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93. A New Formula of Arc Length in Euclidean Space
and its Application
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Abstract: We shall introduce a new formula of the arc length of a rec-
tifiable curve in the Euclidean space. By this new formula, the arc length is
represented as a supremum of a linear functional on a subset of continuous
functions defined on an interval of the real line, in which the parameter of
the curve runs. This linearity enables us to calculate the arc length of
admissible curves introduced in [1].
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1. New formula. Let x = (x,,...,z,) be an orthonormal coordinate
system of R". Let A be a continuous curve parametrized by 8, 0 < 6 < 27
and given by the equations x; = x,(6), j = 1,...,n. By the points 0 = 6,,
0,,...,0y = 27 we divide up the interval [0, 27] into N sub-intervals I, =
[6,_y, 6,), k=1,...,N of lengths | I, |, k= 1,...,N. We denote this divi-
sion by A. Then the length | A | of A is defined as

y =z 2\1/2
(1.1) Al =sup {Z (X @8 — 2,6,
a4 k=1 j=1

If | A| exists, the curve A is said to be rectifiable. It is well known that if A
is rectifiable then x,-(ﬁ), j=1,...,m are continuous functions of bounded
variation and therefore Z;, j = 1,...,n, derivatives of x;(6), 7= 1,...,n, in
the sense of distributions of L. Schwartz are Radon measures of atom-free
(having no point mass), that is, for every 6 in [0, 27], 2,({6}) = 0, j =
1,...,n. Hence z;([6,_,, 6,]) = 2,([6,_,6)),7=1,....n, k=1,...,N.
Thus we can regard Z;, j=1,...,# as continuous linear forms over
C([0, 27]), the space of real-valued continuous functions on [0, 27]. We
denote these continuous forms by z,[¢]l, s =1,...,n for ¢ in C([0, 27])
and these forms are also defined over the space of step functions. Then we
have the following new formula of the arc length of a rectifiable curve:
Theorem 1.1.

(1.2) |A| = sup (i z;[¢;1)

Sha#islgeco2rn =1

= sup (Eyyeo 0@y, By, ., 000

Zh #is1,6,eC(10,2m])
Remark. Obviously C([0, 27]) can be replaced by C” ([0, 27]).
Proof. Denote the right-hand side of (1.1) by A and the right-hand side
of (1.2) by B.
First we shall show A = B. Put
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n

(1.3) 0= 2 & @0 - 206,05

For the simplicity, we use the same notation I, k = 1,...,N to denote both
the intervals [6,_;, 6,) and their characteristic functions Y(6,_,) — Y(6,),
where Y(6) is the Heaviside function. Since %, j = 1,...,# are Radon mea-
sures of atom-free, it implies that z,[[,] = z;(8,) — z;(0,_),7=1,...,n,
k=1,...,Nand

¥ 2\ 1/2
(1.4) z, = E‘_,l (jZ,‘l FAVA R
Since (X7, x,[[,,]z)m, k=1,...,N can be regarded as the lengths of vec-
tors (#,[L],...,2,[I,]), k =1,...,N, there exist unit vectors (a},...,at),
k=1,...,N such that

(Z %11 = Z ayz,1,]

= Za'vj[a,l,,], k=1,...,N.
j=1

Then
=3 J:,[Z a,L].
Put ¢,(6) =X3_, a;‘Ik(ﬁ), j=1, .].=.l,n. Then
(1.5) b3 ¢, (@><1for 6+ 6, k=1,...,N.

=1
We approximate ¢,(6),7=1,. ..,z by continuous functions ¢;(6),j=
1,...,n preserving

(1.6) jzl¢,(0)z <1.

For example, for sufficiently small positive number 7, we can take ¢;,(6),
j=1,...,n whose graphs on [0, 27] are defined by joining the following
pairs of two points by straight line segments:
6,_ 1,O)and(ﬁ?,,1+77,a) k= N,j=1,...,n
(0,,1+r],a)and(0 r),a)k ,.. N, j=1,.
@, — n,a)and(ﬁk,O) k=1,. Nj=1,...,n
Since Z;, j = 1,...,n are atom-free, for every positive number €, there ex-
ists a positive number 7 such that

l jzl #l6,] — }::lx,m,,,,] | < e/2.

On the other hand, for every positive number &, there exists 4 such that
A—e/2<Z, Hence A—e = X7, 4,[¢;,] =B. Since ¢ is arbitrary, it
implies that A é B.

Next we shall show B = A. For every positive number ¢, there exist
continuous functions ¢;(6), s = 1,...,n satisfying (1.6) such that B — ¢/2
< 2.1 %[¢;]. By the uniform continuity, ¢;(6),j=1,...,m can be
approximated by step functions ¢,(6),j=1,...,n as follows. For these
¢;(6,j=1,...,n and every positive number 7, there exists a division 4 :
0=26,<6, <+ <6y=2r such that |¢;6) — ¢;6,_)|=n,j=
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1,...,n, kK =1,...,N. By choosing suitable constants on the intervals I, =
(6,1, 6,), k=1,...,N, we can find step functions ¢,,(6) = )3 a,’f,nlk,j
=1,...,n such that | ¢,, | = | ¢,| and | ¢,(O) — ¢,,(O | =n,j=1,...,n
If n is sufficiently small then

l jZ:lx,.[qs,,n] —~ éa’cj[gb,] | < e/2.

