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68. Nonlinear Perron-Frobenius Problem

An Extension of Morishima’s Theorem

By Yorimasa OSHIME
Department of Mathematics, Kyoto University

(Communicated by Kodsaku Yo0SIDA, M. J. A., June 15, 1982)

1. Introduction. In connection with the discrete version of
Boltzmann equation and Volterra’s ecology equation, many researches

have been done on the homogeneous quadratic differential equation of
the form:

d% =Aj(uv ceey Uy), i=1,--,m

where each 4 ,(u) is a quadratic form (cf. Jenks [5], Carleman [6]).

The important first approach to this type of equations is to find
their positive equilibrium points, i.e., the equilibrium points whose
coordinates are all positive.

The author studied the special case of this equation:

du; _
dt
where each A4 ,(u) is a quadratic form with non-negative coefficients.
In this case the search of positive equilibrium points is converted to
the eigen-value problem of the form:
Hwu)=2u
where H ,(u)=[A,(w)]"* and 1= p'~.

The author was later informed that the theoretical economists had
done a great contribution to this type of problems in connection with
the balanced growth problem (cf. Morishima [1], Nikaido [2]), and that
in the case of Banach spaces, there is a book of Krasnoselgkii [4].

But the newly introduced notion of non-sectionality is wider than
the indecomposability defined by the economists, and not yet known
to the researchers of the Boltzmann equation. So the author hopes
that it is useful for both mathematicians and economists.

The author takes this occasion to express his cordial gratitude to
Prof. M. Yamaguti who initiated him into this problem and provided
him with indispensable informations and advices. Thanks also go to
Messrs. S. Ushiki, M. Tabata, Y. Shiozawa, and Prof. S. Watanabe.

2. Definitions and Notations. We use vector inequalities. x<y
means z,;<y, (for all j=1, ---,n), and x<y implies z;<y; (for all 7
=1,---,m). And z<y implies <y and z+y.

j(ul"",un)_#ui, j=13“"n
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H(z) is called a non-negative non-decreasing homogeneous trans-
formation of degree one if it satisfies:

1) H(x) is a mapping from [0, o) X - - - X [0, o) into itself.

2) H(x) is continuous in this closed domain.

3) H(x)<H(y) for all x<y.

4) For all =0, H(ux)=pH(z). (Therefore H(0)=0.)

For the simplicity, we simply call H(x) a homogeneous transformation.
And our problem is to find non-negative 2 and z satisfying
H(x)=Azx.

We define the principal notion of the non-sectionality and refer to
another notion of the indecomposability for the sake of comparison.
(For the indecomposability, cf. Morishima [1].) As easily seen, the
non-sectionality is wider than the indecomposability.

Definition 1. A homogeneous transformation H(x) is called non-
sectional if it satisfies the following: For any given proper partition
OUR={1, - --,n} (.e. ONR=¢, O+¢, 2+¢), there exists always @ e 2
satisfying the next two conditions at the same time.

1) H(x)<H,x)for all z, Z such that z,<z, forallde 6, 0<2, =7,
for all w e 2.

2) lim,,.. H,(x)=co (for all 6 € ©), where z,>0 (for all w € £2) are
fixed.

Definition. 2. A homogeneous transformation is called indecom-
posable if it satisfies the following: For any given proper partition
OUR={1, -..,n}, there exists always e 2 satisfying the next con-
dition.
1) H (x)<Hyx) for all z,  such that x,<z, for all e 6, 0z,
=%, for all w e Q.
3. Theorems (we shall omit all the proofs to save the space).
The following fact is known (cf. Morishima [1]).
Theorem 1. Any homogeneous transformation H(x) has o finite
number (at least one) of non-negative etgen-values which correspond
to non-negative eigen-vectors.
A gsufficient condition to have a strictly positive eigenvector is
given as follows (cf. Morishima [1]).
Theorem 2. If H(x)is indecomposable, then it has only one non-
negative eigen-vector, moreover it is positive.
But this condition is too stringent. Let us consider a specific
example of non-sectional transformation :
H\(z,y,2)=2""(x+y+2),
Hy(,y, 2)=y""(x+Y+2),
Hy(z,y,2)=2""(x+y+2).

