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§ 1. Introduction. In[3], K. Saito introduced the invariant s(f)
into quasihomogeneous functions with an isolated critical point O,
which is defined as the maximal quasi-degree of generators of a mono-
mial base of the local ring ©,../(@f/0x,, - --,df/0x,) (this local ring is
denoted by R;). And he classified quasihomogeneous functions with
s(f)=0and 1.

In [1], V. I. Arnol’d introduced the invariant m,(f) into quasi-
homogeneous functions with an isolated critical point 0, which is called
the inner modality and defined as the number of generators of a mono-
mial base of R, on the Newton diagram and above it. And he classified
quasihomogeneous functions with m(f)=0 and 1.

In [4], we classified quasihomogeneous functions with inner
modality equal to 2, 3 and 4 and studied the relations of some adjaci-
encies among them.

In this paper, we shall give the classification of quasihomogene-
ous functions with inner modality equal to 5 and some adjaciencies
among them.

The author wishes to thank Prof. E. Yoshinaga for his sugges-
tions.

§2. Classification. Let a formal power series f € Cllz,, - - -, 2,]]
be quasihomogeneous of type (1;r, ---,7,), i.e. the quasidegree of
each monomial of f is equal to 1. This definition is equivalent to

J@ray, -, )=t (2, -, 2,) for any t e C.

K. Saito showed in [2] that if f has an isolated critical point 0, then
there exists a coordinate system (y,, - - -, y,) such that f=~h(y,, - - -, ¥;)
+ 9+ - +92, where & is a quasihomogeneous polynomial of type
;s -, 8 (0<8,<1/2, j=1, - -+, k, ;€ Q). Then we call the nat-
ural number & the corank of f and call the polynomial % the residual
part of f. In what follows, we may consider a quasihomogeneous
polynomial of type (1; 7, ---, 7,) (0<7,<1/2, 7, € Q) with an isolated
critical point 0.

Definition 1 (Arnol’d [1]). Let f be as above. The inner modal-
ity of f is defined by the number of generators of a monomial base of
R, with quasi-degree equal to 1 and it is denoted by m,(f).
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In [1], Arnol’d showed that m,(f) is given as the number of gene-
rators of a monomial base of B, with quasi-degree less than or equal
to d—1, where d=n—2 ) r;,. Note that the inner modality of f is
equal to the inner modality of its residual part.

The key of the classification by inner modality is the following

Proposition 1. If the inner modality of f is less than or equal
to 5, then the corank of f is less than or equal to 4 and the quasi-
homogeneous function f has the inner modality m if and only if
#H@,, - -, 6 e N*| X0k i, <d—1}=m, where k=corank(f).

Proof. We have already shown in [4] that if m(f)<5, corank(f)
<4 and if my(f) <5 and corank(f) <3, m()=#{G,, - - -, &) € N*| 225187,
<d—1}. So we have only to prove that if m(f)<5 and corank=4,

(*) (N =4{G -2 1) e N 2 iy Sd—1}

Case 1: 0<r<r<r,<r,<1/3. 1, x, x, x, and z, are always
generators of a monomial base of R, and quasi-degree (v,)=7;<1/3
<d—1 (the last inequality follows from Saito’s inequality > 5_,7,<4/3
(see [2])). So we have m(f)=5. We consider two cases.

(1) quasi-degree (x?)=2r,>d—1; it is trivial that ( =) holds.

(2) quasi-degree (2)=2r,<d—1; if 2r,=1—7r(=2/3), then 7,
=>1/3, i.e. r,=7r,=r,=r,=1/3. It is easily seen that the quasihomo-
geneous polynomial with »,=1/3 (j=1, 2, 3, 4) satisfies the formula ().
If 2r,<1—7r,, the monomial x? is always a generator of a monomial
base of R, since 1—7,=the minimal quasi-degree of the partial differ-
ential af/dx, (j=1, 2, 8,4). So we have my(f)=6 since 2r,<d—1. It
is a contradiction.

Case 2: 1/3<r,. Since f has an isolated critical point 0, f con-
tains the monomial 7 (n>38) or the monomial a7z, (m=2, j+4). By
hypothesis, the first case is impossible and in the second case, we have
m=2. So f contains the monomial z2x, (j#4). Hence we have r,+7;
=1—7,=the minimal quasi-degree of the partial differential 3f/ox,
(7=1,2,3,4). We consider two cases.