Hence

X

B—e¢= = z;[¢;,]

J
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af_ni, [1,]
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]
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Il
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M=

a;‘,ﬂ (xj(ak) - xj(ek_l))

& @) @00 — 2,0,

j=1

=
Il

—-
<
)

=
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This implies B = A. Q.E.D.

2. Application to admissible curves. In [1], we introduced admissible
curves, which are the generalization of curves of constant angle a in the
plane. We shall state again here the definition and properties of admissible
curves. Since admissible curves are closed, it is better to regard these curves
are defined on the torus T = R/2nZ than on the interval [0, 2x]. For ev-
ery fixed 6, let us consider the oriented straight line /, whose equation takes
the canonical form:
(2.1) l,:xcos O+ ysin 6 = p(6)
and its orientation is defined as follows: Put e, = (cos 6, sin 6), &, =
(— sin 6, cos ). Then ¢, represents the direction perpendicular to the line
l, and &, represents a direction parallel to l,. This pair {e, &, determines
the orientation of /.

Definition 2.1. Let A be a closed continuous curve parametrized by
6 € T and given by the equations £ = x(6) and y = y(6), where (z, y) € R’

An oriented line /o, having the canonical form :
(2.2) x cos 6, + ysin 6, = p(6,)
is said to be a generalized tangent line to A through (x(6,), y(6,)) if the fol-
lowing two conditions are satisfied.

(2.3) x(6,) cos 6, + y(6,) sin 6, = p(6,)
and
(2.4) 2(6) cos 0 + y(6) sin 6 = 0 near 6 = 6,

in the sense of distributions.

A closed continuous curve A is said to be an admissible curve if the fol-
lowing three conditions are satisfied.

(1) A is rectifiable.

(2) For every 6, € T, the oriented straight line (2.2) is a generalized
tangent line to A through (x(6,), y(6,)).

(3) p(& > 0.
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Here p(6) is called a generator of the admissible curve. Since p(6) is always to
be supposed to be positive, p(6) can be considered as the distance between
the origin and the oriented line /.

Remark. Obviously the condition (2) is equivalent to the following con-
dition (2'):

(2') For every 0 € T,

(2.5) x(6) cos 6 + y(6) sin 6 = p(6)
and
(2.6) 2(6) cos 8 + ¢(6) sin§ = 0 in D' (T).

An admissible curve has the following property :
Theorem 2.2. An admissible curve is a curve with C' generator p(0) such
that p + p is a Radon measure.
Proof. Since the left-hand side of (2.5) is continuous, p(6) is also con-
tinuous in 6. Differentiate both sides of (2.5), then
p(6) = — x(6) sin 6 + y(6) cos 6 + 2(6) cos 6 + y(6) sin 6.
Using (2.6) we have
(2.7) p(O = — x(6) sin § + y(6) cos 6.
This implies that p(6) is continuous, that is, p(6) belongs to C'(T). Dif-
ferentiate again both-sides of (2.7), then
p(8) = — x(6) cos 8 — y(6) sin O — 2(6) sin 6 + 5(6) cos 6.
Thus
(2.8) 20 + p(6) = — 2(6) sin 6 + y(6) cos 6.
This implies that p +j; is a Radon measure on T. By (2.5) and (2.7), we
have

2.9) (;Eg ) = 7(- &) (‘;EZ;)
or
(2.10) (;Ez; ) = T(6) (;Eg )
where .

70 = (Snp cens )

This is just the parametric representation of A by its generator p(6). By
(2.6) and (2.8), we have

(2.11) (p(ﬁ) 21;(0)) =T7(=9 <‘;§3§ )
or
(2.12) <§§3§ ) =10 <p(e) 35(0) )

Hence & and y are Radon measures if and only if p + p is a Radon measure.
Since A is rectifiable, it implies that £ and g are Radon measures. Thus p +
ﬁ is a Radon measure. Q.E.D.

Denote by M(T) the space of Radon measures, that is, the topological
dual of C(T). Applying Theorem 1.1, we have the following formula of the
arc lengths of admissible curves:
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Theorem 2.3. Let A be an admissible curve with the gemerator p(6). De-
note by | A| the arc length of A. Then
(2.13) Al=1p+ 5l
Proof. Put
B = sup (@[] + yloD)

é.0€C™,¢%+¢?51
and

C=lp+sly= suw @+pIgl
¢eC”,lgls1
By Theorem 1.1, it is sufficient to show that B = C. First we shall show

C = B. For every C” function ¢ satisfying | ¢ | = 1, (2.11) implies that
( + P [g] = (— sin 6-2) [#] + (cos 6 %) [¢]
= z[— sin 6-¢(6)] + glcos 6-¢(6] = B,
because (— sin - ¢(8))* + (cos 6-¢(0))* = 1. Hence C = B.

Next we shall show B = C. Fix C” functions ¢ and ¢ satisfying > +
¢* <1 and denote ®(6) = (¢(0), ¢(6)). Since {e, &, is an orthonormal
basis in R? we have ®(8) = a(fe, + B(O)&, where a(f) = <{@(6), ¢,
B = <D(6), &> and &’ + B> = 1. Then (2.6) implies

z[gp] + yly]
= z[a(6) cos 8 — B(H) sin 6] + yla(H) sin 6 + B(H) cos 6]
= (cos 62 + sin 0-y) [a] + (— sin -2 + cos 0-y) [B]
=@+pBI=lp+pl,=C.
Hence B = C. QE.D.
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