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Abstract:

In the case of elliptic root system Agl’l) (I > 2), a g-deformation algebra of the

hyperbolic extension of the elliptic Weyl group is constructed by using a representation according

to Kazhdan-Lusztig.
Key word:

1. Introduction. Elliptic root systems (ex-
tended affine root systems), have been introduced
and studied by K. Saito ([1], [2]). The Weyl group
associated to the elliptic root system is called el-
liptic Weyl group, and the relations of the genera-
tors of the elliptic Weyl group have been described
by the author and K. Saito from the view point of
a generalization of Coxeter relations ([5], [6]). In
the cases of finite or affine root systems, the Hecke
algebras and their representation theory are well
known ([3], [4]), and one can consider the Hecke al-
gebra as a g-deformation of the group algebra k[W]
In this paper, in the case of the elliptic root sys-
tem Al(l’l) (I > 2), we give a similar g-deformation
k[W](q) of the group algebra k[W], where W is a hy-
perbolic extension (a central extension) of the elliptic
Weyl group W ([6]).

2. Elliptic Weyl group and elliptic root
system of Al(l’l) . Let F' be a real vector space of
finite rank with a symmetric bilinear form I : F X
F — R. A subset ® of F' is called an elliptic root
system, if [ is positive semi definite and the radical
rad(I) = {x € F | I(z,y) = 0 for Yy € F} is of
rank 2 over R and satisfies a system of an axiom
for a generalized root system belonging to I ([1]).
In the sequel, we restrict in the case of Al(l’l). Let
€1,€2,...,€+1 be orthonormal vectors belonging to
the real vector space F, and rad(I) = Ra®Rb. Then
the root system ® and the Dynkin diagram of Al(l’l)
are given as follows ([1]):

P ={£(e; —¢)+nb+ma (1<i<j<Ii+1),
(n,m € Z)},
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where g := €141 — €1+ b, a; =€, — €41 (1 <i <),
and of == a;+a (0 < <I). Let w; := w,, and
w; 1= wy: be the reflections corresponding to the
roots «; and «f, respectively. Then w; and w} (0 <
i < 1) generate the elliptic Weyl group of Al(l’l), and
the following has been established.
Proposition 2.1 ([5], [6]).
(I) The relations of w; and w; are given as follows:

For any «, 5, € {ag, 01, ..., 0y, 0,05, ...,af}
(i) e — wi =1,
@
0 e) B (wo/wg)2 =1,
o B
O——0O — (wawg)?’ =1,
a g
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I

WaWaWRWE = WLWRWEWa
= WRWHWa W, = WiWaWaWa

(i) wowfwrwi------ wi—wy_jwwy = 1.

(IT) If we consider only the relation (i), then the cor-
responding group is the hyperbolic exten-
sion W of the elliptic Weyl group W.
Remark. In the case of Al(l’l), the following
relations can be obtained from (i):

*

a
: : /6 * 3
i - (wawpwiwg)® =1,
I
a

/8*

ﬁ\O = (wawjwawpsw,wg)® = 1.
CNE v

p

3. g-deformation algebra k[W](q) of the
group algebra k[ﬁ\/] In this section, let k be a
field, and we define a g-deformation algebra k[W}(q)
of the hyperbolic extension W of the elliptic Weyl
group W of Al(l’l) (I > 2), according to Kazhdan-

Lusztig [4].
Definition 3.1. For each simple root a €

{ag,a1,...,;}, we define the elements T,,TF €
End(F ® k(q"/?,¢q=/?)) by the following actions:
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Ty(a) = g — (¢ + 1)a*,

T (a*) = —a*,

T:(B) = qB +¢'/?a*  (if C>——f§ ),
a*

Tx(B) = qB (if O* O )-

Under these actions, we examine the relations of
the generators T; := T,, and T} := Tox (0 < i <),
then we obtain the following.

Proposition 3.2.

e

For any «, 3, € {ag, a1, ...,
* *
a8, a5, ..

= Ti=(¢-DTa+q,

— TaTﬁ = T,@Ta,

— TaTgTa = TgTaTg,

TuT;To — ToTi T

= QTo, T3] = [T, T3)),
TTsTo — TETo T

= Q[Tﬁﬂ TE]?
TiT3T, — ToTaT;

= Q[TQ7T;]7 /2 2
where, Q = 4 ;i__qq )

By this proposition, we define the k[W](q) as
follows.

Definition 3.3. The g¢-deformation algebra
k[ﬁ/\](q) is the algebra presented by the following
generators and relations:
Generators: T, T} Vo € {ag, a4, ...

