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Abstract:

Kawamoto [5, 6] proved that for any prime number p and any a € Q*, the

cyclic extenstion Q((,,a'/?)/Q((,) has a normal integral basis (NIB) if it is tame. We show that
this property is peculier to the rationals Q. Namely, we show that for a number field K with
K # Q, there exist infinitely many pairs (p,a) of a prime number p and a € K* for which
K((p,a/P)/K(¢,) is tame but has no NIB. Our result is an analogue of the theorem of Greither

et al. [3] on Hilbert-Speiser number fields.
Key words:

1. Introduction. It is well known by
Noether that a finite Galois extension L/K of a num-
ber field K is tame if it has a normal integral basis.
Here, L/ K is tame when it is at most tamely ramified
at all finite prime divisors, and it has a normal in-
tegral basis (NIB for short) when Oy, is free of rank
one over the group ring Ok [Gal(L/K)|, Ok (resp.
Op) being the ring of integers of K (resp. L). It is
also well known by Hilbert and Speiser that when
K = Q, any abelian extension L/Q has a NIB if it is
tame. Recently, Greither, Replogle, Rubin and Sri-
vastav [3] proved that when K # Q, there exists a
tame abelian extension L/K without NIB. Namely,
the Hilbert and Speiser type assertion holds only for
Q.

On the other hand, Kawamoto [5, 6] proved that
for any prime number p and any rational number
a € Q%, the cyclic extension Q((,,a'/?)/Q((,) has
a NIB if it is tame. Here, (, denotes a primitive
p-th root of unity. Let us say that a number field
K satisfies the property (Q) when for any prime
number p and any a € K*, the cyclic extension
K(¢p, a'/P)/K({,) has a NIB if it is tame. The ra-
tionals Q satisfies the property (Q). The purpose of
this note is to show the following theorem on this
property, which is analogous to the result of Grei-
ther et al. and is shown in a way quite similar to the
argument in [3, Section 4].

Theorem. For a number field K with K # Q,
there exist infinitely many pairs (p, a) of a prime
number p and a class a € K> /(K*)P with a € K*
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for which the cyclic extension K ((,, a'/?)/K((,) is
tame but has no NIB. Namely, there exists no num-
ber field satisfying the property (Q) except for the
rationals Q.

Remark 1. Here, we fix a prime number p. A
number field K satisfies the property (Q), when for
(this fixed p and) any a € K*, the cyclic extension
K(Cp,al/P)/K((p) has a NIB if it is tame. In [4, IT],
we gave a sufficient condition for K to satisfy (Q),,
and gave some examples of p and K satisfying (Q),.

2. Lemmas. In this section, we prepare
some lemmas which are necessary to show the the-
orem. For a number field K, we denote by Ex the
group of units of K. For an integer a of K with
a # 0, we say that a is square free at K when the
principal ideal aOg is square free in the group of
ideals of K. (In particular, any unit of K is square
free.) For a prime number p, we put 7, = ¢, — 1.
Lemma 1. Let p be a prime number. Let K
be a number field with ¢, € K*, and a an element
of K* relatively prime to p.
(I) The cyclic extension K(a'/?)/K is tame if and
only if a = u? mod (m,)? for some u € Og.
(IT) Assume that a is an integer square free at K.
Then, K(a'/?)/K has a NIB if and only if a =
€? mod (m,)P for some unit € € E.
The first assertion is well known (cf. Washington [8,
Exercises 9.2, 9.3]). The second one is a consequence
of a theorem of Gémez Ayala [2, Theorem 2.1] (cf.
also [4, ).
Lemma 2. Let G be a finite group with iden-
tity e, and H its subgroup with H # {e}. As-
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sume that H is not a normal subgroup of G and that
Neo 'Ho = {e}. Here, o runs over the elements of
G. Then, there exists a subgroup H' of G such that
H' #{e} and HN H' = {e}.

Proof. Let N be the normaliser of H in G,
and {o1,...,0r} a complete set of representatives of
G/N. From the assumptions on H, we have R > 2
and ﬂjaj_lHaj = {e} where j runs over the integers
with 1 < j < R. For an integer S with 1 < S5 < R,
we put

s
Hg = ﬂ aj_lH oj.
j=1

We have Hr = {e}. Let r be the smallest integer
such that H, = {e}. We see that r > 2 as H # {e},
and that H,_; # {e}. Therefore, the subgroup H’' =
o.-H,_ 107! has the desired property. U]

For a prime ideal p of a number field K and an
element a of K* relatively prime to p, let [a], be the
class in the cyclic group (Ok/p)* represented by a,
and let o,(a) be the order of the class [a],. When
K/Q is Galois and p is unramified over Q, we denote
by (p, K/Q) the Frobenius automorphism of p. The
following lemma follows from [3, Lemma 8].

Lemma 3. Let K/Q be a finite Galois exten-
sion with K # Q, and G = Gal(K/Q). Fiz a prime
number f dividing the order |G| of G, and an ele-
ment g € G of order f. Let ¢ be an arbitrary odd
prime number such that £ = 1 mod f and ¢ { dg,
dg being the discriminant of K. Then, there exist
infinitely many prime ideals p of K unramified over
Q satisfying the following three conditions. We put
p=pNQ.

