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Introduction. Let G, = U,,(K/k) be the
quasi-split unitary group of 2zu-dimension with
respect to a quadratic extension K/k of number
fields. The basic identity of Rankin-Selberg in-
tegral established in [4], [5] interpolates the stan-
dard L-function of a cuspidal automorphic repre-
sentation of G,(A). In [5], the two of main steps
in the theory of Rankin-Selberg method were car-
ried out, though the group was G, = Sp,, or O, ,;

(1) the investigation of analytic properties
of the global Rankin-Selberg integral and,

(2) the computations of unramified local in-
tegrals.

These two parts can be carried out entirely
in the same way as [5] also for our group G, =
U,.(K/k), which we shall state in §1.

The main part of this paper is devoted to the
study of local integrals including finite ramified
and archimedean places. We shall extend the
method of [5] to adapt to representations that
cannot be embedded in principal series repre-
sentations. We rewrite these integrals by the
Godement-Jacquet zeta integrals and obtain the
analytic continuations of them. Then it is seen
that, at finite ramified places, they can be made
constant for a suitable choice of a test function,
which enables us to prove the finiteness of poles
of the partial standard L-function by the usual
procedure of the Rankin-Selberg method.

The author would like to thank Takao Wata-
nabe for many helpful advices and encourage-
ment.

Notation. Let k be a number field and k, be
the completion of k at a place v of k. Let G, =
U,,.(K/k) be the quasi-split form of unitary
group of 2z#-dimension defined with respect to a
quadratic extension K/k of number fields. The
Galois involution of K/k is denoted by x +— T.
We realize the group of k-points of G, as
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G.(k) = {g € GL,,(K) | g],'’a =]},
_( 0 1,
where J, = <__ 1, 0 >
We often write simply as G, = G,(k), if there is
no fear of confusion. If a place v splits (resp. re-
mains prime) in K, G,(k,) is isomorphic to
GL,,(k,) (resp. U,,(K,/k,) where K,= K@,
k, is a quadratic field extension of k,). Let K, ,
be the standard maximal compact subgroup of
G,(k,).
Let T, (resp. A,) be the maximal k-torus
(resp. maximal k-split torus) given by
T, = {diag(t,,..., t,, & ,..., L) |t,€ K},
A, = (diag(a,,..., a, a;',..., a,) | a, € k*)
and let x; be the k-rational character of A, de-
fined by x,(diag(a,,..., a,, a; ..., a,)) = a,
for 1 <i<n Then {x, ..., x,) forms a Z-
basis of X*(4,) = Hom(4,, G,). Let B, = T,
X N, be the Borel subgroup of G,, of which the

unipotent radical N, is the subgroup consists of

u x

elements of the form ¢_—1 ), where u €
u

GL,(K) is upper triangular with ones in diagon-
als, and x € Mat,(K) is such that x = 'Z. Let @,
= @0(G,, A,) be the relative root system of G,
with respect to A, and let @, be the set of posi-
tive roots corresponding to B, explicitly given by
0, = 2,1 <i<w), x, £ x,A<i<j<m)}.
Denote by W, = W(G,, A,) the relative Weyl
group of G,. For each @ € @, let N, , be the root
subgroup determined by a.

For each integer 7 with 1 < 7 < #n, let P,(,')
= Mn(r) X U,,m be the maximal parabolic k-sub-
group of G, given by

e = e (3 )

r € GL,(K),
(255,
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1, * | % %
, 1, .| *
Un()= n—r 1 (()) EN,,
* 1,

Every proper parabolic k-subgroup of G, is con-
tained in a conjugate of some P,ir).

The Galois form of the L-group of G, is
GL,,(C) X Gal(K/k), where the non-trivial ele-
ment of Gal(K/k) acts on GL,,(C) by g+
J. g ']} Now, let 7., be the 4n-dimensional rep-
resentation of LGn induced from the standard
2n-dimensional representation of the connected
component GL,,(C) of “G,. Then, for a cuspidal
automorphic representation 7 = &,x, of G,(A),
the L-factor Ly (s, w,) = L(s, 7, 7) is defined
for any unramified places v (see [1]). The auto-
morphic L-function we shall consider is a partial
one, defined by the infinite product

L.,(s, m) = I L.(s, ),

v; unramified
which converges for Re(s) large.