(1) r<d—1: We have m(f)=5 since quasi-degree (x,)=r,
<d-—1. If2r,>1—7r, then2r,>7r,4+r and r,=7r, Itisa contradiction.
If 2r,<1—7,, then the monomial 2 is always a generator of a mono-
mial base of R,. By the hypothesis that m,f)<5, we have 2rr,>d—1.
So we have the formula (x).

(2) r,>d—1: The quasi-degree of the partial differential 61/
0x,=1—7r,=r,+r,>d—1for j=1, 2, 8, 4. If quasi-degree (¢)<d—1 for
a monomial e, then the monomial ¢ is always a generator of a mono-
mial base of ;. So we have the formula (x).

These complete the proof of Proposition. Q.E.D.

Remark. It is easily seen that the condition ) r;>(2n—3)/4 is
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omitted in Proposition 3.2 [4].

By making use of Proposition 1, we can carry on with the classifi-
cation of quasihomogeneous functions with inner modality equal to 5
in the same say as in [4].

Theorem 1. Residual parts of quasihomogeneous functions with
inner modality equal to 5 are exhausted by the following table :

Notation Normal forms

Es X3yt
Ey wd+ a0y’
Es xd+y2
Ja4 ¥+ talyS+y8, 4¢34-27+0
War attalyd+yl, 2—4+0
W wt+ay’
W wt+yt
Zss w3y + twdyS+ Y8, 43+27-0
Zss xdy +y'
Zss wiy+wy?
Zyr ®%y +y®
N3 x84 tadys+ayl, t2—4+0
N x5 +y8
Qs wd+yz?+tayS+ayll, 2—4+0
Qus w3 +yz2 4y
Qs w3 +y2?+ oyt
Qss w3 +y2?+y'’
Sag vz +y22+tySe+y°, 2—4+0
Sas 222+ y2t+ oy’
Sao x22+yz2 4y

30 ¥+ w24 yS+raty?+ sy +toyz, 4+0
Uz w3+ w22 +y7
Vi #?2+y2P+y°

A wiz+yz*+ayt
Vs a3+ yzB4teyz+ys, 4+0
Vé}i %3+ y4 + 25
Vi v +ytz+yz®
O1 23+ Y3+ 28+ wi+ (pr+qy +sz+tw)d, 4+0
Oy xt -ty + 284w+ ty?z, 43+27+0
On x%y +y’z+wwi+2t
O3 a3yt zwi+yt

Remark. In the above theorem, 4 is a polynomial of coefficients
of a normal form and 4+0 is the condition in which a normal form
has an isolated critical point 0.

§3. Some adjaciencies. In this section, we give some adjaci-
encies among quasihomogeneous functions classified in §2. In what



No. 3] Normal Forms of Quasihomogeneous Functions 163

follows, we denote by the notation (i.e. light-face letters E, W, Z etc.
with various suffixes) of the normal form f in § 2, the family of func-
tions f+3> t,e;, te C, where e;’'s are generators of a monomial base
of R, with quasi-degree greater than 1.

Definition 2. Let K, L be families of functions as above. K is
adjacent to L if (¢, Orb(f) D\U,cx Orb(g), where Orb( ) is the orbit
in the space of germs of holomorphic functions preserving 0 by the
action of the group of germs of biholomorphic mapping preserving 0.
We denote this adjaciencies by LK.

Definition 3. A quasihomogeneous function f is a boundary of
the family of quasihomogeneous functions with inner modality equal
to k if my(f) is equal to k£ +1 and the number of generators of a mono-
mial base of R, with quasi-degree greater than 1 is less than k+1.

The relations of some adjaciencies among quasihomogeneous
functions in § 2 are the following.

Sore— E36<— E,« E,
W o= W oWy,
Ly Zigg— Ly— Ly,
Ny Ny

Qaz‘— Q34<— Q35<_ Qae
Sag— Sag— Sy

Ui« U 24

Vi V%
4 71
Vi Vi

/2
24

O5¢= Oz Oy« Oy,
Hence we can extend Theorem 4.2 in [4] and have the following
Theorem 2. For k=0, 1, 2, 3 and 4, each family of quasihomo-
geneous functions with inner modality equal to k+1 is adjacent to the

boundary of quasihomogeneous functions with inner modality equal
to k.
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