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128. On g-Additive Functions. II

By J.-L. MAUCLAIRE*) and Leo MURATA**)

(Communicated by Shokichi IYANAGA, M. J. A., Nov. 12, 1983)

1. Let g be an arbitrary fixed natural number >2, and g(n) be
a g-additive arithmetical function. In our previous paper [2], we
proved a functional equation involving a ¢-additive function. The
purpose of this article is to prove a general theorem which gives ex-
plicitly an average value of some g-additive functions as an applica-
tion of our previous result.

2. In the first place, we shall mention two simple special cases
of our Theorem, to clarify its nature.

(I) Therelation g(r¢*)=r,1<r<q9—1, k € N, defines a ¢g-additive
function g(n) called “sum of digits”, treated in [1]. For this function,
we have

R g(n)==#———q—1 logm+F< log m ),
m #=o 2 (log q) log q

for any m € N, where F(x) is a periodic function with period 1 and its

Fourier coefficients are given as follows:
F@)=2 ez Ai-exp @Crikx),

Ao—-—qL {(log 2)—1 q+1

2nik ) ( 2mk >
LA 1 I R k0.
2rk (logq + ¢ log ¢ *

(II) We define a 2-additive function g(n) by the relation g2 =Fk

for ke N. Then we have
1 =l 1 logm log m

m Z 9= 4 (log?2) log*m+(log m)F( log 2 )+F2( log 2 )’
where Fl(x) and F,(x) are periodic functions with period 1 and whose
Fourier expansions are given as follows:

Fi()=2 ez Cc-exXp @nikx),  Fyx)=3cz di-exp 2rikx),
_ (og2m)—1 1
g (log?2) log2 '’

i -c( 2rik )( 2ril +1>—1’ b0,

k=7’

“2kr(og2) “\log2/ \log2
g1l ') _ (og2m—1 _ (log2m—1
724 log®2 log 2 2 log® 2
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_ 1 ( 2nik >“‘
= 2rik (log 2) \ log 2 +1
log 2 2nik )"}. ( 2rik )__ ,( 2rik )]
X[{Z log 2+ 2nik +< log 2 +1 ¢ log 2 ¢ log2 /¥ o=c0.

3. In order to state our result, we introduce some notations.
Let g(n) be a g-additive function. We put
(1) S &) =200 9(rgHg- 02, 1<r<g—1,
and we suppose that f,(s), 1<r<qg—1, are rational functions of q*.
Then any pole of f,(s) is isolated and the cardinal number of the set

II,={p: p is a pole of f,(s), 0<Im (o) <2z/(log @)},
is finite. We define the numbers d(r, p) and C, ,(n) for 1<r<g-—1,
p €11, by Laurent expansion of f,(s) at s=p:

T =2 atrm Cr,p(n) <(s—p)".

Since f,(s) can also be expanded into Dirichlet series in the half plane
Re (s)<Min,., {Re (p)}, we can define the numbers w(r) and E,(n) by
(2) S =2 ur B.(0)- ¢, 1<r<g-1.
In addition, we make use of the following symbols :

[y]=the largest integer not exceeding y, yy=y—lyl,

s, )= (n+a)*, 0<a<l, (Hurwitz zeta function),

g™ (s, a)=(d*/ds"){(s, a), heN.

Then our main theorem states:

Theorem. Let g(n) be a g-additive function. Suppose all the

functions f,(8), 1<r<q—1, defined by (1) satisfy the two conditions:
i) f.(s) are rational functions of ¢,

ii) any pole of f,(s) is contained in the half plane Re (s)>—1/2.
Then the set II,, the numbers d(r, p), C, ,(r), uw(r) and E (n) are defined
as above. Then we have
() m s gm)=2141{A, (log m)*"®+B,+ W ,(m)}

-1 d(r.e)-1

L logm>
+Z:1p§1r =0 m* (log m) Fw’l( loggq /'

for any m € N, where
A= {q"Cr,o(O)/ d(r,0)!  if s=0is a pole of f,(s),
R

otherwise,
B = {0 if s=0 i3 a pole of f.(s),
RV ()] otherwise,
Wr(m) = Z;: -u(r) Er(n) ¢ wr(ny ,m), with
1 n+1 n, , n 'r+ 1
—q"*'(1—{q"m)), if {g"m)> )
m q
(%) w,n, m= %@—q"“{(q—-l)(q”m)—-r}, if T'(';l ><q"m>>—2—,
1