1. Review of global theory. Let G, =
U,,(K/k) act on a 2n-demensional non-dege-
nerate skew-hermitian space (V, ¢) over K as
the isometry group. Then the space (VB V, ¢
@D (— ¢)) also is skew-hermitian and non-dege-
nerate, of which the isometry group can be iden-
tified with G,,. In this way have an embedding
i1:G, X G, < G,,. Let P be the stabilizer of the
isotropic subspace V= {(v,v) E VBV ;v e
V} of VB Vin G,,. 1t is a ‘Siegel-type’ maximal
parabolic subgroup of G,, whose Levi part is
isomorphic to GL,,(K).

Let Op4) be the module of P(A) and for each
s€ C, set 0,(-) = (B, N7 Let T(s) =
indgz " (8,) be the unnormalized induction. For
fi € T(s) and h € G,,(A), define

E(h;f) = 2 fGh.

r€P(k)\Ggp (k)
The right hand side is known to converge abso-
lutely for Re(s) sufficiently large, uniformly for
h in a fixed compact set. It can be continued
analytically to a meromorphic function on whole
of s € C. Following the method of [5,85], put

2n n
d(s) = Il {,2s—21+2) Il {(2s—21+1)
1=1 1=1

where {, (resp. {g) is the completed Dedekind
{-function of k (resp. K). (d(s) is chosen so that
it cancels all the “denominators” of c-functions
appearing in the constant term of E(%;f,)). Then
the number of poles of d(s) X E(h;f,) are finite
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and located at integral and half integral points in
the interval [0,4#]. (The occurence of poles de-
pends on the choice of f;).

Let = = ®,m, be a cuspidal automorphic
representation of G,(A), © = &,%, be the con-
tragradient of 7, ¢ = Q,0, €E 7, § = Q,% , €
7 be cusp forms in the space of w and 7, and f;
=®Q,f” € J(s). In [5], the following formal
identity was established;

Theorem. [5,81]

[ [ G &) He@) ¢ dsds,
Gu\Gp(A) VG, (\G A .
=%, 0, ¢

where

2", @, @)

@ - -

=) s Glg,, D)<, (g) o, &, dg,.

The product in the right hand side is taken over all
the places v of k.
Our main result is the following;

Theorem. The infinite product Lg(s, m) is
analytically continued to a meromorphic function on
whole of C and the number of poles of L (s, ) is
finite.

By the same method as [5,86], it is possible
to compute the local integrals at any unramified
place v : let ¢;v) be the unique element of 7 ,(s),
whose restriction to K,,, is identically equal to
1, and let (02 € r, g?)z € 7 , be non-zero
K, ,-fixed vectors. Then we have

- 1
4,Z @, ¢4 69 = b Lus = n+ 5, 7,)
where b(s) is defined by
n
b(s) = @Cs—21+1)(,@2s—2n—21+2)
I=1

and b,(s) is the v-th local factor of b(s).

To prove our main theorem, we need to
study the local zeta integrals including ramified
cases. The rest of this paper is devoted to this
topic.

2. Local zeta integrals. Let us switch to
the local notation. Write F' = k, for a place v of
k, and put E = F ®, K. Write G, = U, ,(E/F),
the F-points of G, in §1. For simplicity we shall
write X = X(F) whenever X is a group defined
over k in §1, and omit the sub-or superscript v
in all cases.

We fix the embedding G, X G, < G,, (as
in [5]) so that the subgroup P is of the form
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¢=(% %) e,

LS
,§_1> lg e GLZ,,(E)]. In particular, for

C D
1, 0 0 0
. C D 0 -C
Wi, D=1 ¢ p_y, 1, -C
1,-A —B 0 A4

Let m be an irreducible admissible repre-
sentation of G,.

