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Abstract:

Let k£ be a real quadratic number field and oy, E the ring of integers and the

group of units in k. Denote by E, a subgroup represented by E of (05/p)* for a prime ideal p in
k. We report that for a given positive integer a, the set of prime ideals of degree 1 for which the
residual index of E), is equal to a has a density under the Generalized Riemann Hypothesis.
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1. Introduction. Let k& be an algebraic
number field and oy, E the ring of integers and the
group of units in k, respectively. For an integral ideal
m of k we denote by E,, a subgroup of the residue
class group (05 /m)* consisting of classes represented
by elements of E. By the class field theory the exten-
sion degree of the ray class field over k with respect
to m is a product of the absolute class number of k
and the index ((or/m)* : Ey). The former is well
studied, but ((ox/m)* : Fy) is not well known. We
consider a real quadratic number field as k. If m
is a prime ideal p of k, then I, := ((ox/p)* : Ep)
depends only on the prime number p lying below p.
Set ¢, =1, p—1, (p—1)/2 if p decomposes, inerts
with Ny q(e) = 1, or inerts with Ny, q(e) = —1
in k, respectively, where N /q stands for the norm
from k to the rational number field Q and ¢ (> 1)
stands for a fundamental unit of k. Then it has been
shown that ¢, divides I, for any p in [3]. Moreover
in [1, 5-7] it is shown that the set of prime num-
bers satisfies I, = /¢, has a natural density under
the Generalized Riemann Hypothesis (GRH). These
problems concern the Artin conjecture on the prim-
itive roots. In [2] Hooley proved this problem under
the GRH. Later in [5] Lenstra Jr. has considered
the generalized Artin conjecture. In this paper, we
report that for a given positive integer a, the set of
rational primes p decomposed in k for which satisfies
I, = a has a natural density under the GRH, which is
also the generality of [6]. The proof will be published
elsewhere. Hereafter we denote the discriminant of
k by D. The letter ¢ denotes a prime number, and p
is an odd prime number. We put

2000 Mathematics Subject Classification. 11R45.

Number theory; quadratic field; density.

P(z) = {p < z; p is decomposable in k}

and a rational integer e = v,(t) is defined by ¢° || ¢
for t € Q*. For a given positive integer a, we denote
by N, (z) the number of p € P(x) satisfies I, = a.
We apply the Chebotarev Density Theorem (CDT)
by [4, 8] to estimate N, (z) under the GRH.

Proposition (CDT [4, 8]). Let L/F be a Ga-
lois extension of algebraic number fields, and C a
conjugacy class of Gal(L/F). For a prime ideal p of
F, we denote by [(L/F)/p] a conjugacy class which
includes the Frobenius automorphism with respect to
a prime ideal of L dividing p, and nc(x,L/F) the
number of unramified prime ideals p of F which sat-
isfy C = [(L/F)/p] and Np,qp < x. Suppose that
the GRH holds for L.

wo(x, L/F) — [LleF] Li(x)
< ([LWF]\/E log(d(L)x[L:Q])>

where ¢’ 1s a positive absolute constant. Here we de-
note the absolute discriminant of L by d(L), and the
function Li(x) denotes [; (logt)~'dt as usual.

We put K, := k(Caan, /) for a natural num-
ber n where (,,, stands for a primitive m-th root of
unity. Applying CDT to K,,/Q, C = {idk, }, we get
the following main result.

In the above notation we assume
GRH in K, for square free positive integers n. Then
we have

Theorem 1.

Ny(z) =c- Li(z) + O (1:10g10g3:>

log’z

_ p(n)
where ¢ = Z m7

n>1



162 N. KATAOKA

and the infinite series ¢ is absolutely convergent.
Here pu(n) denotes the Mdbius function.

Remark 1. We note that c¢ is not necessarily
positive. We state the explicit formula and the pos-
itivity of ¢ in next section.

2. The formulation and the positivity of
c. We set N := 2aD. For a square free positive
integer n, we write n = Im with (m,IN) = 1, [|N.
We have the following lemma.