=g (grmy,  if Z>{g"m).
m q
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Furthermore every function F, , (x) is a periodic function with period
1 and its Fourier coefficients are given explicitly as follows:
F,, @)=z 4,,. k) exp @rtkx)
with
Ao@=7- 5 0.0k (0L)-m (o L),

U i+ j+r=a(r,0-1 !
I REP ST h! q

AM’,(O)=_1._ > L__—l)—j—C,,l(i)-(l—Z'U“))

n =g h!
x{lim | e=0(e (s, 1) =<(s )]
4, =2 > Vg g

U g4 j+h=d(r,0)—1-1 !
2 I i,j.(l;r>% h

2nik )“‘1“)_( 2nik 1)“”“’}
X{( log q te log ¢ ot

2nik r 2nik r+1 k=0 or
e (g o 7) - (ag e o M0, 1)
¢ log q ? q ¢ log ¢q - p+0, 1

4. Sketch of proof. 1) We start from the functional equation
which was given in [2],
s [Tgunerat= fe(s, L) —¢(s, TEH) s 0.
1 = q q
By making use of convolution product of Laplace transform, we get

: G(y)e‘”'dy=jZ: {C (s, —2) - C(s, le_ 1 )} s{;fi)l) , Re (8)>ay,

where G(y)=e? I:g([e’”])e“’dw, and «a,=Max,,¢,-: {the convergence

abscissa of f,(s)}. Note that if y=m e N, G(m)=m" 3= g(n).
2) By means of Laplace inverse formula, we have
= T r r+1\\ f.®) .,

Gm)=2, 5+ L-i«. {C (8’ ?[) C(s’ p >} seip ™l .
From the condition ii) of our theorem, we can take a negative number
7 satisfying —1/2<p<Re (p) for any pe | J%1/l,. Now we shift the
contour of the above integral to the line Re(s)=y. By Cauchy’s
integral theorem, we obtain

@ Go=5 50 [T (e )= T e

+qZ‘, > 5 (residue of the integrand at s=p+

r=1p€lly kKEZ

2nik )
logq /°
Here we have to prove the two facts:
a) the convergence of the sum of residues,
o [7iTn r\_ r+1\ S8 g
b) 3‘1..12 atiTn {C (s’ _q—) C<S’ q )} s(s+1) mds=0,
where {T,} is a suitably chosen sequence satisfying lim,_. T,=oo.
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We can prove a), b) using the following lemma :
Lemma 1. Let h be a non-negative integer, and B, T, be fixed
positive numbers. If ¢>—p and |t|>T,, then, for any ¢>0,

h
;Sh Lo +it, a)=0(t)F* <‘1/2>+.)’

and the constant implied by O-symbol depends on h, a, g and T,.

The right hand side of (8) consists of the “integral part” and the
“residue part”. In calculating the residues, we obtain all terms of
the right hand side of (#) except the terms W,(m). These last terms
come from the “integral part”.

3) From the condition ii) of our Theorem, the expansion (2)
converges absolutely on the line Re(s)=75. By virtue of Lebesgue’s
convergence theorem we obtain

SIS UG ) e e

& nt e 7 r+1\1 1 .
=2, 2 Zm i {C (8’ E) C(s’ ' >} s(s+1) (q*m)ds.
In order to calculate these integrals, we need the following lemma.

Lemma 2. For any positive 1 satisfying —1/2<—7<0, and for
any o such that 0<a <1, we have

1 (i [x—a]4+1
el N £Gs, @) G +1) ds= a+————{(x a)—[z—al}
+ @) {([z—al+2) [z —al -1 — @ +2)(x— 1}

Using this lemma, firstly we can show that the integral terms
with #>0 in the right hand side of (4) are equal to zero. And .sec-
ondly, w,(n, m) being the value of the integral term with »<0, we get
(¥). We denote the value of the formula (4), which is expressed by a
finite sum, by W,(m). Then we obtain the desired formula (%).
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