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Let »=2 be a given integer and let
N=Qly_y -+ =7+ Wy 751 - - aly, a,e{0,1, ..., r—1}
be the r-adic expansion of a nonnegative integer n. We define the sum of
digit function
S,(n) =+, + - +a.

This function has been studied by many authors (cf. Stolarsky [2]).

Clements and Lindstrom [1] proved the following formula :

Zs: sz(m)=log2|det Az('n)| (7&=0, 1, 2’ v ')y

where

Ay () =(@ogi, sz 0 =(—1)4,
and «,, is the number of common terms b,=¢,=1 in the dyadic expansions
1= n200,2"% and j=3>,.,¢,2*. In the present paper, we generalize this
formula for any given base r>2.

We first define a matrix A,(n) for a given integer =2 and any non-
negative integer n. We choose any real number p satisfying 1<p<2v¢-9
and define a complex number {={(p) by

lgl=1,  [t—1]=p with Im{=0.
(If r=2, we can choose p=2 and so {=—1.) Then we choose real numbers
Br=p3.(0) (h=1,2, --.,r—1) such that

e —1|=p* with 1=ﬁl<ﬁz<~--ﬁr-é%-

Let i=3,5,b,r* and j=3,.,¢,r" be the r-adic expansions of nonnegative
integers 7 and 7, and put

A.(n) =0 ost,12n =GP,
where

Bis= Z Bon-
h20,bp=cp0

Theorem. We have
> s,(m)=log,|det A,(n)] (n=0,1,2,...).

msn

Proof. For any integer n>0 we write
(1) n=hr*4+m (K, h,meZ,k=0,0<h<lr,0<m<ry).
If we put f(n)=>,<. s,(m), then we have

(2) f(n)=f(hrk+m)=hf(rk—1>+ﬂ(l‘2:9~rk+h(m+1)+f(m).

Conversely, this formula (2) defines the function f(n) (r=0) uniquely



No. 5] On the Sums of Digits of Integers 149

under the condition
(3) J(0)=0.
Hence it is enough to show that the function
fm)=log,|det A,(0)]  (n=0)
satisfies (2) and (8). The proof will be carried out by induction on =.
First if £#=0 in (1), then 0<n=h<r and so (2) with (8) implies

riy="02D ohan.
On the other hand, we have by the definition of A,(h) with 0<h <7,

1 1...1

1 ¢+ 1
A= . :

i 1.Cﬁh

Hence we obtain
|detAr(h)|=1£[ |gfe—1|=p**+02 1<h<r), detA(0)=1.
k=1

Now let k=1. We assume that (2) holds for all n=hr*"'+m 0Zh<r,
0<m<r*¥). By definition, we have, for any integers b(0<b<r) and ¢, j
04, 7<r9,

.Bbrhi,j:ﬁt.j:ﬁi,br’wj) ﬂbrk+t,brk+j=ﬁb+ﬁt,j’

so that
B B ...B C
B ¢B...B C
A (bt 4m)=| . - : : )
B B .o BB O
D D ... D A, (m)

where B=A,(r*—1), C is the r* X (m+1)-matrix consisting of the first m+1
columns of B, and D is the (m+1) X r*-matrix consisting of the first m+1
rows of B. Hence

B
B ("—1B 0
. . 0
det A,(hr*+m)=det | : .
B 0 &t-—1)B
D 0 (& —=1)A,(m)

Therefore we obtain
|det A, (hr*4+m)|=|CP—1[". . .[gPr-1—1]*|LPr—1["*!|det A,(r*—1)[*|det A,(m)]|
=p((h+l)/2)rk+h('m+l)ldet Ar(T"—l)l"|det Ar(m)l.
This completes the proof of the theorem.
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