No. 2] Proc. Japan Acad., 59, Ser. A (1983) 59

18. On Nonlinear Hyperbolic Evolution Equations with
Unilateral Conditions Dependent on Time

By Shigeru SASAKI
(Communicated by Kosaku YosIpA, M. J. A., Feb. 12, 1983)

1. Introduction. In this paper we are concerned with the strong

solution of the following nonlinear hyperbolic evolution equation

2
(E) T8 O+ Aud+oleo( W) s 1), 0stT
in a real Hilbert space H. Here A is a positive self-adjoint operator
in H. For each te[0, T], K(t) is a closed convex subset of H and 6,
is the subdifferential of I, which is the indicator function of K(%).
We denote the inner product and the norm in H by (-,-) and |-|,
respectively. For each t ¢ [0, T1, let P(t) denote the projection operator
of H onto K(t). Moreover we assume the following conditions for 4
and K(t).

(A.1) There exists ae L*0,T; H) such that for a.e. te[0,T],
every z € K(t) and ¢>0, (1+4+e4) '(x+ea(t)) € K(t).

(A.2) There exists a strongly absolutely continuous function
b:[0, T1—H such that b(t) e D(A®)N K(t) for a.e. te[0,T] and A%
e L0, T ; H).

(A.3) Foreach xcH, P(:\)x:[0, T]—H is strongly measurable.

(A.4) There exists a continuous function v: R*—R* such that
for each £ 10, T[ and v € C([0, T]; H),

j :"‘ | P(s+ k() — P(s)o(s) [ ds < e (231; 1 |).

Definition. Let u:[0, T]—-H. Then u is called a strong solution
of (E) on [0, T1if (i) w e C'([0, T1; H), (ii) du/dt is strongly absolutely
continuous on [0, T, (iii) u(¢) € D(A) and du(t)/dt € K(t) for a.e. t € [0, T']
and (iv) u satisfies (E) for a.e. £ € [0, T'].

Now we state our main theorem.

Theorem. Suppose that the assumptions stated above are satis-
fied. Then for each fe W-0,T; H), u,e D(A) and v, e D(A"*) N K(0),
the equation (E) has a unique strong solution u on [0, T]1 with u(0)=1u,
and (du/dt)(0)=v,. Moreover, u has the following properties.

(i) AueL~(0,T; H).

(i) u) e D(AY?) for every t e [0, T] and A'*u e C([0, T1; H).

(iii) du(t)/dt e D(AY®) fora.e.t e [0, T]1and AV*du/dt e L=(0,T ; H).

(vi) du/dt*e L*0,T; H).

In the case where K(t)=K is independent of ¢, the existence and
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uniqueness of the strong solution of (E) are treated by H. Brézis [3]
and the regularity by V. Barbu [1]. These results can be found in V.
Barbu [2]. We quoted the assumptions (A.1)-(A.4) from H. Brézis [4].
2. The outline of the proof. The proof of the uniqueness is
not difficult and therefore we shall omit it.
To prove the existence, we consider the approximate equations

Dhes @)+ A+ B 2er 0= 7t),  0=t<T

us,z(o) = Uy, d;i(o) = Vs

for e, 2>0, where A,=A(1+¢cA4) ! and B:=21"'(1—P(t)). For the solu-
tion u, ; of (1), we have the following lemma.

Lemma 1. (i) |u,®|<C.  (ii) [i“ﬂ_(t)]gq

w0 [(orte S ([
for any te[0, T1.

(1)

By Ot du,
ds

(lV) HB du,z L2(0,T;H) C<1+ )

Here C,, C,, C, and C, are positive constants independent of e, 2 and t.
The outline of the proof of Lemma 1 is as follows. We set du, ,/dt
=v,, (i) and (ii) can be shown by calculating

2-1 d {0 P A ).

