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Introduction. In [5], Shimura has established a correspondence ¥ be-
tween the space of modular forms of half integral weight and the space of
those of integral weight. Using the methods and languages of representation
theory of adeles of metaplectic groups, Waldspurger [8] and [9] showed that
the square of Fourier coefficients a(n) for a square free integer # of the
modular form f(2) = 2., a(n)elnz] of half integral weight is essentially
proportional to the special value of the zeta function at a certain integer
attached to the modular form F if f corresponds to F by ¥ and f is an
eigen-function of Hecke operators.

On the other hand, Kohnen-Zagier [1] and [2] determined explicitly the
proportion of the square of a(xn) for a square free integer n of f(2) = 2,_,
a(m)elnz] which is an eigen-function of Hecke operators and belongs to the
Kohnen's subspace Sgin2(AN) = {f(2) = X _mmorw@melnzl € Sepine
(4N)} of Sius1y2(4N) by the special value of the zeta function associated
with the modular form F = ¥(f) of integral weight. Kohnen-Zagier [1]
(resp. Kohnen [2]) treated the case where N = 1 (resp. N is an odd square
free integer). The purpose of this note is to derive an analogy of [1] and [2]
in the case where f is an eigen-function of Hecke operators in
Ser+n2@N) (resp. Serin (AN, xa)) and ¥(f) is a primitive form in
S, (2N), where Siii1,2@N) (resp. Sgiin,2(4N, X)) means the vector
space consisting of modular cusp forms of weight (2k + 1)/2 and of level
4N (resp. of level 4N with the character X). Since the modular form f satis-
fying our conditions is contained in orthogonal complement of Kohnen’s
space, there is no overlap between Kohnen-Zagier’s results and ours. The
method of our proof is similar to that of [1]. To prove our results, we need to
modify their methods.

§1. Notation and preliminaries. We denote by Z, @, R and C the ring
of rational integers, the rational number field, the real number field and the
complex number field, respectively. For z € C, we put elz] = exp(2miz)
and we define Vz = 2% so that — /2 < arg(zm) = 7 /2. Further, we put
2% = (V2)* for every k € Z. Let SL(2, R) denote the group of all real mat-
rices of degree 2 with determinant one and £ the complex upper half plane.
For each positive integer N, put
r,an ={(* %) e sL@ B la, b, cand d € Zand ¢ = 0(mod M.
We introduce an automorphic factor j(y, 2) of I,(4) defined by j(y, 2) =
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Z) € I,(4) and for every z €

0((az + b)/(cz + d))/0(2) for every 7 = <‘cz
with 6(2) = Z.___ eln’z].

Let k be a positive integer. We denote by Si;41,,2(4N) (resp. S, (M))
the vector space consisting of modular cusp forms of weight (2k + 1)/2
(resp. 2k) with respect to I,(4N) (resp. I(M)) (cf. [5)).

§2. Eisenstein series and the Shimura correspondence of modular forms
of half integral weight. Let D and N be two square free integers such that
(1.1) D * 2 (mod4), N* 2(mod4), (D, N) =1and N > 0.

Define a function ¥5(f)(2) on by
(1.2) - 1k
5,00 @ = 5(= 1@ (5 AL2D) a2 D] 00709 )etna

n=1\d|n

for every f(2) = X,_, a(n)elnz]l € Sy;.1,,(AN),
%
where x,(%) is the trivial character modulo 4 and (y) is the quadratic

residue symbol given in [5]. Then ¥,(f) belongs to S,,(2N) (cf. Shimura [5]
and Niwa [3]). We put v(D) = (— 1)“"*"”2 In the remainder of this paper,

we assume that
— 1\* 4v(D D
(1.3) Xo(m) <_m—> = (____u( )7sngn( )

We put D = 4v(D) ND. Introduce an Eisenstein series G, 5(2) defined by
D -
e <7>(cz+d) )
7—(0 d

(1.4) = 1/2)L;0 — D+ 2 <Z (%)d"“)e[nz]

n=1 dln

) for every m € Z.

6.5 = A/DL;A — 0

)SrALADD

with Ly = £ (2)n ana 1= {£(} M) Ine 2},

Let D, and D, be two integers satisfying D, = 1(mod 4) and D = D,D, and
put D, = 4v(D)ND, and D, = D, For D, and D, we define a function
Gi5,5,(2) on by

(1~5) Gk, 51y Bz(z) = Z::-:o O_1s 51’ i)z(n)e[nz]
—L; (1= KkLp(0) ifn=0,

with o,_y, 5., 5,(n) = 21_ & k-1 .
?:ZZJEO( d1)<d2>d1 otherwise.

