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43. Zeta Functions in Several Variables Associated
with Prehomogeneous Vector Spaces. III¥

Eisenstein Series for Indefinite Quadratic Forms

By Fumihiro SATO
Department of Mathematics, Rikkyo University

(Communicated by Shokichi IYANAGA, M. J. A., March 12, 1981)

In the present note, by applying the general theory developed in
[2], we prove functional equations of Eisenstein series for indefinite
quadratic forms.

6. Let Y be an n+1 by n+1 rational non-degenerate symmetric
matrix of signature (p, ¢) (p+qg=n+1). Denote by d,(A4) the deter-
minant of the upper left ¢ by ¢ block of a matrix A. Let I'. be the
group of upper triangular integral matrices of size n+1 with diagonal
entries 1. For an n+1 tuple e=(s, -+, ¢,,,) of +1, we write sgne
=(1, n—1i+1) if exactly ¢ of ¢,’s are equal to 1. For any ce {+1}"*!
with sgn e=(p, q), the Eisenstein series for Y is defined by

B(Y,e;9)=3 [ [d(TUY D) (s=(s,, -+, 8,) € C")

where U runs through a set of all representatives of the double cosets
belonging to SO(Y),\SL(n+1),/I".. such that
aCuUYU)/|d(UYU)|=¢- ¢ AZi<n+1).
Let z=(z,, - - -, 2,,,) be a variable which is connected to s by s,=z,.,
—z,+1/2 (A<i<n). Set
AY,e;2)= >, n22,—22,+1)|det Y|""'E(Y, ¢; s)

1=sj<isn+1
where 7n(z)=r""2I'(z/2){(z) (¢(z) : the Riemann zeta function).
Theorem 6. (1) The series E(Y,¢;8)(ee{+1}""", sgne=(p, q))
are absolutely convergent for Res,, ---, Res,>1.
(2) The functions E(Y, ¢; s) multiplied by

5 o
el <Si+sm+ . +81—7—23—1) L(2AS;+ Syt - - - +8)—F+1)
SiSjsn

have analytic continuations to entire functions of s in C™.

(3) For any permutation o in n+1 letters and for any e,
pe{x1}"*" such that sgne=sgny=(p, q), there exists A’(e,7;2) a
rational function of trigonometric functions of z satisfying

AY,e502)=3, A’(e, ;5 DAY, 75 2)
K
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whe’re O'Z=(Z,,(1), MY za(n+1))'
(4) For the cyclic permutation o=(k+1,1,2, ---, k) A<k<n),

. 1 k+1 B+l
COSZ {2(1+5i+17]i)<zk+1_zi+5) +5i+1< 4 2. e;—j; 771)}

ﬁ Fj=i+2
A(e, ;5 2)=1i=1 sin (2, —2,+1/2)
if sgne=sgny end ;=7 (k+2=5i<n+1),
0 otherwise.
Remarks. (1) If Y is positive definite, the series E(Y,¢; s)
(e=(1,1, ---,1)) is the Eisenstein series of SL(n-+41), (Selberg’s zeta

function) and our result is consistent with the results in A. Selberg [3]
and H. Maass [1].

(2) In|[3], A. Selberg suggested that one can associate with a
rational indefinite quadratic form a system of Dirichlet series with
functional equations similar to those of the original Eisenstein series.

7. The Eisenstein series E(Y, ¢; s) is a typical example of zeta
functions associated with prehomogeneous vector spaces. Put G
=SOY)X GL(m) X GLn—1)X - - - XGL(1) and V,=M(k+1, k; C)(1<k
<m). We define a rational representation p, of G on V, by setting

[ok(g)wlczgk+1xkgl;1 9=09ns1» Gn> > 9D EG, x, € V).

Set p=@ py and V=@ V..
k=1 k=1

Lemma 7. (i) The triple (G, p, V) is a p.v. with the singular
set

S=C)1 (meV;P(zx)=0)
where P (x)=det{(x, @, - 2)Y(x,2,_---2)} A=Zi<n, v=(2,, To_1y
e x)eV).

(ii) For any non-empty subset I of {1,2, ---, n}, put V=D,V
Then V; is a Q-regular subspace of (G, p, V) with respect to a natural
Q-structure.

(iii) X ,(G) is the group generated by det g3, - - -, det g2 and the
group H introduced in [2. I1] is given by

H=8S0(Y)xSL(n)X - - - XxSL(2) x {1}.
Moreover the condition (I) holds for (G, p, V).

(iv) The group H, is trivial for any xe V—S.

Notice that every Q-irreducible component of S is absolutely
irreducible.

Denote by (G, o, V¥) the partially dual p.v. of (G, p, V) with
respect to V; and by S its singular set. If I=¢, we consider (G, p*,
V@) as (G, p, V). By an easy computation, we have 6=(1,1, ---, 1)
for (G, oD, V),

Hence, by Lemma, 7, Theorem 5 of [2] and Remark (3) to Theorem
5, the zeta functions associated with (G, p©, V¥) are absolutely con-
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vergent for Res,, ---, Res,>1. Now we relate E(Y, ¢; s) to the zeta
functions for the lattice L=M(n+1,n; Z)DMn,n—1;2)PD - - M2,
1;Z). We take SO(Y)px X GL(n); X - - - XGL(1); as G§ in [2.1] where
GL(k);={9. € GL(k)g; det g,>0}. It is easy to see that the Gj-orbits
in V@’ —S§ are indexed by {e € {£1}"*'; sgne=(p, ¢)}.

Lemma 8. The zeta functions £P(L; s) associated with (G, p©,
V) and L are given by the following formula :

|[detY[™* T[] C@2(s;+---+8)—J+DEX,e;8) ifnel,

1=isjsn

&,(I)(L; S)= |det Y|81+"'+3n-ﬂ/2
X 1 @sit---+s)—j+DEY,¢e;8) ifnel

1sisjsn
where $§=(8,, S,_1, 5 81).

The lemma implies the first part of Theorem 6. The functional
equations satisfied by E(Y, ¢; s) are reduced to the functional equations
combining (L ; s) with &9(L ; s) given by Theorem 2 of [2]. In par-
ticular, applying Theorem 2 to the Q-regular subspace V,, we get the
functional equation of E(Y,¢;s) foro=(k+1,1,2, ---, k). It follows
from Theorem 3 of [2] that E(Y, ¢; s) have analytic continuations to
meromorphic functions of s in C*. But the proof of Theorem 6 (2)
requires more effort. The detailed proof will appear elsewhere.
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