() (7, K/Q) = g.

(i) p#Z1mod ¢ but pf =1mod /.
(i) op(e) | (pf —1)/€  for all units e € Ex.

3. Proof of Theorem. For a prime number
p, we put

K" = K(G)

for brevity. First, we deal with the case where K
is Galois over Q with G = Gal(K/Q). Fix a prime
number f dividing |G|, and an element g € G of order
f- Choose an odd prime number ¢ and a prime ideal
p of K as in Lemma 3 with p = pN Q. By (i) of
Lemma 3, p is of degree f over Q. Let s be the
largest integer such that ¢° divides p/ — 1. By (ii) of
Lemma 3, s > 1. By (iii) of Lemma 3, we see that

(1) ¢ fop(e)

for all units € € F.
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Choose an integer u of K relatively prime to p such
that the class [u], of u generates the cyclic group
(O /p)* of order p/ — 1. By the Chebotarev den-
sity theorem, there exist infinitely many principal
prime ideals aOg of K relatively prime to p such
that @ = u” mod (7,)?. Then, K@) (a'/?)/K® is a
tame cyclic extension of degree p by Lemma 1 (I),
and a is square free also at K. We show that
K®(a'/?)/K®) has no NIB. Assume, to the con-
trary, that it has a NIB. Then, by Lemma 1 (II),
a =nP mod (7,)? for some unit 1 of K®). From the
above two congruences, we see that © = n mod 7.
We may well assume that K N Q(¢,) = Q. Then,
from this congruence, we obtain

uP~l=¢ mod p with e = NK(P)/K(n)

by taking the norm from K® to K. We see that
5|0, (uP~1) from (ii) of Lemma 3 and the choice of
u. Hence, we obtain ¢*|o,(¢), which contradicts (1).
Therefore, K®)(a/?)/K®) has no NIB.

Next, we deal with the case where K is not Ga-
lois over Q. Let K be the Galois closure of K over Q,
and let G = Gal(K/Q) and H = Gal(K/K). Since
G and H satisfy the conditions of Lemma 2, there ex-
ists an element g € G such that (a) the order of g is a
prime number f and (b) HN(g) = {e}. Let F be the
intermediate field of K/Q corresponding to (g) by
Galois theory. Then, F ; K and KF = K. We ap-
ply Lemma 3 for this triple (I~{, f,g). Choose an odd
prime number ¢ and a prime ideal 3 as in Lemma
3. Pt p =BNnK, pp =BNF,and p=PL"NAQ.
Since (‘B,f(/Q) = g, we see that B is of degree f
over F' and that pg is of degree one over Q. Hence,
by KF = I?, p is of degree f over Q. Let s be, as
before, the largest integer such that ¢° divides pf — 1.
From Lemma 3, we see that £° { o () for any unit §
of K. Hence, for any unit e of K, £* t o,(¢). Namely,
(1) holds also for the non-Galois case. Let u be an
integer of K such that the class [u], generates the
cyclic group (Og/p)* of order pf — 1. Choose a
principal prime ideal aOg of K relatively prime to p
such that a = v” mod (m,)P. Then, we see that the
cyclic extension K®)(a'/?)/K() is tame but has no
NIB exactly similarly to the Galois case. []

4. Proof of Lemma 3. Though this lemma
is a consequence of [3, Lemma 8], we give its proof
for the convenience of the reader. Let K, G, f, g
and ¢ be as in Lemma 3. We put

L=K®% (=K(¢&)) and M =L(e/"|c€ Eg).
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The field M is Galois over Q. Since ¢ 1 dg, we have
a canonical decomposition

Cal(L/Q) = Cal(K/Q) x Gal(Q(()/Q).

From this and ¢ = 1 mod f, we see that there ex-
ists an element o € Gal(L/Q) of order f such that
ol = g and o|q(,) is also of order f. We can
choose an element p € Gal(M/Q) of order f such
that p|p = o because M/L is an f-extension and
(¢,f) = 1. By the Chebotarev density theorem,
there exist infinitely many prime ideals P of M un-
ramified over Q such that

(2) (B, M/Q) = p.
We put

p=PNK, ppy=FNQ(), rp=PNQ.

This prime ideal p satisfies the condition (ii) since

(P, Q(C)/Q) = pla(cs)

is of order f. From (2), we obtain

(3) (p, K/Q) = plx =g

Hence, the condition (i) is satisfied. We see that P
is of degree one over K and p is of degree f over Q
because of (2), (3) and because p and g are both of
order f. Therefore, for any unit ¢ € Fx, we have
e'/! = amod P for some a € Ok, and hence € =
a® mod p. Then, it follows that the order oy(e€) of
the class [e], in (O /p)* divides (pf — 1)/¢. Thus,
the condition (iii) is satisfied. [

Remark 2. Let K be a real quadratic field,
and € a fundamental unit of K. Masima [7] and
Chen, Kitaoka and Yu [1] studied the distribution of
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the orders o, (¢€) for prime ideals p of K, and obtained
some density results. Some arguments similar to the
proof of Lemma 3 are also found in their papers.
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