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34. An Example of a Complex of Linear Differential
Operators of Infinite Order

By Takahiro KAWAI
Research Institute for Mathematical Sciences, Kyoto University

(Communicated by Shokichi IYANAGA, M. J. A.,, March 12, 1983)

The purpose of this note is to show a finiteness theorem for a com-
plex of linear differential operators of infinite order acting on the
sheaf of holomorphic functions. The complex to be studied arises in
the study of 9-zerovalue ([6]), and a detailed study of it is an important
subject for the further development of [6]. A general result for micro-
function solutions will be given in [7].

Let ¢ denote a coordinate system on C and let P and @ respectively
denote the matrix of linear differential operators given below :

¢
P= 4x«/‘:i<t%+%) ]

1

Q= a |

_47:«/?“1 Fr ]
If we define @ and ¥ by expP—1 (=27, P"/n!) and expQ—1
(e, Q7/n!) respectively, then we find ([6])
(1) @ and ¥ are linear differential operators of infinite order
and
(2) oV =U0.
For an open subset 2 of C, we denote by K(2)" the complex

-

(3) O—H@(Q)ZM)@(Q)*L{L@(QYHO
determined by @ and ¥, where O(2) denotes the space of holomorphic
functions defined on 2. Let H/(K(2)") denote its 7-th cohomology group.
Then we have the following

Theorem. Let £2(c) denote {t ¢ C; Imt>c}. Then

(i) H"(K(.Q(c))')g{c for ¢=0

0 for ¢<0
(i) H'EQ@))= {g ]{Z: zig

(iil)) H*K(R(e)) =0 for any c.
Proof. Since ¥ is with constant coefficients, ¥ : OQ)*—>O(2)* is
surjective for any convex open subset 2 of C ([4]). Hence (iii) is obvi-
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ous. In order to prove (ii), let us seek for a solution % in O(R2(¢))? of
the following equations :

@u=f1
(4) {m= n
with
(5) wf1=@f2,

where f; and f, belong to O(2(c))>.. Since ¥ : OQ(c))*—~OR(c))? is sur-
jective, we may suppose from the first that f,=0. Then (5) reduces to
(6) Uf,=0.

By the “Fundamental Principle” type reasoning ([1], [2], [3], [4], [5], - - -)
we can verify that f, has the form

( 7 ) Z cvev’
vEZ
where
(8) e =[exp (mv/ = 11%) ]
" 127/ =1y exp (zv/ —1v%)
and ¢, is a complex number satisfying
(9) le,|ZC, exp (c+e)m? veZ)

with some constant C, for every ¢e>0. (In what follows, we call this
result “the Fundamental Principle for ¥’ for short.) Furthermore a
simple calculation shows

10 exp (nP)e,=e,,,

holds for every integer n and v. Therefore, for ¢=0, u=>,., u.e, is
a well-defined holomorphic solution of (4) on 2(¢), if we choose

—Sea @G>0

11) u,=< 0 (v=0).
?0‘_,10,, w<0)

Note that 4, given above satisfies the estimate (9) if ¢=0. This proves
H'(K(2(c)))=0 for ¢=0. Incase ¢<0, however, u, given above cannot
satisfy (9). Actually we can prove that (4) cannot be solved if f,=e,.
In fact, if (4) were solvable with f,=0, then the Fundamental Prin-
ciple for ¥ entails that « should have the form

12) Z;u,eu
ve
with u, satisfying (9). But, then we should have, again by (10),
=1
13 {“-1 Us
( ) uv—l=uv (|”|21)°

However, (9) and (13) cannot be consistent for ¢<<0. Therefore (4)
cannot be solved if fi=e,. For general ;=3 ,.; ¢,e, with ¢, satisfying
9), let us define ¢ by >,z c.e,— (O ,ez )6, and consider the solvability
of (4) for ¢ (with f,=0). Note that > ., ¢, is convergent by (9) if
¢<0. Then, by choosing u, so that
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%0

v-1—U,=C, (|v‘gl)
may hold, we find that u, satisfies (9) for ¢<0. Hence u=>_,.; u,e, thus

defined is a required solution of (4). This means that [{;1] and [f 16 9’]

belong to the same cohomology class in H'(K(£2(c))). On the other
hand, f,—¢=(,cz¢)e, holds by the definition of ¢. Therefore
H'(K(2(¢))")=C holds for ¢<0.

By combining (10) and the Fundamental Principle for ¥, we can
prove (i) in the same way. Q.E.D.

Remark. Although we have presented the result for global solu-
tions, we can also prove the following local statement:

Let K, denote the complex

14) {u_l—uo=—Z Cu
U,

15) 00—, 20, 01, (&) o 0,

C,t C,t
where O, denotes the germ of the sheaf @, at . Then we have

. . ' if Imt>0
H(K ;{
(1) BEI=\ e e<o
G may=(l, HImi>0
C if Imt<0
and
(i) H*(X,=0 for every t.
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