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Summary. The concept of the “spectral manifold” is introduced by
M. Radjabalipour [4] as a generalization or a modification of the spectral
maximal space. In this paper, we show that the spectral manifolds of the
simple unilateral shift S, on H* are only {0} and H*>. And also we investi-
gate some properties of the spectral manifolds of S¥.

1. Preliminaries. For a bounded linear operator T on the complex
Banach space X, let

@(T)={2eC: (ol —T)f(w)=0 for some non-zero analytic function

S5 DA()—X},
where D,(A)={w e C:|o—2|<7r} for some r>0. In case where ¢%(T)=¢, T
is said to have the single-valued extension property. For a closed set
aCC, let
Xr(0)={r e X: (oI —T)f(w)=2 for some analytic function f; C\e—X},

and let X,(r)=U{X,(0): ¢C7 and ¢ is closed} for an arbitrary set CC.
The set X ,(z) is called the spectral manifold of 7.

The following proposition is immediate.

Proposition 1.

(i) Xy(2) s a hyper-invariant (i.e., invariant under every operator
which commutes with T) linear manifold of T.

(ii) If 7,Czy, then X (c) CTX (7).

(i) Xr()=Xr(zNa(T)), Xr(o(T))=X and X ($)={0}.

(iv) X, (0)C Q (T —wD)X for any closed set s C.

Proposition 2. If X,(z) is closed, then we have o(T|X,(z))CrUay(T)~
where “~” denotes the closure.

Proof. If ze X, (), then xe X,(s) for some closed set ¢z and
(@I-T)f(w)=z for some analytic function f; C\e—X. Since f(w) € X;(0)
for any o € C\¢ by [1], 2=(wl —T) f (0) € (0] —T)X ;(¢) (0l — T) X ;(z) for any
0 € C\eDOC\r. By the assumption and by Proposition 1, X,(r) is a closed
invariant subspace of T' and hence X,(r)=(wl—T|X,(z))X,(r) for any
o € C\r. Next, if (Al —T)x=0for any 2 € C\[z U d%(T)~]and for some x € X ,(z),
then x € X (¢) for some closed set s—r and hence (wl —T)f(w)=2 for some
analytic function f; C\e—=X. Since (ol —T)[f(0)—(0—2)x]= (o] —T)f(w)
— (@I -2A+A-T)o—-)"'v=0v—2—(0—)'AI—-T)x=0 on C\[cU{2}], f(w)
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=(w—2)"'x on D,(0,) CC\[oc U{2} Coy(T)~] and hence, on C\[c U{2} U a%(T)~]1by
the unicity theorem. Since f(w) is analytic in C\e >C\lo Ud%(T)"1DC\[z
Ua%(T)~12 2, x=0. Hence 2l —T|X ,(z) is injective for any 2¢e C\[z Ua%(T)"]
cC\r. Therefore 2I—T|X,(c) is invertible for any 1e C\[ct Udy(T)~] and
hence o(T| X (z))CcUa)(T).

For convenience’ sake, we state here the following known results.

Proposition 3 ([2]). If X,(%) is closed for every open set t—C, then
o (T)=¢.

Proposition 4 ([31). If T is hyponormal (i.e., T*T=TT*), then X (o)
s closed for all closed set o C.

As an immediate corollary we have

Corollary 1. If T is hyponormal, then ¢°(T)=4¢.

2. Mainresults. Throughout this section, we denote by S,, the simple
unilateral shift on H*. It is known that ¢,(S§)=D,(0) and ¢(S,)=D,(0)".

Theorem 1. If [C\c]ND,(0)~+#¢, then X (z)={0}.

Proof. Since X;, (o) is closed for a closed set sz by Proposition 4,
(S| Xs,(6))Ca by Proposition 2 and Corollary 1. If X (0)+#{0}, then
Sy X s,(0) is a completely non-unitary isometry because S, is so. And hence
we have a(S)| X;,(6))=D,(0)~ and D,(0)~Cocr which contradicts with the
assumption. Therefore X, (s)={0} for any closed set ¢z and hence X (7)
={0}.

Above theorem means that the spectral manifolds of S, are only {0}
and H®. And next, we shall investigate the spectral manifolds of the back-
ward shift SiF.

