No. 5] Proc. Japan Acad., 58, Ser. A (1982) 193

54. A Complement to Trotter’s Product Formula for
Nonlinear Semigroups Generated by the
Subdifferentials of Convex Functionals™

By Simeon REICH
Department of Mathematics, The University of Southern California

(Communicated by Kosaku Yo0sIDA, M. J. A.,, May 12, 1982)

The purpose of this note is to announce several new results con-
cerning product formulas for nonlinear semigroups in Hilbert space.
Our main result (Theorem 4) complements the corresponding results
in [4] and [5] because convergence is obtained for all points in the
space. It also leads to a negative solution of a problem of H. Brezis
[2, Problem 24].

We begin with two general theorems which are valid in any Banach
space. We denote the closure of a set B by cl (B).

Theorem 1. Let E be a Banach space, D a closed subset of F,
and F(t): D—D, 0<t<oo, a family of nonexpansive mappings such
that RI+r—F®))DD for all t>0 and v>0. If

1) limJ+@/p)T—F®)) 'x=J.x exists for each x € D and r>0,

-0+

and C=cl {J,z: xe D and r>0},
then
(@) lim F(t/n)"x=8(t)x exists for each x e C and t>0, uniformly

n—oo

on compact t intervals.
It can be shown that if (1) holds, then lim F(p)y=y for each y in

P04+

C. Therefore we let F(0) be the identity in (2). Theorem 1 improves
upon [7, Theorem 2] because F'(t) is not assumed to map D into C.
The limit J, is the resolvent (on D) of an accretive operator A that
satisfies the range condition, and S is the semigroup generated by — A4
on C.

Theorem 2. Let E be a Banach space, D a closed subset of E,
and F(t): D—D, 0<t< o0, a continuous family of nonexpansive map-
pings. Let C denote the non-empty fixed point set of F(0) and assume
that (2) holds. If

8) lim F(0)"x=Qux exists for each x € D,

then o
4) lim Ft/n)"x=St)Qx exists for each x € D and t>0, uniform-

n— o0
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ly on compact t intervals.

Our next result follows from several Banach space theorems in
[3] and [8].

Theorem 3. Let H be a Hilbert space and let P,: H—C,, 1<k
<m, be the mearest point projections onto closed convex subsets
{Ce:1<k<m} of H. Asswme that the set N{C,:1<k<m} is not
empty, and let 0<a,<1 satisfy ’ﬁj{ a,=1. Then the weak lim (P,P,, _,

n—oo

- P)"x=Qx and lim(i akP,,>nx=Rx exist for all x in H and define
k=1

n— oo

nonexpansive retractions onto N{C,:1<k<m}. If each C, is sym-
metric with respect to the origin, then the convergence is strong.

Let H be a Hilbert space, and let ¢, : H—(— o0, co], 1<k<m, be
proper lower semicontinuous convex functions. Let A, denote the
subdifferential d¢, of ¢, S, the semigroup generated by —A, on C,
=cl (D(4,)), R,(t) the resolvent (/+tA,)! of A,, and P,: H—C, the
nearest point projection onto C,. Let A be the subdifferential of

¢=f] #. (which is assumed to be proper), and S the semigroup gen-
k=1
erated by —A4 on C=cl (D(4)). If 0<a,<1 and 3 a,=1, we also
k=1
define v : H—(— o0, 0] by ¥=3_ a4, let B be the subdifferential of
k=1

¥, and let T denote the semigroup generated by —B on C. Our main
result is now obtained by combining Theorems 1, 2 and 8 with the
results of [4] and [5]. It improves upon Corollary 1.2 of [4] and Corol-
laries 12 and 13 of [5] because convergence is seen to hold for all x in
H.

Theorem 4. Assume either that each ¢, 1<k<m, is even,
or that H is finite-dimensional. Assume further that C=N{C,:1<k
<m}. Then the strong lim (P,P, .- -P)"x=Qx and

n— oo

lim (i akPk)nx=Rx exist for all x in H, and we have
k=1

n—oco

(@) limI[S,{¢/n)P,- - -S,(t/mP ]
=lim [R,(¢/n)- - - R,(t/nm)]"2=S®)Qu,

n—co

and

@ lim [gaksk(t/n)Pk]"x

n—co

=lim [ﬁ akRk(t/n)]"x=T(t)Rx

n—oo

for all x in H and t>0, uniformly on compact t intervals.
Let m=2, for example, and assume that A,+ A, is maximal mono-
tone. Then A,+A,=A and Theorem 4 is applicable whenever
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c (DA)NDAY))=cl (DAD))Nel (D(Ay)). For sufficient conditions
that guarantee this and several concrete examples see [1]. Theorem
4 also leads to a negative solution of a problem of H. Brezis [2, Problem

24]. More details, as well as a negative solution to Problem 23 there,
can be found in [9].

We conclude with a general result on the equivalence between
resolvent consistency (1) and convergence (2). It improves upon
Theorem 2.1 of [6] because F'(¢) is no longer assumed to map D into C.
It provides a partial answer to the query on p. 385 of [5] and is new
even in Hilbert space.

Theorem 5. Let D be a closed convex subset of a uniformly
smooth Banach space. Let F(t): D—D, 0<t<oco, be a continuous
family of nonexpansive mappings and let C denote the nonempty fixed
point set of F(0). Then (1) and (2) are equivalent.

It is expected that detailed proofs and discussions of the results

announced here, as well as other related results, will appear else-
where.
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