Proposition. For o €Ew, § E 7, and f, €
T (s), the integral Z(f;, ¢, @) is absolutely conver-
gent for Re(s) >> 0, and analytically continued to
a rational function of q_s, where q is the residue de-
gree of F if F is non-archimedean, and to a product
of gamma functions and a polynomial in s if F is
archimedean. Moveover, if F' is non-archimedean, it
1is possible to choose f,, depending on @, ¢ so that
(fy 0, ) = 1.

We shall reduce Z(f,, ¢, ¢) to integrals of
the form

(2) Lme) f;Lm(E) U, (z) ¥,(2,) | det(z) |3

| det(z,) |Yw(z;'2,)d " 2,d" 2,
where ¥, ¥, are Schwartz-Bruhat functions on
Mat,,(E), and w is a certain matrix coefficient of
an admissible representation of GL,(E). This
can be written as a linear combination of the
well-known Godement-Jacquet zeta integral ([3]);
in fact, it is possible to take an elementary

idempotent & of the maximal compact subgroup
K,, of GL,,(E) so that

fK T, (kz) E(R) dk = T, (z).
Then (2) is eZual to

[ [ @G | detG) [ det(z) |
GLy(E) Y GLyy(E)

[ twokedk)d zd
Km
and it is easy to see that

fK W00 ke dk = 3 o (z)0? (z,)

; . . o @
for suitable matrix coefficients w;’, ;" of the

same representation, analogous to the integral
formula on spherical functions.

Now we begin the proof of the proposition. If
E/F is split, ie, if E=F®F, then G, =
GL,,(F) and the study of the integral Z(f,, o,
@) has been essentially done in [5,§6.1]; it can be
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written as (2), where m = 2n and E is replaced
by F, thus the proposition follows from [3].

Now let E/F be non-split, ie., E/F is a
quadratic field extension. So the possible
archimedean case is E = C, F = R.

If the representation 7 is supercuspidal in
non-archimedean case, then the matrix coefficient
is compactly supported, for the center of the unit-
ary group is compact, thus the claim is obvious.
So, from now on, assume that the representation
7 is not supercuspidal.

By Jacquet's subrepresentation theorem, in
non-archimedean case we may choose a maximal
parabolic subgroup P,Er) of G,, whose Levi part is
isomorphic to GL,(E) X G,_,, and an admissible
(resp. irreducible supercuspidal) representation 7
(resp. ') of GL,(E) (resp. G,_,) such that 7 is a
subrepresentation of the normalized induction
Indﬁ;}(r@r’). Then 7, the contragradient of 7,
is realized as a quotient of Indﬁ{‘%(f RE).IfF=
R, then m can be embedded into a prineipal
series, and we may consider the case ¥ = 7 only,
where we shall understand that 77 is trivial.

Consider ¢ € 7 as an element of Indﬁ;’})(z' X
7’), and regard ¢ € & as any of its representa-
tives in Indﬁf}(‘?‘@f'). Then by rewriting the
matrix coefficient of = we have

%S, ¢, §) = fG £i(g, D) <r(@ o, ¢>dg

= [t ([ <ok, ¢t0>> dk)dg

and by the Iwasawa decomposition G, = U,"
X M, K,, dg = 0pp(m)™" dudmd,

= [ AL, [ rGmki;?, 1)
K,xK, YU Jup
Kpumh,), @Ue)>> 0y (m) ™ dudm) dle,dk,.