This H(z) is not indecomposable because, for instance,
0=H,0,0,00=H,1,1,0)
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while ©={1,2}, 2={3}. Yes it has a unique positive eigen-vector
a,1,1)7, i.e.,

H1,1,1)=38"1,1, 1).
As easily shown, this H(x) has (1, 0, 0)%, (1,1, 0) also as eigen-vectors
whose eigen-values are smaller than 32, which is different from the
cage of indecomposable transformations. We can explain this fact by
the following

Theorem 3. If H(x) is non-sectional, then the eigen-vector cor-
responding to the maximal etgen-value is positive and unique.

We shall denote the maximal eigen-value of H(x) by A,(H) or 2,
from now on. We can prove another

Theorem 4. If H(x)<H(x) (for all x>>0) and H(x) is non-sec-
tional, then 2,(H)<<2,(H).

Now we look into resolvent problem. We consider the non-nega-
tive solutions of the following resolvent equation.

(1) Ax—H@)=c (e=0).
We can prove the following

Theorem 5. Suppose H(x) is a non-sectional homogeneous trans-
formation. If 2>2,(H), then there exists a unique solution for (1) with
¢>0. We denote these solutions by R,(c). This function of ¢ is con-
tinuous in (0, c0) X - - - X (0, c0) and has a continuous extension in [0, o)
X -+ X[0, o) which is still a solution of (1) in this closed domain.
Moreover,

1) R,(¢)>0 for all c>0 and R,(0)=0,

2) for ¢>0 and ¢=0, R,(¢c) is the unique solution of (1). For
¢>0, there exists no other positive solution than R,(c),

3) for 0<c<e, R(e)<R(c). For 0<c¢<ée, R(0)<R,(0).

Conversely, if there exists a positive solution for the resolvent
equation (1) with ¢>0, then A>1,(H).

Let us investigate general transformations, i.e., sectional trans-
formations, from now on.

We put some assumptions on the transformations.

a) H(x) is real-analytic in (0, 00) X - - - X (0, ), and continuous in
[0, o)X - - - X [0, o).

B) For any given proper partition OUQ ={1, ---,n}, if there
should exist @ which satisfies the first condition of the non-sectionality,
then @ must also satisfy the second condition.

Theorem 6. There exists a cannonical form of H(x) with the
partition J,U --- UJ,UJ, U - UJ,={1, -- -, n} such that

H,(x)=H,(2,,0) forall k=1, ---, u
H,(x)=F,(x)+H,,(2,,,0) for all k=p+1, ---,v
where each H, (x,,, 0) is non-sectional as transformation of x,, F, (0,
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0, - ,0,%,,%seps -5 2,)=0 but F,()£0. Moreover the partition
Iy - o0, J, 18 unique.

Remark. «,, is a shorter notation of x, (for all j € J,), and (x,,, 0)
is a vector where z,=0 (for all j ¢ J,), H,(x) is a shorter notation of
H,(x) (for all j e J)).

By using this cannonical form, we can formulate the following
theorem which characterizes the maximal eigen-value of sectional
homogeneous transformation.

Theorem 7. Let H(x) be written in o cannonical form with J,
U--UJ,Ud,U---UJ,={1,---,n}. Then we can express its maxi-
mal etgen-value by

A(H)=max, gz, {(H (2, 0))}.

Finally we give a necessary and sufficient condition to have a
positive eigen-vector under the assumptions «) and p).

Theorem 8. Let H(x) be written in a cannonical form with

J;U M UJ;,UJ#HU e UJ.,={1, v '9'n}-
Then H(x) has a positive eigen-vector if and only if it satisfies the fol-
lowing two conditions at the same time:

1 lOHJk(xJk’ 0))=2,(H) forall k=1, ..,

2) AH, (x;,, 0)<AH) for all k=p+1, ---,v.
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