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A capital letter means a bounded linear
operator on a Hilbert space.

Theorem 1. IfA = B =0 with A > 0, then
for1 2q Z = t{Z g(am,i/zp pZ (tI/’z)s 2) @=t41)/10=Ds47)
(1) AT 2 {A(ATTEBTAT A
fors =1 and v 2 t.

We cite the following results to prove a simpli-
fied proof of Theorem 1 in [3].

Theorem A [1]. IfA =B =0,
then for each v = 0
(A—l) (Ar/ZAﬁAr/Z)l/q Z (AI/ZBPAV/Z)I/G
holds forp = 0 and ¢ = 1
with A +»g=p+ 7
The domain drawn for p, ¢ and 7 in Figure is the
best possible one [4] for (A-1). Theorem A im-
plies Lowner-Heinz inequality :

(#)A = B = 0 ensures A” = B for a € [0, 1].

Lemma [2]. Let X be a positive invertible and
Y be an invertible. For any real number A,

(YXY*)I _ YXl/z(X1/2Y*YX1/2)1—1X1/2Y*.

Proof of Theorem 1. First of all, we prove
that if A = B = 0 with A > 0, then
(*) Aq > {At/z (A—t/zBpA-t/z )sAt/z} a/[(p—t)s+t] for
1=2qg=2t=20,p=qands =1.
Incase2=s=1ass—1,¢/[@p—Hs+itl €
[0, 1] and A" = B’ by (#), we have (2) by Lem-
ma and (#)

(2) B1 — {At/Z(A—t/ZBPA—t/Z)sAt/Z}q/[(ﬁ—t)s+t]

— {Bﬁ/Z (BP/ZA—tBﬁ/Z)s—pr/Z}q/[(ﬁ—t)s+t]

S {BP/Z(BP/ZB—IBP/Z)s—lBﬁ/Z}q/[(P—t)s+t] —

B < A* = A, by (#)
for 1=2qg=2¢t=20,p=q and 2=s=1 Re-
peating (2) for A, = B, = 0, then we have
(3) A‘{l > {Ai‘/z (A;tl/zBflA_tl/z)SIA;I/Z} 01/1(py—tp)sy+1q]
forl=z¢q, =2t =20,p, =2 ¢, and 2 =5, = 1. Put
l1=g¢q, 2t =1tq=0and
p,=1[(p—t)s+tl/g=q, = 1in(3). Then
(4) AII > {At/z[A-I/ZAI/Z(A—f/ZBIJA—I/z)sAt/ZA—t/Z]s, A.'/Z}q/[(ﬁ—t)ssﬁt]

= {At/z (A-f/ZBpA—t/Z )ss,At/Z} a/1(p=1)ss,+t] for 1 = q > ¢
=0,p=qand4 =ss;, = 1.
Repeating this process from (2) to (4), we obtain

(x) for 1=2qg=t=20,p=q and any s = 1. Put

A, = A" and

B — {At/Z (A—t/ZBPA—t/Z)SAt/Z} q/l(p—t)s+t] in (*)
2 .

Then A, = B, = 0 by (%), so by Theorem A we

have

(5) 14;+r2 > (A;z/zB;ﬁzA;'z/Z)(l+rz)/(p2+rz) for pz >1

and 7, = 0.

We have only to put 7, = (» — ¢)/¢g = 0 and p,

=[(p—t)s+ t1/g = 1 in (5) to obtain (1).

p (1+r)q=p+r

(01 "r)

Figure
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