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Real spectrum with Nash structural sheaf
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Abstract: We show that the Nash structural sheaf over the real spectrum of a commutative
ring is determined only by the underlying space. We also calculate the stalks and global sections of
it in the restricted case. As an application, we show some basic properties of ‘separated’ morphisms.
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1. Introduction. Roy defined the following
Nash structural sheaf over the real spectrum of a
commutative ring [7].

Definition 1.1 (Ngpec, 4). Let A be a com-
mutative ring, and U a constructible open subset of
Spec,. A. Let I(U) be the inductive system whose
elements are (B, f,s) with f : A — B an étale
A-algebra and s a section from the local homeo-
morphism Spec, f over U, whose morphisms from
(B, f,s) to (B', f',s') are A-algebra morphisms g :
B — B’ with go f = f and s = Spec, go s [6,
pp. 13-14].

The inductive limit A(U) of I(U) defines a
presheaf which is separated [1, Proposition 4.2.2].
The Nash structural sheaf over Spec, A noted
./\/'specr 4 1s the sheaf associated to A.

Let R be a real closed field and M C R™ be a
Nash submanifold. For any open semialgebraic sub-
set U of M, N(U) denotes the ring of Nash func-
tions on U. The rings NV (U) form a sheaf Ny for
the Grothendieck topology on the lattice of open
semialgebraic subsets of M which is generated by
the finite open semialgebraic covering. Here M de-
notes the topological space whose underlying space
M with the above semialgebraic topology. Remem-
ber that a natural homomorphism R[X7, ..., X,] —
N (M) induces an homeomorphism Spec, N (M) —
M. Furthermore, the sheaf N 7 coincides with the
sheaf Nspec, ar(ar) via the above homeomorphism.

We consider the following ringed space.

Definition 1.2.
cally ringed space (Spec,. A,./\/'specr A), where A is a
ring.

An affine real scheme is a lo-
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A real scheme is a locally ringed space (X, Nx)
which satisfies the following condition.
There exists an open covering {U; };cr of X such

that, for any i € I, there exists a ring A which satis-
fies

(Ui;NXlUi) = (SPGC,« A, NSpecr A)

as a ringed space. We call this covering an affine
open covering.

In the present paper, we give easy descriptions
of a stalk of this Nash sheaf over a real spectrum
and sections of this sheaf over an open basis. We
also show that the Nash structural sheaf Nx is de-
termined only by the underlying topological space
X.

We define a separated morphism of real schemes
in Section 3. As an application, we investigate this
morphism using our result.

2. General facts. A real closed local Ting is
an henselian ring with real closed residue field. The
real spectrum of a real closed local ring A has a
unique maximal prime cone p 4 [1, Proposition 2.3.1].
The real strict localization of a ring is defined as fol-
lows in [1].

Definition 2.1 (A,). Let A be a ring and «
a prime cone of A. A real strict localization of A at
a is an A-algebra i : A — A’ such that:

1. A’ is areal closed local ring with maximal prime
cone V4, and the statement i_l(uAf) = « satis-
fies.

2. (universal property) for any closed local A-
algebra f : A — B such that, up being the
maximal prime cone of B such that f~1(ug) =
«, there exists a unique local A-algebra mor-
phism g from A’ to B such that goi = f
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Then there exists a unique (up to isomorphism)
real strict localization of a ring at a prime cone

Proposition 2.2. Let (X,Nx) and (Y,Ny)
be two real schemes such that there exists a morphism
[ (X,Nx) — (Y,Ny) and f is a homeomorphism
from a topological space X to a topological space Y .

Then (X, Nx) is isomorphic to (Y, Ny).

Proof. Since the family of open affine sets is
an open basis of X, we have only to prove that
Nspec, Blspee, A = Nspec, 4 in the case when there
exists an inclusion Spec,. A — Spec, B and a homo-
morphism B — A. In short, we have only to prove
that Nspec, B,a = Nspee, A,a, Where a € Spec,. A.

By definition of A,, there exists a unique homo-
morphism B, — A,.

