No. 9] Proc. Japan Acad., 64, Ser. A (1988) 327

93. On the Darboux Transformation of Second Order
Ordinary Differential Operator

By Mayumi OHMIYA
Department of Mathematics, Tokushima University

(Communicated by Kosaku YosiDA, M. J. A., Nov. 14, 1988)

1. Introduction. The main purpose of the present paper is to study
the relation between the Darboux transformation of 2-nd order ordinary
differential operator and the recursion formula called the Lenard relation.
The Darboux transformation is studied in [1], [3], [4], [5] and [6] for the
1-dimensional Schrodinger operator and the ordinary differential operator
of Fuchsian type. In this paper we supplement them with the description
of more general aspect of the theory.

2. Darboux transformation. Consider the 2-nd order ordinary dif-
ferential operator L(u)=05"—u(x), 0=d/dx, where u(x) is a complex analytic
function defined in a region QCP;. Suppose that u(x) is holomorphic at
x=a e and let y,(x) (j=1,2) be the fundamental system of solutions of
the differential equation

Lwy=y"—ul@)y=0, ’'=d/dx
such that W(y,(a), ¥,(a))=FE, where W(, g)=<§ , g > is the Wronskian

matrix and F is the unit matrix of size 2. For {=[&,: &] e Py, put v(x, )=
(0/0x) log (&,y,(x) +&,w,(x)) and A, () =0+ v(x, {). Then the factorization L(u)
=A,(A_© follows. On the other hand, put
L¥(u; )=A_(DA.Q.

L*(u; Q) is the 2-nd order ordinary differential operator parametrized by
¢ e Py. We call L*(u; £) the Darboux transformation of L(u). Put u*(x, )=
u(x) —2(0/ox)v(x, {), which is analytic in 2*=0\{zeros of > 2_, &,y,(x)}, then
L*(u ; ©) =8 —u*(z, ¢) follows.

3. Lenard relation. Define the function Q,(x) (n=1,2, --.) by the
recursion formula

2@ (@) =u'(2)Q.(%) + 2u(x)Q(x) —27'Q7 ()
with Q,(®)=1. It is known that Q.(x) are polynomials of u, «/, - --, u®*?
with constant coefficients (cf. [7]). Of course, while an arbitrary constant
appears when we integrate Q.,(x) to obtain @Q,(x) itself, we can define
uniquely Q.(x) by putting them zero. Hence we can define the nonlinear
differential operators Z,(u) and X,(u) by Z,(u(x))=2Q.(x) and X, (u(x))=
2Q.(x)=0Z ,(u(x)). Then we can rewrite the above recursion formula as
Xo(w)=2'u' +ud—47'92Z,_,(u),

which is called the Lenard relation. Z,(u) turns out to be the (2n—2)-th
order differential polynomial. For example, we have

’
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Z(w=2, Zwy=u, Z,(u)=4"'Cu*—u"),
Xw)=0, Xw=v, X,(u)=4"'6uw —u"").
4. Main results. Put B.(0))=+0—(+v,(x, O/v(x, ) —2v(x, £) and
C.(0)=+0+2v(x,&). Then we have
Theorem 1. The equalities

(1) B.(OX.,(u*@; 0)=B_(DX.,.(u(x)
and
(2) C.0OZ,(u*(x; 0))=C_(OZ, (u(x))

are valid for all n e N.

While the proof of this theorem, which is given in [6], is elementary,
the formula (1) and (2) yield many interesting results in the transforma-
tion theory of the higher order KdV equations.

5. Application. For r,eC (#=0, ), define the solutions f,(x,z,)
(#=0, o0) of the equation L(w)y=0 by f,(z, r)=vy,(x) +z¥,(x) and f.(x, z.)=
7.¥1(®) +¥,(2) and put

u¥=uk, r,)=u(r)—20/ox) log f,(,z,), ©=0, co.
Then we have the following (cf. [6]).