We can obtain (iii) not1c1ng
@) A —=P(s+h)w, (s+R)[—@D) A —P(s)v. ()]
— @A —=P(s)v.,(s), v, (s+h)—v, (s)
=I4+I1I4+111,
I=2) " |A—P(s+ k), (s+h)[—QRD) A —P(s+ ), ()
— @' A—=P(s+m)v. (9), v, (s+h)—v, (s)),
II=2)'|A—P(s+h)w, ()F— 2D A —P())v. (),
= —2"'((P(s+h)—P(s))v,, 1(8), v,(8+Rh)—v, ,(3)),
IS o, s+ W) =0, OF <5 s sup d"’* : (t)\

te[0,7]
II<|{P(s+ h)v.,x(s)—P(S)vs,x(S)l |B3v.,i(s)]
+ @) P(s+ k), (s)—P(s)v, S) [,
<27 | P(s+h)v, i(s) — P(s)v,,(8) || v, s+ 1) — v, i(s)],

and the assumption (A.4). (iv) can be obtained by multiplying the

first equation of (1) by Bidu, ,/dt and integrating over [0, T].
Let ¢>0 be fixed. By the same manner as in Theorem 3.1 of H.
Brézis [5], it follows from Lemma 1 (iv) that lim, ,u,,=u. and
lim, , du, ;/dt=du,/dt exist in C([0, T1; H) and u, is the strong solution
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of the equation

d"us du‘
(2) i (t)+A,us(t)+aIK<¢>( it (t))af(t), 0<t<T
w0 =w, Le(0)=0,.

dt
Letting 2—0 in Lemma 1 (iii) and using that «, is the solution of
(2) we obtain
] dZus 2
(8) j o| ds?
where M is a constant independent of ¢ and t. From (3), the assump-
tion (A.1) and the definition of I, we get the following lemma.

Lemma 2. (i) |Aw@®|<C.  (ii) &~ As%s—(t)\ng.

ds§M(l +r | A, ds) for any ¢ e [0, T1,
0

d*u,
(iii) I
Here C,, C,, C, and C, are constants independent of ¢ and t.

If ¢,0>0, then by using (2) and the monotonicity of dl,, we have
for a.e. se[0,T]

W LS tof

A +eA)-l%(t){g C. (v) j <C..

L2(0,T;H)

+| AL +eA) u(s)— AV L+ 6A) uyls) IZ}

g(A‘uxsFAau,;(s), A, fl’: (8)—d4, ‘j;; <s>)

A,

queuE(s)HlAaua(s)l)(e du, (s)\+5
ds

du,
s ds (S)D'
Integrating (4) over [0, T'] and using Lemma 2 (i) and (ii), it follows
that lim,_, ,=w and lim,_, du,/dt=du/dt exist in C([0, T1; H). By the
standard theory of maximal monotone operators, we can prove that «
is the strong solution of (E) and satisfies the properties (i)-(iv) of
Theorem.

3. Example. Let 2 be a bounded domain in R® having a suf-
ficiently smooth boundary I'. We set Q=10,T[x 2 and ¥=10,T[XI.
Let 4 € L0, T ; H) be such that ay-/dt € LX(Q) and +(f, 2)<0 a.e. on 3.
Consider the following hyperbolic unilateral problem:

%g«p a.e. on @,
32—::=Au+f a.e. on {(t, x)eQ;g—@tL>«!r},
()} %}Z;gdu+f a.e. on {(t, r)e@; g@: =’l]f},

w(t, £)=0 a.e. on 2,
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w(0, ) =uy(x) ; g—?(O, ) =v,(x) a.e. on f.

Corollary. Let u,, v, and f be given satisfying :
uy € Hi(QNHY?), v, HyD), v,(x)=+(0,2x) a.e. on 9.

f 1
Iy S e Q.

Then problem (U) has a unique solution 4 which satisfies:
ue C(0, T1; Hi(@D)N L=, T ; H(2)),

%? e C(10, T1; LX@) N L~(0, T ; HY(2)),
%1_? e LX0, T ; LXQ)).

Proof of Corollary. We take H=LQ2), Av=—4dv for v e D(A)

=HYQ2)NHYY) and
K@t)={v e LX(Q); v(x)=¥(t, x) a.e. on £}.

Taking a(t)= — 4 (t, 2) and b(t)=max {0, (¢, )} the assumption (A.1)
and (A.2) is realized, respectively. Since P(t)v(x)=max {v(x), ¥(t, x)},
the assumption (A.8) is satisfied. The assumption (A.4) is realized
taking w=||0v/0¢t||z20,r.m (constant). Therefore we can apply Theorem
and we know that the equation (E) has a unique strong solution .
By the same manner as in Corollary 3.4 in Chapter IV of V. Barbu
[2]1, it follows that u satisfies (U) in the generalized sense.
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