On the other hand,
open set Spec, B’ of Spec, A such that a €
Spec, B — Spec, A — Spec, B by [2, Theo-
rem 23] because a family of constructive open sub-
sets is an open basis of Spec, B. In this case, there
exists a homomorphism I'(Spec, A, Nspec, 4) —

there exists an affine

I'(Spec, B aNSpecr p). Hence there exists a mor-
phism (Spec,. B', Nspec, Br) — (Spec,. A, Nspee, 4)
by [1, Theorem 4.2.4]. As above, there exists a mor-
phism B, — A, — By, = B,. Thus A, = B,
because there exist no homomorphisms B, — B,
but an identity. i.e., Nspec, 4,0 = Ngpec, B,a- O
Definition 2.3. A
idempotency property if this ring N satisfies
N = T(Spec, N, Nspec, ). The ring N =
I'(Spec, A, Ngpec, ) satisfies an idempotency prop-
erty by [2, Theorem 23].
Proposition 2.4. Let N be a ring which sat-
isfies an idempotency property.
(a) For any o € Spec, N, No = Ngpec, Nja =
Nsupp(a)-
(b) Set U(f1,..-.fp) = {s € M; fi(x) >
0,..., fp(x) > 0} for any elements f1,...fp €
N. Then

NU(fi, ...

ring N satisfies an

7f10)) = ( ’ '(Nfl)f2 o ')fp'

We will abbreviate this ring to Ny, .. 5, later.
Proof.
Niupp(a) satisfies the condition of Definition 2.1.

(a): We have only to show that the ring

(i) We first prove that Ng,pp(a) is a real closed local
ring. It is obvious that Ngypp(a) is local.

Now recall that k(supp(«)) denotes the

residue field of Ngypp(a) and k(a) denotes the

real closure of k(supp(a)). For any z € k(a),
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there exists a polynomial P with coefficients in
k(supp(«)) such that z is a simple root of P. Let
Q be a polynomial with coefficients in Ngupp(a)
such that @ = P. We can assume that Q €
N[X].

Let mg be the kernel of the homomorphism

B = Nsupp(a)[X]/(Q) SXm—uxe€ k(a)

Let R be an element of B such that R ¢
mg and Q' is invertible in Bpr (it exists be-
cause Q' ¢ mg). In the same way, there ex-
ists an element h of N such that h ¢ supp(«)
and hR € N[X]/(Q). Since h is invertible
in Noupp(a)[X]/(Q), we may assume that R €
N[X]. Then

(Nsupp () [X1/(Q))r = S5 (NX]/ (@),

where S, = N \ supp(a) (cf. [6, p. 18]).
The algebra (Ngupp(a)[X]/(Q))r is étale over
Ngupp(a), and (N[X]/(Q))r is étale over N.

By construction, there exists a homomor-
phism (N[X]/(Q))r — N. Set t as the image of
X under this homomorphism. In this case, the
image of t by N — Ngupp(a) — k() coincides
with the image of X by

(Nsupp(e) X1/ (@) r — S5 (NX]/(@)r

Thus, this is . Therefore the residue field of
Nsupp(a) is k/’(Oé)

Now we will show that the ring Nyupp(a) i8
henselian. Let P be a polynomial with coeffi-
cients in Ngypp(a) and x be a simple root of p
in k(«). Furthermore, let mp be the kernel of
the homomorphism

Nsupp(e) [X]/(P) 2 X = z € k().

Take R as
tioned above.

an element of B as

In the same way, we
may assume that (Ngpp)[X]/(P))r =
SSY(N[X]/(P))Rr). Whence the image t of X
under (N[X]/(P))r — N satisfies the equa-
tion

men-

P(t)=0

by the definition.

Therefore, Ngupp(a) is henselian.

We next prove an universal property. Let f :
N — B be a real closed local N-algebra with
its maximal cone pp such that f~'(up) = a.
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Then it is obvious that there exists only one
N-algebra homomorphism Ng,pp(a) — B such
that this homomorphism and f commute.
(b): We will show (b).
lemmas to show (b).

We need the following two

Lemma 2.5. Let N be a ring which satisfies
an idempotency property, and let A be a sheaf given

by

.A(U)z{s:U—> |_|J\/'a; VYo € U, Ja, f € N,
aclU

VB eU(f)NU, s(B) =a/f in NB}.

Then A= Nspec, N -

Proof. We first construct a natural morphism
A— NSpeCT N-

Let {{U(fi)NU,a;/fi)} be an element of A(U).
By taking a sufficiently fine open covering of U(f;) N
U, U(f)NU = Ujes Vi, we may assume that there
exists a; which is an element of standard étale N-
algebra B and a representation of a;, and f; which
is an element of standard étale N-algebra B and a
representation of f;. Then a;/f; is an element of
standard étale N-algebra By,. Thus we obtain an
element {(Vi, ai/fi, By,)} in Nspec, n(U).

It is obvious, by the definition of Nspec, n(U),
that any choice of representations of a;/f; gives the
same element {(Vi,a;/fi, By,)} of Ngpec, v(U) that
another choice gives.

Every stalk of one sheaf already coincides with
one of another sheaf, so we have proved this lemma.