Lemma. In the above mnotation we put
K = k(Cn, ¥e). Then we have K, : k| = [K; :
k]l - [Kma : k] and [Kp1 @ k] = mep(m) where o(m)
denotes the Euler function.

By this lemma, we have

_ 1 p(l)
W e=grq 2

p(m)
Z [Km,l : k’]

N (m,N)=1
4 Tr =1 p(l) 7
ql_][VqQ—q—l %[Kz:Q]

where A is the Artin constant J[ {1 —1/(q(¢—1))}-
Now we denote by cq the finite sum >\ p(1)/([K :
QJ). We give a sum ¢y more explicitly. For a positive
integer ¢ we put

1 (if ¢ | t for any divisor g of N)
A(t) = H q (otherwise)

q|lN

att

1 (i A@) =1)
E(t) = ¢—g-1 if A() £ 1)

qI:[(t) q(g—1)

1 (if t = 1)
v(t) = %H%l (f t # 1),

qlt

If Ny/q(e) = 1, then putting e = (t + uvD)/2
where ¢, u are rational integers with ¢t > 0, we have
kE(ve) = Q(Wt+2,v/t—2). Then we put kg = k,
k1 = Q(Vt+2), ke = Q(v/t —2), and denote their

discriminants by D = Dy, D1, Ds. Moreover we put

D,
Dfi= ——+—"—— (1<i<3

2 21/2(Di) . (a(]yDi) ( - - )
where ag := a/2">(¥) and (a,b) is the greatest com-
mon divisor for rational integers a, b. Then note that
(2a9,D}) = 1 and D}’s are square free odd positive
integers. We set for i =0, 1, 2

[Vol. 77(A),
0 (if D¥  Dy)
DY)
Ro(Dy) =3 0 - E(2ayD;
(Di) Dre(D) v(aop) - E(2a9Dy)
(if D} | Dg)
0 (if 8[|Di, 21 a)
if 24 D;,21a,
o i=1,2,
ri(a) = ¢ “oze(@+3 | if4||D;,21a, or
if 8|[D;, 2]|a
2Ta(a) 13 (otherwise).

Now we have
v(2a) - E(2a) + ro(a) - Ra(Dy)
(lf Nk/Q(E) = —1)

ri(a) - Ra(Dy)

Examples. Suppose that kg = Q(v/39) and
a =39, or kg = Q(v/55) and a = 55. These are
examples satisfying ¢ = 0.

Remark 2. We can also see that if either
Nijq(e) = —1 or both Ny/q(e) = 1 and Dj # 1
(which is satisfied if a = 1), then a constant ¢ is
positive.

Next we consider an algebraic necessary and suf-
ficient condition to be ¢ > 0. The following holds.

Theorem 2. For the constant c in Theorem 1,
¢ > 0 holds if and only if there exists p € Gal(Kn/Q)
satisfying that plr, = idk, and p|k, # idk, for any
prime q divides N.

Remark 3. In [5] Lenstra Jr. has considered
the following generalized Artin conjecture: Let F' be
a finite Galois extension over a global field K, and
let C be a subset of G = Gal(F/K') which is a union
of conjugacy classes, and let W be a finitely gener-
ated subgroup of K* which has rank r» > 1 modulo
the torsion subgroup, and let a be a positive inte-
ger. Then he considered the set M (K, F,C,W,a) of
prime ideals of K which satisfy the following:

(i) (p,F/K) C C where (p,F/K) denotes the

Frobenius symbol
(ii) ordy(w) = 0 for all w € W where ord, denotes

the normalized valuation
(iif) if ¢ : W — K;* where K, is the residue class

field at p is the natural map, then the index of

Y(W) in K, divides a.

He has proved that M has a density under GRH, and
also has given a necessary and sufficient condition to

Co = 2
v(2a) - E(2a) +
i=0
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be non-zero for this density. Our density formula
(1) follows from his fomula in principal, by using
the Mobius inversion formula. But even in our case,
his formula is not explisit and the condition for the
positiveness of the density is another problem.
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