Theorem 2. Let u(x) be the solution of the (2n—2)-th order algebraic

diff erential equation

n—~1

Z,(w)+ > ¢,Z,(u)=0, c,eC,v=0,1,--.,n—1.

v=0

Then the functions
n—1

—27 1, {2, + 5 ez )
are independent of x and analytic in c,; we denote it by ¢,(z,) (p=0, o) re-
spectively. Moreover u} solve the n-th KdV equation

g 0u [3e,— X o(uH) — 37 6, X, (uH) =0
v=1
and the (2n+1)-th order algebraic differential equation
n—1
X, a4+ Zl ¢ X, (uH)=0.

On the other hand, suppose that the coefficient u=u(x, t) of L(w) de-
pends analytically also on the another complex parameter ¢t ¢ DCP; and
solves the n-th KdV equation

ou )t — X () — "z':c,Xy(u)=0, ¢,eC,v=1, -, n—1.
Assume that u(w,t) is holomorphic at x=a for all teD and let y,(x,t)
(=1, 2) be the fundamental system of solutions of L(u(x, t))y=0 such that
Wy (a, ), y,(a,t))=E. Put
u*(x, t 5 Q) =wulz, t) — 2@/ o)’ log (§,y:(x, ) +&:y(x, 1)
for £=[¢,: &] € Py, then, by direct calculation, we have
Theorem 3. The function u*=u*(x, t; £) solves the equation

B.(© (au*/at—Xn(u*) _ ch(u)) —0.

6. Examples. The method of Darboux transformation has been used
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to construct the exact solutions of the n-th KdV equation by many authors ;
see e.g. [3] for the multi soliton solutions and see [1], [4] and [6] for the ra-
tional solutions. Here we investigate the elliptic solutions. Let

P@E@)=2"+ > (@—w)'—0? o=mo,+ne, mnecZ
w#0

be the Weierstrass P function with the period w,, w,. Put u=u(x;a, p=
20 P(ax) +B. P(x) solves the algebraic differential equation P”"—69"+
9=0, where g=30>,.,07* (seee.g. [2]). Hence, by direct calculation, one
verifies
Z(w)+ ¢, Z,(u) + ¢, Z(u) =0,
where ¢,= —38/2 and ¢,=(8f —2a’¢)/8. Let 2,(x; a, p) (=1, 2) be the fun-
damental system of solutions of the equation
(3) V' —u@; a, f)i=0
such that W, (a; «, B), (e ; a, ))=FE for some a ¢ {mw,+nw,|m,n e Z} and
put fiy(@, 705, =2(x; o, B+ 74X ; o, f) and f.(x, 7. @, f=1.4(; @, H+
(x; a, B). Then, by Theorem 2,
uf=uX@,c,; o p=ulx; a, f)—20@/ox) log f(x, ,; a, B), p=0, oo
turn out to solve the KdV equation
i¢p(fy)au;k/at[l—X2(uZe) —‘ch:(u:f)=O’ F‘—_—Oy oo
and the 5-th order algebraic differential equation
Xs(uf)+chz(u,>‘k)=0, #=0, oo.
Let A(x) be the non-trivial solution of the Lamé’s differential equation
A" —QRP(x)+a?p)A=0,
then A(x)= A(ax) solves (3). Hence u¥(z,z,; @, p) are described by Lamé
function if « and g are appropriately choosed. Moreover let
a(X)=2x HO 1—o'2)exp (0 'z +2'0 ")
w0

be the Weierstrass sigma function. Since P(x)=(3/ox)*logo(x)~* is valid
(ctf. e.g. [2]),
u(x; a, B)=2(0/0x)* log 6(x ; o, B)

follows, where 6(x; @, f) =0g(ax) ' exp (47 'pz?). Hence if we put
(4) 0¥, 7, a, P)=0(; a, B f.lx,7,; e, )
then we have

uF (@, v, 5 a, p)=2(3/0x) log 6¥(x, , 5 a, p).
Thus, if we employ the c-functions ¢ and 6¥ then the Darboux transforma-
tion can be represented as the division by the solution f,(, z,; «, f) by (4).
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