introduce the element X,y := X_"1 e
X v 'q for o == —nqaf —---—mey’ 4+ 6, and deﬁne

the algebra 2; which is a subalgebra of the double
affine Hecke algebra 7 as follows:

Definition 2.2. Let C; be the field of rational
functions of the variables t1/2 = t1/2 0 <5<,
then we define the algebra %ﬂel by the following set
of generators and relations.

Generators: T, for a € {ag,...,q;}, Xyv for
a¥ € QY and ¢*'.

Relations: X,vXgv = Xgv X, for oY, Y €

QY and
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(0) (To =t/ *)(To + ta" ") = 0,
(1) ToT Ty =T T, T - - -,
Mq~ factors on each side,
(May =2,3,4,6 if o and ~ are joined
by 0,1,2,3 laces respectively),
(ii) TaX_gvTa = X—BV—ON if (ﬁv, a) = —1,

TaX_gv ZX_gvTa if (ﬁ\/,a> =0.

Remark 2.3. The inner product (-,-) is nor-
malized by (a, a) = 2 for long roots «, and this in-
duces that {ag, ag) = 2 for all root system R.

Remark 2.4. By the following reformulation,

ToyXoTog = Xuyary iF (3.0) = 1
& Ty XpvTa, = Xepvy if (8Y,00) =1
S TaXgpvTay = Xgv_ay if (87, 00) = 1
& TayX pvTa, = X _pv_ay if (8Y,a0) = —1

the relations (iii) and (iv) in JZ are reduced to the
first relation of (ii) in J%;.

Remark 2.5. By the inner products

(av,8) = -1, {(a,8Y) = —t for the diagram

O—Tg the relations (0), (i) and (ii) in J%;
«

are easily described in terms of the Dynkin diagram
as follows:

o = (To—t/*) Ty +ta'"?) =0.
«
T\ Tg =TTy,
O O - TaX_gv = X_gvTa,
a B TsX_ov = X_ovTs.
. TaX_av_gv = X—aV—BVTa;
C 00 C TgX_av_gv = X_av_gng.
o g
ToTsTo = TsTa T},
oO—O - TaX_gvT ZX_Bv_av,
o B TsX _ovTs = X_ov_pv.
(TaTB)Q = (TBTa)Q;
O——o=0 - TocX—oN—BV = X—aV—BVTom
a 2.4 TpX_ovTs = X_ov_pv.
(TaTB)B = (TBTa)B;
O———0 - TaX_av_gvT :X_Qa\/_ﬁ\/,
a 38 TsX_ovTs = X_ov_pv.
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Here we set T := Tp« := T, ' X_ov, and a, b
denote one of the elements {«, a*}, {3, 5*} respec-
tively, then we obtain the following.

Proposition 2.6. The algebra J; is de-
scribed by the following set of genmerators and rela-
tions:

Generators: Ty, Tox for a € {ag,...,aq}.
Relations:
I _
O = (To =t/ *)(To + ta'/?) =0,
(0%
O O = T, T, =T,7T,.
o B
TaTbTa = TbTaTb;
_ TaTT; = TyT3 T,
o 3 TB*TQTQ =T, T;T}s,
TaTngTﬁ* = TgTﬁ*TaTg.
(TaTb)2 = (TbTa)Q;
_ TiTTT. = THI LI,
2 22 T3T. T = Ta T3 T,
T TiTsTy = ToT;Ta Ty
(TaTb)s = (TbTa)S;
_ DT TTRT; = T TT5 T,
2 32 T3T. T = Ta T3 T,
T TiTsTy = ToT;Ta Ty
T T3TsT; = TiTsT3T
Sajg = TsT3Ta Ty = T3Ta T3 T,
ey
A (121) = BN TT =g
B (123) = TVIGTTy (ToTs - Ty 1Ty ,)?
TTr =q,
i (122) = DN LT =g
DMV (1> 4) = TYTyTVTH(ToTy - Ty o T} ,)?

T Ty TTF =g,

ESMY — Ty Ty T T (ToTy)2 (T T3 )3 (Ty T )
TsTE(TeTg)? = ¢ 1,
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E§1,1) = TVTP T Ty (ToTy)2(TsT3 )3 (Ty Ty )*
(TsTe )3 (To Ty (TyT)? = ¢,
B — Ty (T2 (o135 (T6T3 )P T4 T;

=q 1,
= ToTg (TVTT ) (ToTs )3 (Ts T3 > Tu Ty
=q "
G = DI (NPT =7

FD

Proof. From X_,v =T,T>, we obtain the fol-
lowing relations:
Xangv = ngXav
= T I3TsT; =TpT5T.T7,
TaX_av_gv = X—aV—BVTa
= T I3TsT; =T 1151,
ToX_pvTy =X _ov_gv
=  IpT5T., =T31sT3,

and from X, v = X ' --- X _"q, we obtain
g « « ’
1 l

T Ty (Ty T )™ (T T5)™ - - (LT)™ = q .

Further, in the next cases, from the relations of the
left hand side, we can obtain the relations of the right
hand side, which has been already proved in [11] (in
the proof of Proposition 4.2).