Here, <<+, ->> is the natural pairing of 7 & 7’
and 7 & 7. The integration over K, X K, is not
essential and we may only consider the case k;,
k, =1 in the inner integral and the study of
%(f,, ¢, @) reduces to the integral

J = J;y)j;mfs(i(um, 1)) Ko um), $(1)>>
X 5p;,r>(m)_1dudm
= J; f;,mfs“(“my 1) Lzlm) -9 1), gD

X 5P¥>(m)_l/2dudm.
We may assume that ¢(1) = v Qw, ¢(1) = o
Q@ w wherevE 7, 7€ ¢, wE ¢/, w € ¥. Put
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w,m,) = {tm)v, 3, w,(m,) = {t'(m)w, W .
for m, € GL,(E), m, € G,_,. Then our integral
is of the form

7= Lo LU Atitomm, 1) au)

w, (my) w, (m,) 8 (mym,) 2 dm,dm,.
As the function w, is compactly supported (or
trivial) on G,_,, we may furthur reduce the prob-
lem to

@ = [ AL s, 1))

W, (ml) 5P<n(m )_1/2 ml.

Next, we write the integral over U by the
intertwining integral of principal series. By tak-
ing a suitable character g, of T,,, T(s) =
ind;>"(3,) can be made into a submodule of the
principal series Indf;;;’(,us). Explicitly g, is given
by

ﬂs(diag(tl,, th)) — H ,t | s—2n+i— 1/2'

Lemma 1. Let w, be the element of W,,, the
relative Weyl group of G,,, such that the action of
-1 %k . .
w, on X (A4,,) is given by

b b e s

X1 Xa Xne1 ™ ™ Xo
w-—l . Xr g Xr Xn+r = = Xr+l
! Xr+1 = X27+1 Xn+r+1 = Xn+r+l
Xn = Xn+1 XZn = XZn
Then,
i(Un(r) X 1) = H NZn,a = wr'( H Znu) w .
<0, wyla>0 a>0, w,a<0
Proof. Put
R GRERES (x,-—xj)ln-i—l iSn+r<j<2n
Uf{—2x,ln+1< n+r}U{—(xi+x,»)
r+1<is<a<j<ntr,orn+1<i<j<

n+ r,]
orn+1<i<n+r<j<2n '
Then, by the explicit embedding (1), we have
i(U,” X 1) =aeo-ip Nypo 2and by an easy
combinatorial discussion it is seen that @ () =
{a€ 0, | a <0, w ' 'a> 0} O

Consider the case f, = pW)¢,, h € G,,
which can be regarded as an element of
Indg::(us). By the standard theory of intertwin-
ing operators, we have

j;m #,(i(u, D) du = f I

a>0,w,a< oNona

¢s (wrnw;lh) dn = cw,(#s) ¢w;‘~s (w;lh)

using the previous lemma. Here, @,-1.; is the uni-
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que element of Inds(w, '+ 1) such that ¢ 1., |
Boy \Vr s wy s 1Ky

= 1, and the factor Cw,(ﬂs) is the one given in
2].

Now we give a certain integral representa-
tion of @,-1., using zeta functions of matnx
rings. For 1 < k < 2n, let T, (resp. ?If ) be a
Schwartz-Bruhat function on Mat,,,,(E) (resp.
the characteristic function of Mat,,,,(0F) in the
non-archimedean case, and ¥, (2) = exp(—
27Tr(z'2)) in the case E = C) and put for & €
G2nv

FW" (hss) = J;L (E)

2n

v, (0,...,0lz0,. oo, 0) - 1) | det(2) |nd”z

2n k
and F,(h;s) = Fyo(h;s). The right hand side
converges absolutely for Re(s) > > 0, analytical-
ly continued to a meromorphic function on C.
Lemma 2. The function Fy (h; sl)F (h
s) Fy,, (h;s)Fy (h;s,) belongs to IndS 5w, 0!
Us) and
(5) Puzi.s(m) = 1) X F,(h;s)F,(h;s,)
F,.,(h;s)F,,(h;s,)
s, =2s—3n+2r,5,= —s+3n—r,
— 7,8, =S and
7 27
n(s) = I Ce(s; —k+1) I Le(s, — k+ 1)
k=1 k=1
n+r 2n
M Ce(s;—k+ 1D IO L(s,— k+1).
k=1 k=1
Proof. For t= diag(t,, . . .