=

7al}~

Relations:
O o = T3 =(q—1)Ta+q,
«
(IT) 0 o — T\ Ts =T5T,,
a B
oO——o0 - TaTgTa = TQTQTB,
a B
(I11) TaTgTa —TpT;Ts
= Q([Ta,T;] - [Tﬁ7TED7
o TrTeTy — TﬂTaTék
= Q[Tﬂa Tﬁ*]a
TjTgTa — T@T&FTE
= Q[Tw, T}],
where, QQ = a*—q*

1+q
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Remark. The subalgebra generated by the
T,, Yo € {ag,...,aq} (or T) is isomorphic to the
affine Hecke algebra of type A;.
In the following, we prove Proposition 3.2.
Let T; be the representation matrix on the ba-
sis (o, 0, .., ar,0f), ie. Ti(a,0f, ..., a1, 0f) =
(a0, 0§, ..., a,0f)T;, then from Definition 3.1, we
see that
To = ¢"/*(Eg2 + Eo 3 + Eoo1 + Fo2i41)
—(q+1)(Eoo + Eoa) +af,
T, = ql/z(E%,Qi—Q + E9i2i—1 + E2 2iq2 + E2 2i43)
—(q+ 1)(E22i + B2 2i+1) + ¢1,
(1<i<i—1),
Ti = ¢*/*(Baro + Eaa + Eaoi—o + Fopoi-1)
—(q¢+ 1)(Ea 21 + Eooi41) + al,
where E; ; is the (20 + 2) x (2] + 2) matrix whose
(i,7) component is 1 and all others are 0, and [ is the
identity matrix. We set T, == TZ—/ + ¢I, and identify
T;, ’f’i/ with T;, T/, respectively. In the same way,

Tr = Ti*/ + ¢l are given by

Ty = q1/2(E1,2 + B3+ Ero+ Er2i41)
—(¢+1)(E1o+ E11) +4ql,

Tr = ¢"*(Bait1,2i-2 + Bait1,2i-1 + Fait1.2i42
+E2i4+1,2i+3) — (¢ + 1)(Eait1,2; + Eoit1,2i41)
+al,

T = ¢"*(Fary1.0 + Barrr1 + Eag121-2
+E9+121-1) — (¢ + 1) (Bat1,20 + Eoi+1,2141)
+ql.

Then there hold the following relations.

Lemma 3.4. For any o, € {ag,a,...,q,
af,af,...,af}
O o = T? = —(¢+ 1T,
e
(I) O e) = T, Th = ThT},
o p
o—o0 = T,TT, = qTy,
o p
a*
(15, T3l = (¢ + (T, = 1),
= TYT, =—(q+ T,

TT5 = —(g+ 1T,

fQ---0
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(1) T, — TLTY = qV/(T = T),
TYTYT,, = T TYTY,

TLTYTY = TLTSTY,

TUTYTY + TLTE + T, = 0,
TYTET, + 13T, + T = 0.

Proof.
using the relation, in the representation matrix
Eziv1,x—FEoik = Ezji1,k—E2j for any 4, j, k, which
is obtained from the property of —a; = o —a;. L]

It is proved by direct calculations by

Proof of Proposition 3.2.
(D), 72 = (¢— DTa +q)
T3 = (T +ql)?
=T72 +2qT), + ¢*1
= —(q+ V)T, +2¢T", + ¢* (<= Lemma 3.4 (1))
= (= D)(Ta—al) +¢°I
=(q—1)Ts+qf

((H)7 T = TBTa)

ToTp = (To +aI)(Th + qI)
=T\Th+ q(T) + Th) + ¢°1
and  TpT, = THT), + q(Th+ 1)) + ¢*1
so from Lemma 3.4 (II), we obtain the result.

((IT), Ty T3Ty, =TT, 1p)

TI,T, = TLTT, + a(TT) + T4TL) + (T, + 1)
+qT +* Ty +a°1
= T T3, + q(ToTh + T5T0) + ¢*(Ty, + Tp)
—qT", + ¢*I (<= Lemma 3.4 (I))
= q(T,Tj + TZT},)
+¢*(T}, + T}) + ¢°I (<= Lemma 3.4 (1I))
in the same way,
TsTaTp = q(THTy + ToTh) + ¢*(Th + T7) + ¢°1
so we get the result.
(M), ToT3Te, =TT T = Q([Ta, T3] = [T, T5)))
In the same way as the previous case,
ToT3To =TT + T3 T, + (T, + T5') + ¢°1,
TsToTs = q(THT + T3/ T) + ¢*(Th + T0') + ¢°1,
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S0,
T T5To — TpT i Ts
:ﬂmw+mT—%W’
+ (T, + T3 — T -T2
3/2( + T*’ )
13")
(

—T;'Tp)

+-%T'+ *) (< Lemma 3.4 (III))

= (¢° *QS/Q)((TCZ *TSZ/) Ty —1T5"))
= Q([To, T;] — [T, Tj]) (<= Lemma 3.4 (II)).

(L), ToTsTs — TpToTj = Q[T, T])

TiTsTo = T3 THT), + q(TX'T), + THT,
+ (T, + Ty +Th) + ¢°1
= (¢ — DI'TL + o(TRT, + T5'T))
+(q® = DI+ ¢*(T,, + Tp)
+¢*I (<= Lemma 3.4 (ITI))
= q(TRT, + T3'Th) + ¢*(T), + T})
+¢*I (<= Lemma 3.4 (II)),

+ T'Tp)

and similarly,
TsToT; = q(TLT5 + THTL) + (T + TL) + ¢°1

S0,
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TT5To — TToT)

= q(TYT), — T\T5) + ¢*(Th — T3
_ qs/z(TE/ _ T[’.,) + q2(Té - Tg’) (< Lemma 3.4 (II1))
= (q3/2 — QZ)(TE/ — T[;)

— Q[Ty, Tj] (« Lemma 3.4(I1)),

The relation T3T3T, — TpTaTy; = Q[To, T3], is sim-
ilarly proved as the previous. L]
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