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41. A Note on the Nash-Moser Implicit Function Theorem

By Kiyoshi AsANo
Institute of Mathematics, Yoshida College, Kyoto University

(Communicated by Koésaku YosIpa, M. J. A., May 12, 1988)

1. Problem and result. The purpose of this note is to give a simple
and natural treatment of the Nash-Moser implicit function theorem estab-
lished by Nash [2], Moser [1] and Schwartz [3]. (See also Sergeraert [4].)
Nash’s original idea (refined by Moser and Schwartz) seems to appear in
the elegant form in our treatment.

Let {X,;0<i<m}, {Y,;0<i<m}and {Z,; 0<i<m}, 11<m< o0, be three
discrete Banach scales with norms | |, || |l; and || ||; such that | |,<| |1
I 1<l s and || [ [lis:.  We assume {X,} is tame:

(X.0) There exists a (linear) smoothing operator S(t), t e [1, o), from X,
to X,,_, satisfying

(1) 1S@ul<Lc Bt~ \ul,, uelX, jj<k<m,

(2) |u—=S®u,,<cR)t-*\ul, uelX <k<m.

For a Banach space X with the norm | |, we put X(")={ue X ; |u|<7r}.
Let F be a continuous function from X,(R)NX,XY,(»)NY, into Z,_,
satisfying
F.D NF@ D <c;({ul+yll}, 1<k<m,

(F.2) F has the Fréchet-derivative F,(u, y) satisfying
(1) F!/(u, y)v is continuous from X,(R) X Y,(r) X X, into Z,,
(2) |IF, pvh<e|v],
(3) |Fu+v, ) —Fu, y)—F(u, Y[ ,<c|vf
for # and v € X,(R) with u+v e X,(R) and y € Y ,(1),
(F.3) F!(u,y) has a right-inverse L(u, ¥), F,(-)L(-)=1, satisfying

(1) L(u, %)z is continuous from X,(R)NX. XY, () NY.XZ,, into
X1y 1<k <m,

(2) |L(u, pzh<clzllh, ueX(B), yeY(r), zeZ,
| Loty 92 |-y < e({A+ |l 41y 121112 [le-1}
forueX(RINX, yeY(NY,andzeZ, , 2<k<m.

We consider the following equation

1.1 F(u,y)=0
for each small y e Y,. We define a function G(t, u, y) by
1.2) G, u, y) =u—SE)L(u, YF U, y).

By Newton’s method, we construct the approximate sequence {u,} :
1.3) %,=0,
Un 1= G 1) = Gty Uy Y) = — S(E) LUy, YWF U, Y),
t.=e™", 1>1, 4/3<xk<3/2, n=0,1,2, ...
With an appropriate choice of 7 and k, u, converges to a solution % of 1.1
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in X, for each small y of Y,(r»NY,. We have

Theorem (Nash-Moser). Assume (X.0), (F.1), (F.2) and (F.3). Then,
there exist integers k>10, [(k+2)/3]1<¢<k—1 such that for any positive
numbers r, there exist positive numbers r,, R, and a continuous function
G(y) from Y, (r)NY (1) into X,(R)N X(R)) satisfying

1.4 F(GW),y)=0 and G(0)=0.
2. Proof of Theorem. We write ¢,;(1)=¢,, 1=0,1,3. We assume
2.1 lu. <R, u,eX,., 1<n<n,.

Then, we estimate |k, .|, k>10, and |k, .,|;,, Where
(2.2) Ry = 11— U= — S(E) L, YF (U, y)
= — S LW, Y{F W, ¥) —F (U _y, ) — F(tn_s, Y}
—SEI LWy WEF U1y WL —=SE - DI Lt 1y WF (s, Y).
We have for u=u,, 0<j<n,,
(2.3),_, 1 F @y ) |- <€) w411 Y |11
(2.3), |1Fu, h<ec(R+7)=ci,
2.4);, L, WF @y Y e Z ({4 ul+ Y 1) | F e, D o+ I F @y ¥) |5 -1}
<e(BR)el(B)A+ul+yll),  alk)=c(k)+ci,
(2.4), | L, YF (u, y) |, < cse1.
These inequalities imply
@2.5) |l Ztac(B)es(F)es(B) A+, e+ ¥ |li)
<t CERYA+|wa e+ ) C(k)=max {c,(k)c,(k)ci(k), 1}.
This implies
(2.6) LA I <1 1Y et 2 1Pyl

<14y e+ 220 E,CEL 4w, |+ 1Y 16}
Put

n-1
B=1+|yl and Bn=1+lly||k+j2=o t,C(k)p,, n=>1.
Then it follows that g,—B,_,=t,_,C(k)B.-, and

n—

@1 Bo=Fs n: A+£,CAN <ty - - ta s @CUN A+ Y1),

j=
(2.8) T+ e Y < <ty - - £, RC(R)* A4y 1)
Using (F.2), (2.2), (2.8), and (2.4),, we have
2.9) B hZtaCols |1 F Wy ¥) = F U1y Y) — Fr(th_1s Wy
—|—tn000302 l{l—S(tn—l)}L(un—v y)F(un-v y)|1
<EnCoCsCs | b, ﬁ +t,€0C5Cot; P e (B es(R) el (k)AL +u, le+11Y 1)
< Clha i+t 5 P CCHR A+ Ui i+ Y |1
where C=c,c,c,. Substituting (2.8) into (2.9), we obtain
2.10) |7y i k<t C R i+, 5728 - -, _RC(R)" ' CCR)A+[ Y |-
Now we put