tzn, 1 9« o o9
t,,) € T,, we have, by a routine computatlon

(6) wr ﬂ_g(t) _ H |t ls 2n+i—1/2

n+r
—s+n—-2r+i—1/2
X H |t |z I
i=r+1 i=27+1

where
Sy =

|t Is —2n+i—-r—1/2

2n
x I

i=n+r+1

It is also easy to check that Fy,(¢nh;s) =1II,_;
| t, |3F(h; s) for t as above, # € N,,. Therefore,
(7) F,,,,(mh;s)Fy, (tnh ;s,)Fy, (tnh S3)

lt ls —2n+i— 1/2

Fy, (tnh;s,) = ]’I | £, [SFsersstse T | g, |Sreetse
1
e S3+§ 2n s‘ ""
x T |t [ I |t |3 Fy(hssy)

i=2r+ i=n+7r+1
X F%(h ) Fy  (h;s)Fy (hs,).
Note that the normalizing factor of the principal
series is given by

2n
1/2 2n—i+1/2
532n(t) = 1II |t,~ |En ‘
i=1
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Comparing (6) and (7), and
ST+ s+ s;+s,=s

S, +s;+s,=—s+3n—2r
st s, =s—7r
S, =S

implies the first assertion. If ¥, = ¥,”, it is of
course right K,,~invariant, thus normalizing each
F,.(h;s;) so that is is equal to 1 at the identity,
we have the lemma. ]

We return to the integral (3). Let us choose
a suitable representative for w,, and let m,; =
¢(x, 1)x € GL,(E). By a direct matrix computa-
tion, we have

1
-1. 2(n—7)
w, im;, Dw, =

12(n—r)
1,

Jr T I JX],

Here j, denotes the anti-diagonal 7 X 7 matrix

whose non-zero entries are equal to 1. Applying

(5), we have
p(h) ¢w;1-s (w;li(mv D)= p(w;lh) ¢w7*1-s (wr_li(mv D wr)

where 2’ = < 1) € GL,,(E).

= ( M ¢ (s, — k + 1)>'1
k=1

x | det($/) ISE'2+S3+S4L . (p(wr_lh) w.rto))

7!
2n

(,...,0] 0, 2-'F7",0,..,0) | det(2) |;:d”z.

2n—2r

Finally, by (4),
J= o) [ 0w iOn, D),y

X Gy my)™dm, = ¢, (1) (kﬁ s, — k+ 1)
=1

X T ((z, 0)-'7 "
’/;’-r”f) LL,(E) /(2,0 7 ) w,(2)

| det(2) |3 | det(x) [ "2 0" z2dx
for f, = p(h)p,. Here, ¥, indicates the restric-
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tion of o(w,'M T to the r X 2r-submatrices
formed by the (2% + 1)-st to the (2m + 2#)-th
columns, and used 0pp(m,) = | det (x) |§"‘y. By a
simple change of variable, this reduces to (2).
Hence the assertions of the proposition, except
for the last, are proved for f, = p(h) @,.

The remaining part of the proposition is
seen as follows: in non-archimedean case, if
Re(s) is large enough, Indg::(/,cs) is generated by
the vector ¢, as a G,,-module ([2], 3.6), and
therefore J (s) coincides with IndgzZ(ﬂs). So for
Re(s) sufficiently large, it is enough to consider
the case f; = p(h)¢,. To prove the last part of
the proposition, first choose the Schwartz-Bruhat
functions ¥, so that the corresponding Gode-
ment-Jacquet zeta integrals are constant (this is
possible by [3]). Yet in this case the element of
Indf;z:(w;l ") given in Lemma 2. is an image of
a finite sum of elements of the form p(h)¢@,, by
the intertwining integral. Therefore for Re(s)
large enough, it is possible to choose a finite
number of h; € G,, such that Z(f, ¢, ¢) =
const., where f, = 2 p(h;)¢,. By analytic con-
tinuation it is constant for all s € C. This com-
pletes the proof of the proposition.
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