ToTsTy = TsTo Ty
TiTsT; = ToT5Ta
TET T = To T3 T,
T TiTsT; = ToT5Ta Ty

ToT5To = T3Ta Ty
= TyT Ty = T THT*
TiT5Ts = TETET);

(TaTB)Q = (TBTa)Q
T;TgTﬁ*Ta = TaTngTﬁ*
TB*TQT(; = TQTQTB
TaT(;TgT* = TgTﬁ*TaTg

(TaT)* = (T3T0)?
= (TT2)? = (TT5)°
(T3T)* = (T5T5)?

(TaTB)S = (TBTa)S
TgTaTngTﬁ*

= TaT(;TgTB*Ta =
TB*TQT(; =T,T;Ts
T, T;TT; = TgTﬁ*TaT;

(TaT3)? = (T5Ta)?
(TpTy)? = (T3Tp)°
(TxT5)° = (T5T%)°

so the proof is completed. |

Remark 2.7. From Proposition 2.6, we see
that the algebra 4#; is isomorphic to the elliptic
Hecke algebra of type X (1) defined in [11].
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3. Modified Cherednik algebras. Let us
recall the results in [5, 6] and [7]. Let G be a split
simple, simply-connected algebraic group (over Z),
T C G the fixed maximal torus, and we regard G, T
as group schemes. Let L = Hom(G,,,T) and LY =
Hom(T, G,,) be the coweight and weight lattices of
G, R C LY be the root system. Let TV = Spec C[L]
be the complex torus dual to T. Let L,y = Z @
L be the lattice of affine coweight of G. Let W and
Weag := Wx L be the Weyl group and the affine Weyl
group of G. Let W := W x (L @ L) be the elliptic
Weyl group (double affine Weyl group) and W =
Wap X Log be its central extension (double affine
Heisenberg-Weyl group). Let T, = Spec C[Lqgq] be
the affine torus corresponding to TV. Here we note
that as G is simply connected, in the notation of the
previous section, we can identify L = QV, LY = P.
Set Py = P & (1/m)Z, Tay = Spec C[Pay], where
m € Z is the smallest integer such that m(\, u) € Z
for every A € PY, u € P. Let C(T,%) and C(T.g)

be the field of rational functions on Tavﬁ and Ta , Te-
spectively, then the double affine Hecke algebra 7
is realized by the subalgebra consisting of finite lin-
ear combinations ) oy pv fu(t)[w] with fi,(t) €
C(T ) satisfying certain residue conditions (sce [6]).
Classically, for a locally compact group G and its
compact subgroup A, the Hecke algebra J#(G, A)
can be defined as the algebra compactly supported
double A-invariant continuous functions of G with
the operation given by the convolution with respect
to the Haar measure on G. In the case of G(K)
with 2-dimensional local field K, for that purpose, M.
Kapranov defined the Hecke algebra (T, A,), for
the central extension I" of G(K) and an appropriate
subgroup A; C I'. Further he showed that .52 (T', A;)
is a subalgebra of the double affine Hecke algebra ¢
consisting of linear combinations as above but going
over W x Q¥ C W x PV with f,(t) € C(T)y), and
called J2(T', A1) “the modified Cherednik algebra”.
From these arguments, we have the following.

Proposition 3.1. The modified Cherednik al-
gebra FC(T, A1) is isomorphic to the elliptic Hecke
algebra of type X1

Proof. We use the definition ([2, 6]) of the
Cherednik algebra .77, with generators

1
Yo :==Ys ¢, (b,n) € Pog =P & el

Tw, WEW =W x QVY, and 7, mecll
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From Remark 2.7, we see that the elliptic Hecke al-
gebra of type X (1) is isomorphic to the subalgebra
of /. generated by Y(; ) for (b,n) € Q¥ & Z and
7; (0 <4 <) with the relations in Definition 2.2 by
the correspondence Y ) < Xpq", 73 < T;. Here
we note that {7y, w € W x QV} = {0, 71,...,7
(1; :=7s,)}. From the results in [6]

C(T™)[W x PY] = C(TF)[W = QV][I],

and

H;. = {the subalgebra in C(TT)[W x PV]
consisting of > f,,(A\)[w] such that f,
satisfy the certain residue conditions ([6])}.

The correspondence of the generators of the both

algebras has been given by ([5, 6]);

=t =10

R Y St
tor — 1 )[5"] T e 1

Y(o,n)

1]

Ti < 0 ::(
Te (7.

The modified Cherednik algebra 2(T',A;) is
the subalgebra in C(T,%)[W x QV] consisting of
> fw(N)[w] such that f,, satisfy the same residue
conditions as 7., and owing to the result [6] (Theo-
rem 3.3.8), which is isomorphic to C(T,%)[Wx Q"]N
;.. Therefore we see that (', A;) is the algebra
generated by the elements

tom) =1¢", (bn)€Quy =QV @ Z
and o; (i=0,...,1),

with the relations in Definition 2.2, and which com-
pletes the proof. O
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