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1. Introduction. In many standard texts of singular perturbation
of ordinary differential equations, the function v(r,¢)=a+b—be "¢, r>0,
>0, a, b being constants, serves as a most basic illustration of the initial
layer phenomena at r=0 as ¢ | 0 (see, e.g., [1],[3],[5],[6]). The function
v satisfies the equation

edv/dr’+dv/dr=0, r>0, >0, (1)
with the initial data v(0,¢)=a, «dv(0,¢)/dr=">.

Now consider a slightly more general initial value problem :

Edu/dt* +ep(t, e)du/ dt +q(t, yu=0, t>0, >0, (2)
with the initial data «(0, ¢)= f°(), edu(0, ¢)/dt= f'(e).

The purpose of the present note is to show that the problem (2) can be
reduced to the problem (1) by a change of the dependent and independent
variables which incorporates the initial layer at ¢=0 as ¢ | 0 provided the
coefficients p(t,¢) and q(t,¢) are taken from the appropriate asymptotic
class, p(t, ¢) positive and q(t, ¢) small in the sense to be specified below. The
asymptotic class will be given shortly and will also be shown to contain the
solution u(Z, &) itself of (2) as well as the transformed dependent and in-
dependent variables when expressed in the arguments ¢,e. These will show
relevance of the asymptotic class in the present context.

2. The asymptotic class. Let s R. We denote by .1’ the set of C~
functions f(t,¢), t=0, ¢>0, with the estimate

|8§8§f(t, e)l§ciyj.to,505”_i—j

when 0<i<¢t, 0<e<e, for any choice of non-negative integers ¢,j and
positive numbers ¢, . A typical example of the elements of the class A°
is given by

(@) +H(t/e), t=>0, ¢>0, (3)
where h(t) is a C~ function of £>0, or he &,, and H(s) is C* and rapidly
decreasing as s—-+4oo, or He S, in short. Namely, H(s) satisfies the
estimate sup,s,|s'9/H(s)|<+ oo for any 1, 7=0,1, ---. hand H in (3) are uni-
quely determined by the values of the sum (3). The totality of the elements
of the form (3) will be denoted by I'°.

Our asymptotic class (1} is then given as follows. h(t,e) e Y if there
are sequences of functions 2,(t) e &€, and H,(s)e S., =0,1, ---, such that
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for any N=1,2, ...,
h(t,e) =20 (h () +H (t]e)) € AV, (4)
The relation (4) will be written as A(t, ) ~ 3 &/(h;(t) + H,(t/¢)) in short. The
formal sum is uniquely determined and is called the asymptotic expansion
of h(t,e). Itis not difficult to see AC A’ and that the class 1’ is closely
related to Hormander’s symbol class S;i (see [2]). In particular, given a
formal sum, one can always construct an element in (/% so that (4) holds
good. The class ) is a Fréchet algebra as well as {*=(), J’ and the
direct sum 9°=>=,I"". By means of the Fréchet algebra exact sequence
0> A*—>A\—>9°—0, one can carry calculi in ({5 to those in 9°. Details of
these formal properties will be discussed elsewhere. However, for later
convenience, we here note that if ¢(z) is a C~ function of x e R and h(t,¢)
€ Y is real valued, then the composite function ¢(h(¢, &) € AS.
3. Main result. Now we return to Equation (2). We take
p(t,e),  q(t, &) e Al (5)
Then p(t,¢) ~ 3 ' (@,(B)+Pi(t/e), q(t,e) ~2 '(q,(H)+Q,(t/e)).
Our positive-small requirements are:
p(£)>0, =0, (6)
2,(t)=0, t=0, (7)
and, for any T>0, there is 6>0 such that

j @) +P0(t/e>)u'(t>2dt+% j Qut/ Duty (H)dt=5 j wrdt  (8)

for all w e &, with u(0)=0 and ¢>0. Here ' (t)=du(t)/dt.
Remark. For such u, if normalized as

T
j wtydt=1,
0

2 [} @t/ @yt <sup,ei sQus) |+ | 1Q4(s) .
If Qu(s) 202 Qi(®), then
J: Qut/udu ©)dt=0.

We also require that, for e>0 and ¢{=0,
0(0,¢)>0, (9)

alt, )= 3 Plt, F + 3 Dp(t, 9 —alt, 0. (10)
Remark. If u(t,e¢) is a solution of Equation (2), then

—&d'w/dt*+a(t, dw=0 11
holds for

w(t, e)=u(t, ¢) exp {% I: o(r, e)dT}.

Lemma 1. Assume (6). For any F(s)e S, and A,BeC, there are
uniquely determined U(s) € S, and ¢ € C which satisfy
d*U[ds’+ (0,(0)+ Py()dU | ds+ Qu()U=F(s) — Qy(s)c,
U0)=A—c, dU(0)/ds=B.
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In fact, Banach’s closed range theorem is applicable. ¢ is determined
from

c{f Qo(s)G(s)ds+G(O)}=J: F(8)G(s)ds+ AG(0)

+ B{(p,(0) + Py(0))G(0) — G'(0)},
where G(s) is slowly increasing as s-— + oo satisfying
d'G|ds’—(0y(0)+ Py())dG [ ds+(Qy(s) — Py(s))G=0.
G(s) is unique up to a constant multiple. It can be shown

j Qu(8)G(s)ds =~ — G(0)

unless G(s)=0.

Lemma 2. Assume (5),(6),(7) and (8). Let u'(t,e), i=0,1, be the
solutions of Equation (2) with the initial data u'(0,e)=20,, ,u40,¢)=1,
1=0,1. Then u'(t,e) € AS. Furthermore, under the additional require-
ments (9) and (10), we have

w(t, &) >u'(t, ) >0, t>0, ¢>0.
Moreover, 1/u’(t,¢) € Aj.

Proof. For the first half, transfer Equation (2) into the space 9° of
the formal sums. Then (6), (7) and Lemma 1 yield to a formal solution (cf.
[5]). That this leads to the solutions of (2) by modifying additional terms
in A= can be shown by a kind of the energy estimate using (8) (cf. [1]).
For the second half, use (11). Here (10) is essential. (9) is used to ensure
w>u'. Consult, e.g., [4].

Now our main result is the following

Theorem. Assume (5),(6),(7), (8),(9) and (10). Let u(t,c) be the solu-
tion of Equation (2) with the initial data 010, )= fi(e) € A%, 7=0,1. Let

r(t, &)= —elog {1—u'(t, &) /U, &)} € AL
and
v(r(t, e), &) =u(t, e) Ju'(t, ) € .
Then v(r, ¢) satisfies Equation (1) so that
v(r, &)= f1(e)+ (%) — fi(e))e 7",

The verification is straightforward. Observe that 7(0,¢)=0, 9,7, ¢)
>0, t=0, ¢>0, with 3,7(0,¢)=1. Note that even ¢ 'r(¢, ) € A} holds.

Remark. R(t,e)=(,7(t, ) """ e A satisfies

—&d'R/dt +-a(t, )R = %R*
with R(0,e)=1. Here a(t, ¢) € S given by (10).
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