O
If by,...,bx are elements of
NU(f1,..-, fp), the element 1 + b3 + --- + b7 is
an invertible element in N(U(f1,- .., fp))-

Proof. There exist an open covering {U;};¢cs of
U(fr,-.., [p), rings C; which is étale over Ny .
and elements 'y, ...,b'; of C; such that (U;,V';, C;)
represents b; on U;. For any a € U(f1,..., [p)
(L+b3+---+b})(a) > 0. Furthermore, the ring
Ci(14p2+4-02)(a) 18 étale over N ([6, p.16]). The

Lemma 2.6.

element 1 + b? + ---b7 is invertible in the ring
Ci(11b24--b2)(a)- Since NU(f1,..., [p)) satisfies an
idempotency property,

(L4+bf+-+ b)) eNU(f1,. -, [n)
is invertible by construction. |
Let
UK Nflv"'7fp - N(u(fla .. wf;v))

[Vol. T9(A),

be a natural homomorphism. In this situation, we
will show that i is an isomorphism.

We will show that 1 is injective. We first show
that the homomorphism % is injective in the case
when p = 1.

Set f := fi. Now assume that ¢(a/f") =
P(b/ ™). There exists an element h of supp(«) such
that A(f™a — f™) = 0 in N because the images of
a/f™ and b/ f™ coincide in N, for any o € U(f).

Let J C N be an annihilator of f™a — f"b.

Then h € J, h ¢ supp(a). Therefore, J ¢
supp(«) for all v € U(f).

Since Z(J) — Z(f), f € BV J, where Z(J) de-
notes the zero set of an ideal J. Now we conclude
that

SEO 4 bR e
By Lemma 2.6, f*(f™a — f™b) =0 in NU(f)). Fi-
nally, we get the conclusion that
a/f*"=b/f™.
Therefore 1 is injective.
The morphism

thfz — (NSDGCT(N(u(fl)))(u(fQ)))fl
= NU(f1, f2))

is injective by Proposition 2.2. Therefore 9 is also
injective in general case.

We will show the surjectivity of 1. By idempo-
tency,

U frs s L) Nluiss, o)
(Spec, N(U(f1,. ..

IR

s Fo=1))s Nspee, NU(f1,orfp-1))-

Hence we have only to prove that the homomorphism
¥ Ny — N(U(f)) is surjective.
Choose an arbitrary s € N (U(f)). The element
s may be represented as (a;/h;, U(h;)) by Lemma 2.5.
In this situation, the equality

ai/hi = aif/hif

holds true on U (h;, h;r). Since 1 is injective, a;/h; =
ai/hi in Ny, p,, . Hence

(hihir)P (hirai — hiay ) (14 b7 + - 4+ b7) = 0
(b € N, by )-
Therefore
(hihi)P(hira; — hia;) =0

by Lemma 2.6 and injectivity of 1.
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If p is an even number, exchange hY 1 for h;
and h¥a; for a;, and if p is an odd number, exchange
hP*2 for h; and hP™'a; for a;. The same exchange
of h;, ay as before make us assume that s has a
representation of the form a;/h; on U(h;) such that
hira; = hsay. By construction, U(f) € U U(h;).
Therefore Z(h1, ..., hi) — Z(f), so f € B/>(hir)-

Now the equality

f2m+b%+...+bz:Zcihi (ci,bi € N)

holds true. Set a = ) ¢;a;. Then

hya = Z ciaihy = Z cih;a;
= (™ + 03+ - b2)ay.
Now we conclude that
af(f¥™ + 01+ -b7) = aj/hy.

There exists a’ € N such that a//f™ = a;/h; by
Lemma 2.6.
Hence, ¢¥(a’/f™) = s. In short, v is surjective.
]
3. Separateness.
Definition 3.1.
X, Y be real schemes over S, i.e., real schemes with
morphism to S. We define the real scheme X xgY
with morphisms p; : X XxgY — X and py : X xgY

Let S be a real scheme, and

— Y as follows:
For any real scheme Z such that the following
diagram commutes,

z 1 . x

L]

Y — S

there exists a morphism 6 : Z — X xg Y such that
probf=f,prob=g

One can show in the same way as [3, Theo-
rem 3.3] that, for any two real schemes X and Y
over a real scheme S, X xg Y exists uniquely up to
isomorphism.

Definition 3.2.
phism of real schemes.

Let f: X — Y be a mor-

The diagonal morphism is the unique morphism
A : X — X Xy X whose composition with both
projection maps p1,p2 : X Xy X — X satisfies p; o
A=pyoA =id.

The morphism f is said to be separated if im A
is constructive and closed.
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Furthermore, X is said to be separated if the
morphism f : X — Spec, Z is separated.

Theorem 3.3. Let f : X — Y be a mor-
phism of real schemes. Then the following conditions
are equivalent.

o The morphism f is separated.

e For any real closed field K, whose proper cone is
B, and for any [B-convex valuation ring R with
quotient field K, we set T = Spec, R, U =
Spec, K and ¢ : U — T as a morphism in-
duced by the inclusion R — K.