For m € Z, we put
U,(N(@=QAQA/mZ | poq mf((z+ v)/m) for every function f(2) =
oo an)elnzl on H.

The following lemma plays useful and important roles for our later
arguments (cf. Kohnen-Zagier [1, pp. 194-196]).

Lemma 1. The notation being as above, the transformation formulas hold

(i) @N|D,|z+1)™*"*G, 5(z/(4|D,| Nz+ 1)) (N | D|2/(4| D,| Nz + 1))
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D -
- <_—'—|_lﬁw> | D, l IG"rﬁvﬁz((z +4°N" ' D, '*)/l D, |)
O((N|D,|z+ 4% /| D,

(i) = = @N|D|Gz+w+1*6G5z/@N|D,| (z+ ) + 1)°

d|4 ¢ mod |D,|
d>1

D
= (Z%) Uy (Gup5,@),

where a* is an integer with aa™ = 1(mod | D, ).

Define a function 9,(2) on $ by
(1.6) 9,(2) = Z G, 276G @)6WN| D] r(@).

TET,4IDINI\TH4N)
Observe that 9,(2) becomes a modular form of weight (2k + 1)/2 with re-
spect to I',(4N). We can easily check
(/1 0 l,u'D=D1D2,DZEl(mod4)

1@ DINNLED = {(y 51 1) (6 Dl ot et J
Hence, using Lemma 1, we may derive the following lemma.

Lemma 2. The notation being as above, 9,(2) has the expression

- D,
9@ = = (7pw) UniCuns) @OV Dy |2,

where W(D) = {(D,, D,) € Z*| D = D,D, and D, = 1(mod 4)}.

We also introduce a function #,(2) on & defined by

(1.7) Fp(2) = = (cz+ d)7*G,5(r(2)*
r=(* *)ernunbb\r,em

Now we can prove the following theorem.

Theorem 1. Suppose that the conditions (1.1) and (1.3) are satisfied. Then
U, (9,(2)) is equal to F,(2).

Proof. We put

9,(2) = % cOm)elmz] and T, (%, (2)) = io Cp(n)elnzl.

By Lemma 2, we have

_ D, _ 2
c(m) = (Dsz)Z}E o (Tlm) EZ Oyr5,5,(m | D, | — N[ D, | z%
and
D
(1.8) C(%le D) = 2 (_ 21> P O'k—1,151,[>'2(a1az) )
(D,,D;) e W(D) a,,a,20

ay+ay=2n|D,|

which yields

Cyln) =X (4—”(%)@) d“'c¢((n/d)’N| D)
din
—_ Dz 4U(D)DN k=1
B (DI.DZ)ZEW(D) <" 1> %; ( d )d a,,azjzo ak—l'ﬁl'ﬁ’(alaz)

ay+a;=2(n/d)|Dy|

3 D, \ 4v(D)DN\ 4 2
B w,.ngze: WD) <" 1) a,.t%;z(TD }d|(§a2) ( d ) d ak—lﬁ"ﬁ’(alaz/d )
a,+a;=2n\D,
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D
(DI,DZ)EW(D)(_ZI) alﬂzzzo 04-15,5,(8) 041 5,5,(@) .

a+ay;=2n|D,l
We can choose the following set as a set of representatives for
I,4N|DD\I,2N).

{(1 0) (1 ,a) D,D,= D, D, =1 (mod 4),}
dN|D,| 1/7\0 1/lgmod|D,| and d|4(d > 1)}°
Consequently, by Lemma 1, we conclude our assertion.

§3. Rankin’s convolutions and Fourier coefficients of modular forms of
half integral weight. Let F(z2) = X,_ A(n)e[nz] be a primitive form of
S,.(2N) in the sence of Atkin-Lehner. The Petersson inner product of F and
Fp is determined by
(2.1) (F,Fpy = f FQF,(2) y™ *dxdy.

ToN\S
The definition of %, implies

22)  (F,Fp=1/DL;1— kK fr  F@C@ v drdy.

Determining of Rankin’s convolution of F(z) and G, 3(2), we may derive the
following lemma.