2.11) by =€"#""s,, p=2, 1<n<n,.
Then we have
2.12) Sp e 08t e W QC(E)'CC)YA+ Yl

o=2p—pr—1=pw(2—r)—1>0,
b()=k—2—p*—e—1](k—1)=k—¢(y, £).
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We choose k so that

(2.13) b(k)=k—¢(u, £) =20 € (0, 1].

We have only to take a sufficiently large k. For example,
10—¢(2,4/3)=1/9, 11-¢(2,3/2)=1.

Taking the condition ¢ >0 into account, we obtain from (2.12)

(2.14) 8,1 < Cs; 4 e " 1R =DIOCC(R)(A 4|y ||,

d(k)=log {2C(k)} >1og [2¢,(k)cy(k){c,(k) +c.(B+m)}].
Noting a trivial inequality

(2.15) ">k, ¥=elogre(0.7,1.1),
we determine 7=7(b, ¢) by
(2.16) rb=max {d(k)/x', (d(k)—loge)/x', 1}.
Here ¢ >0 will be determined later. Then (2.14) reduces to
(2.17) 821 <08, +Ce /2 (1+]|Y [l

Assume
(2.18) D=1-2C%(1+r)>1/2, Y1l <7y

and denote by s>0 the smaller root of the quadratic equation
§=Cs"+Ce/2 (1 +1).
Then, there holds
2.19), 5,<s=Cel+47,)/A+D"")<2Cc(1+1,)/3, 1<n<n,
if there holds
(2.19), Sy =\, e =|S(t,)L(0, y)F (0, y)|, e~
<eolsty ||yl e =8'< s,
We determine ¢ here by

(2.20) e=min[1/{4C*A+rp}, IR/{2CA+7r)}].
Note that (2.19), is a restriction on the size of ||y ;
(2.19); |yl <ry=min {r, se=¢*»r[(c,c,¢,)}.

If k, ¢ and 7 satisfy (2.13), (2.20) and (2.16), respectively, and further
yeY,(r)NY,(r,), then we have
(2.21) R i< e ™s, 1< nn,
(2.22) lu, <L e #™'s/{l—e ¥} =g/(e*™ —1)
<s/(e* —1)<s/(e*—1)<s/3<R.
Thus {u,} are well-defined. Moreover, (2.21) proves that u,=G,(y)=
G(t,, w,_1, ¥) converges to a limit u=G(y) in X,(R). Since G,(y) € C(Y(r)
NY,(ry; Xi(R)), u=G(y) is also in the same space.
Using (F'.2), (2.8) and (2.11), we can estimate || F(u«,, ¥)|;:
2.23) (| F @y WL IF Wony ¥) —F @1y Y) — Fo(th -1y Who|lo
I F (s y){l—s(tn—l)}L(un—l’ WE -1, Yo
<& b+ ot P ek es(B) el (o) (X 4|ty [+ 119 [l )
< ce—2y7x”s_|_clc(k)e—Tx"—l(k—Z—l/(;—1)}+(n—1)d(k)'
By virtue of the following
@24)  r{k—2—1/(c—D)=T{k—gu, 0)+ s’ 4}
>7{2b+ p’ + £} >2r0>10+d(k) [ ¢/,
F(u,,y) converges to 0 in Z,. On the other hand F(u,, y) tends to F'(u, y),
since F is continuous from X,(R) xY,(r,) to Z,. This proves (1.4).
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Since {X} is tame, we can apply the interpolation inequality combined
with (2.21) and (2.5)-(2.11), and obtain
(2.25) [l < CA) [R50/ [/

SC/C(k)e—nnc(D/(k—l),
o(0)=p(k— ) — {1/ (k=D +b/x} (¢—1).

Hence u, converges in X, if ¢(4) >0, which is equivalent to
(2.26) LA+y/wW<<k+v/p, v=1/(k—1)+b/k.
Note that 0<b<1/2, and hence v<7/2<2y in our choice. Clearly /=
(k+2)/3 satisfies (2.24). The proof is completed.

Remark 1. The solution % ¢ X,(R;)N X(R,) of (1.1) is unique, if there
exists a left inverse L(u, y) of F(u,y) satisfying (F.3).

Remark 2. If we assume F(u, ) e CX,(R)NX,xXY,rNY,; Z,_),
more precisely, F'(u, y) e C(X,(R)NX,XY,(MNY,; B(X, XY, ,Z, ), j=
1,2, then G(y) e C*(Y,(r)NY,; X,»).
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