Then for any morphism q : T — Y and any
morphism p : U — X such that the following
diagram commutes,

v —2.x

i |7

T T) Y

there exists at most one morphism r : T — X

such that p =roi.

Claim 1. Under the condition of this theorem,
T consists of two points and one is a specialization
of another.

Proof of Claim 1. By [4, Proposition 10.1.6,
Proposition 10.2.3], T contains at least two points
and the one is a specialization of another one.

Furthermore, one point is SN R and the other is
one induced by B — B/mp = kp. Now we assume
that there exists more than two proper cones. By
[4, Theorem 10.1.10], K has more than two proper
cones. Contradiction.

Hence kp is a real closed field, and the proof of
Claim 1 is completed. Ol

Claim 2. Under the condition of this theorem,
to give U — X is equivalent to giving a point x1 of
X and an inclusion k(x1) = Ny, /my, — K. And
to give T — X 1s equivalent to giving points xg,
x1 of X (where xg is a specialization of x1), inclu-
sions k(x1) = Ny, /my, — K, Ny — R and m,, =
M NN, , provide that my,, M is a mazimal ideal of
Ny, R.

Proof of Claim 2.
is obvious.

The first part of this claim

If the morphism T — X is given, xg, x1 are
given as the images of two points tg, t; of T, where
to — tl.

The morphism T — X can factorize through
Z = {x1}~ as follows by Proposition 2.2:
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T— Z={n} — X.

Therefore we get an inclusion which satisfies required
conditions.

Assume that the inclusions are given. There ex-
ists a morphism Spec, R — Spec, NN — X be-
cause there exists an inclusion N, — R. Hence
we can easily construct required maps. The proof of
Claim 2 is completed. Ol

We prove the theorem, using the above two
claim.

Assume that f is separated and that there exist
two morphism h, b’/ which satisfy the equations

hoi=p, hoi=np.
This two morphism construct a morphism
W T — X xy X.

Because h and h' coincide on U, h”(t1) € A(X).
Furthermore, ty € A(X) i.e., h(ty) = x0 = h'(to),
h(t1) = x1 = h(t1) because A(X) is closed and con-
structive. The inclusion k(z1) C K induces h, '
Hence one of the statements is proved by Claim 2.

Conversely, assume that the condition of com-
mutative diagram is satisfied. The set A(X) is con-
structive because a set is compact on Spec, A if
and only if it is constructive on Spec, A [4, Corol-
lary 7.1.13] and because an image of a compact
set by a continuous map is compact. If A(X) is
closed under specialization, A(X) is closed [4, Corol-
lary 7.1.22]. Hence we have only to prove that A(X)
is closed under specialization.

Choose an arbitrary element &; € A(X), and let
&o be a specialization of & . Set K := k(&) and N,
as a stalk of the Nash structure sheaf at & on {£}~.

There exists a valuation ring R which dominates
Ne, by [5, p.72 Theorem 10.1, 10.2]. We obtain a
morphism

r:T =Spec, R — X xy X

such that r(tg) = & and r(t;) = & by Claim 2.
Let p; and ps be the first and second projection of
X xy X onto X, respectively. Then

fopior=fopsor.

Therefore the morphism T — X xy X factor-
izes as

T— X 2 X xy X.
Therefore, & € A(X).

[Vol. 79(A),
The proof of this theorem is completed. |
Corollary 3.4. In the same condition of The-

orem 3.3,

1. Open and closed inclusions are separated.

2. If f and g are separated morphisms, then fog
is separated.

3. If f: X —Yand f': X' — Y’ are separated
morphisms over S, then the morphism f x f':
X xg X' — Y xgY' is separated.

4. Let f: X — Y and g: Y — Z be two mor-
phisms. If gos is separated, then f is separated.

5. A morphism f : X — Y is separated if and
only if Y can be covered by open subsets V; such
that f=Y(V;) — V; is separated for each i.

Lemma 3.5. Let X be a separated real scheme
over an affine scheme S, and U, V be open affine
subsets of X, then UNYV is affine.

Proof. The composition map X N xXg X
P, X is an identity map.

Therefore A : X — A(X) is a homeomor-
phism.

The set A(UNV) =A(X)N (U xg V) is closed
in the set U xg V. The real scheme U xg V is affine
by the way of construction. Therefore it is compact.
Since A is a homeomorphism, we may assume that
the set UNV C U xg V is closed. Since U NV is
compact, it is constructive by [4, Corollary 7.1.13].
Hence U NV is affine because it is a closed construc-

tive subset of an affine real scheme. |
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