Lemma 3. Let F(2) = X, _JA(m)elnz] be a primitive form of S,,(2N).
Then
(F,F = 1/2)2k—2)1@4n) "' Ls(1 — W L(F, 2k — 1)L(F, D, k) Lz,

where L(F, s) = S5 Amn™ and LF, D, s) = 55, (%)A(n)n_s. We

also confirm the following lemma (cf. Shimura [5, Theorem 1.9]).

Lemma 4. Let f(2) = X, a(m)elnz]l € Sy,y1),,(4N) be an  eigen-
Sfunction of the Hecke operator szl;:H)/Z(PZ) on Srsn2(4N) for each prime P, i.e.,
T 0, f= w®)f  for every prime p.

Then,
{f, % =Tk—1/2)AxN|DD™"?Ls(1 — K)a(N|DI)L(F, 2k — D) L5K) 7,
where <f, 9> = f e (2%, y" " *dxdy and L(F, s) =

ry(aN
2k—1—2$) -1

I;I 1—aw@p™ + xs@®)p
Let F;(2)(1 =i =< 0) be the set of all primitive forms in S,,(2N). By
Ueda [7, Corollary] and Shimura [6], we can prove the following properties
under the condition k = 2: _
There are a bijective linear mapping & of Sy441),2(4N) to S,,(2N) and
an orthogonal basis {f};_, of Si41,2(4N) such that
(2.3) Tzzliv(p)@.': v T(‘tzb/iﬂ)/z(pz) for every prime p((p, 2N) = 1), Tg;:u)/z
GO, = 0,Pf(1 S i< for all primes pp & 2N), Ty, @), =
w,P) (1 £i =D for all primes p(p | 2N), F; = T(f)(1 = i = n) and <F,,
Fp=0Qsisl,l+1=sj=mn),
where TiY(p) (resp. Teapsn,®?)) denotes the Hecke operator on S, (2N)
(resp. Sii+n,2(4N)) for each prime p. We remark that Niwa [4] proved affir-
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matively the above assertion in the case where N = 1. By the above proper-
ty, 9,(2) has an orthogonal decomposition

(2.4) Y,(2) = jZla,fi + E(2),

where E(2) is a linear combination of Eisenstein series of weight 2k + 1)/2
with respect to I,(4N). By Theorem 1 and Shimura [5, Theorem 1.9], we get

(25) F,@ = Zaa NIDDF+ 5 al,(D@ + 1,EE)

with f;(2) = Z,_, a;,(n)elnz]. Since ¥,(f)(G =1+ 1) and ¥,(E(2) are
orthogonal to the elements {F;}}_,, we have
CF;, > = a,(N|DDCF,, Fy<fo, 90 ({f ) A s i< D).

Consequently, by Lemmas 3 and 4, we conclude the following theorem.

Theorem 2. Suppose that (1.1) and (1.3) are satisfied L(F;, 2k — 1) #
0 =i=D and k= 2. Then ‘
la,(NIDDI* = (1/2) 2k — 2)!@=N| DD (U™ "Itk — 1/2)7"

L(F, D, k)<f,, f[>F,, F7'A <i=s .

N
Let xy be the character defined by x,(#n) = (7> for every n € Z. We

denote by Sgui1,.(4N, xa) the vector space consisting of modular cusp
forms of Neben-type X, and of weight (2k + 1)/2 with respect to I,(4N).
By Ueda [7], there exist £;(1 < i < I) such that
T(?Z-»l)/z,x,v(?z)fi = @;(p)f; for every i (1= i =)

and for every prime p((p, 4N) = 1), where T(f,\:ﬂ),z_xN(pz) is the Hecke
operator on Sgy.1),2,(4N, xy) given in Shimura [5], @;(p) is the same as in
(2.3) and [/ is the number of all primitive forms in S,,(2N). Put f,(2) = =,_,
a,(m)elnz]. By Theorem 2, Shimura [5, Proposition 1.5], [6] and Ueda [7], we
conclude the following theorem.

Theorem 3. The wnotation being as above, the assumption being as in
Theorem 2, let D and D’ be square free integers satisfying (1.1) and (1.3). Sup-
pose that @,(| D’ |) does not vanish. Then

la,dDN/a, (D' DI*=(D|/ID" DL, D, k)/LF, I, k).
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