Theorem 2. Xg({weC: |o|=1})=H"

Proof. For any xze H*® and o< D,(0), let fw)=U—wS,)'x, then f;
D,(0)—H" is analytic and

SE/(@ =St 50" S =Stn+0 3 0" Sia=Sfz+ 0 ()
and hence (ol —S¥)f(w)= —S&x. Therefore Sfz e X ;:(C\D,(0)) =X x([C\D,(0)]
Ne(SH)=Xsa(foe C: |w|=1}) by Proposition 1 (iii). And hence SiFH*
cXsa({we C:lw|=1}). Andsince H*=S§S,H*CS§FH*, wehave H*C X s;({w € C:
lo]=1}).

In the proof of Theorem 2, let x=e¢,, ¢,()=1, then f(w) is non-zero and
(0] —S¥) f(w)=0 because Sfe,=0, and hence D,(0)Co%(SF). On the other
hand, ¢%(S§) C0,(S¥)=D,(0) and hence we have

Corollary 2. 02(S¥)=D,(0).

For an a e D,(0), let f.(?) =1 —|a)'*(1 —az)™?, then f,(2) € H* and S§f.(?)
=af(2) and S,=(S,—al)(I—aS,)~* is the simple unilateral shift with its
wandering unit vector f,(z).

Theorem 3. S*f.(?) € Xgi({a}) for all n=0,1, 2, --- and hence X g({a})
is dense tn H* for each « € D,(0).

Proof. Since
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(oI —SHA —|aP)I —aSH)" { L gy 1-a0 g Q?—@)n—l}fa(z)

—a (0—a)? (w— a)"*!

=(wl —S¥) __ﬂl,,([ @S¥)- {Z—:_C_;wsﬁ‘i-(l aa)> St

w—«Ao
_ n+1
+ +(l j“f‘i) I}fa(z)
= ({4 p-sp)atan d-asp { st Es o+ T,
1+ u u? A
where u= 2%
1—aw

— ()] — (1 +au)SF} (I—asg)-u.}ﬁ,{unl+u"-ISf Fo e SESE(2)
—(u(~aSH) — (S —aD}I —aSt) ™ ] Ll wrisr 4 4 SFYS11(2)

=(ul— S*)m, {wl4ur='SE4 - - +SF18 fu(2)

a%:1<u"*11 SEYS:S, (z)—vn“{u"*‘s"fa(z) SEf2)}=511.(2)

for all w € C\{a} and since
g@=Q-lap@—asp?{ 1 s 1750 g QTEON g )
(w_a)Z ( )n+1
is an H*-valued, analytic function on C\{«}, S?f.(2) € Xg({a}). Since X({a})
is a linear manifold by Proposition 1 (i) and since {S?f.(?); =0, 1,2, - ..}
is a complete orthonormal basis of H?, X ({«}) is dense in H*.

Corollary 3. S"f.,(2) € Nocc(SF—wl)H* for all ae D,0) and all n
=0,1,2, ---.

Proof. Sif.z)eXa({a})), by Theorem 3, < N, (S¥—wl)H?, by Pro-
position 1 (iv), = N ,ec(SF—wl)H?, because H*=S*S H*c S*H*=(S¥ —al)H".

Theorem 4. If [C\tIN{we C: |o|=1}#¢, then f,(2)e Xgu(z) for all
a € D,(0)\r.

Proof. 1If f.(2) € Xgy(r) for some a € D,(0)\z, then f,(2) € X (o) for some
closed set ¢z and then (ol —S§)g(w)=/f.(2) for some analytic function ¢;
C\o—H" and 0=(al —S§) fu(?) = (al — SF) (0] — 8§) g(w) = (0] — S§F)(al — S§)g(w)
and (el —S¥)g(w) is an H>-valued, analytic function on C\e. If (el —S¥)g(w)
#0, then C\ccC\o < 02(SF)=D,(0) by Corollary 2 and this contradicts with
the assumption. Hence (el —S})g(w)=0. Since S, is the simple unilateral
shift with {C- f,(2)} as the null space of its adjoint, g(w)=h(w) f,(2) for some
scalar-valued, analytic function 2(w) on C\e. And hence

JR)=(0l —S§)9(0) = (oI —SH M) f.(2) = (w)(o] —S§) f.(2)
=h(w)(0—a) f.(2).
Therefore h(w)(w—a)=1 on C\¢ and this is a contradiction because «
€ D,(0)\ccC\o.
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Remark. If ¢£cC{weC: |o|=1}, then f,(2) ¢ Xg(r) for all « e D,(0)
by Theorem 4. Since X(7) is invariant under S} by Proposition 1 (i),
Safu(?) & Xg(z) for all n=0, 1, 2, -.. and hence H*\Xy(z) is dense in H*.
But, in this case, it is an open question whether Xi(z) is dense in H? or
not.
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