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17. Some Prehomogeneous Vector Spaces with Relative
Invariants of Degree Four and the Formula
of the Fourier Transforms

By Masakazu MURO
Department of Mathematics, Kochi University

(Communicated by Kdsaku YOSIDA, M. J. A., Feb. 12, 1980)

In this article, we shall investigate the relative invariant f(x) of
a regular prehomogeneous vector space (G, V) when it is one of the
following ones; 1) SL(6) X GL(1) (4,X 4,), 2) Sp(8) X GL(1) (A; X 4), 3)
Spin(12) X GL(1) ((half-spin rep.) X 4,), 4) E,X GL(1) (56 dim. rep.) X 4,),
where A, is the representation on the space of the skew-symmetric
tensors of rank ¢. The polynomial f(x) has the following form,

(1) S (@) =@y, — <X, YD) +4a,N(Y) +4y,N(X) —4{X*, Y*).

Here, == (%, ¥, X, Y) e CEOCODC™PDC™ and (X,Y) is some bilinear
form in X and Y, N(X) is some polynomials in X, and X—X* is some
polynomial mapping from the X-space into itself.

We shall calculate the Fourier transform of the hyperfunction
| f(®)|F for a generic se C. As shown in [5], the formula of the Fourier
transform gives the functional equation of the local zeta function as-
sociated with the prehomogeneous vector spaces.

1. Letwu, ---,u, be a basis of the six-dimensional complex vector
space E with the natural action of G=SL(6) X GL(1), i.e., (u,, - - -, Ug)—
Cy(ty, -+ -, Uy)'g, for (9,, ¢) e SL(6) X GL(1). We denote by ¥(20) the vector
space of the skew-symmetric tensors on E of rank 3 and z,;, denotes
the coefficient of u;, A\ u,Au,. The complex algebraic group SL(6) X GL(1)
acts on V(20), and it is a regular prehomogeneous vector space. We
identify ¥7(20) and COCOM(3, C)RM(3, C) by
( 2 ) Ly =193 Yo=Tys6

x423) xMS, x124 xlss, x416’ x%l

X= (xszsy L1535 xlzs) Y= (xzse, L4265 .’1}452).

x623’ x163’ x126 x356’ x4363 x453
By setting (X,Y)=tr(X.Y), N(X)=det X, and X*=the cofactor
matrix of X, f(x) is an irreducible relatively invariant polynomial on
the prehomogeneous vector space (G, V)=(SL(6) X GL(1), V(20)) with
the character y(g,, c)=c¢". This is the prehomogeneous vector space 1).
We define the symplectic group Sp(3) as the subgroup of SL(6) consist-
ing of the elements which leave u, A u, + u, A\ us + u, /\ 4, invariant.
When we set
(3) V(a4 ={(, ¥, X, Y) e V(20); ‘X=X, 'Y =Y},
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V(14) is an invariant subspace under the actions of Sp(3) X GL(1), and
(G, V)=(Sp(8) X GL(1), ¥(14)) is a regular prehomogeneous vector space.
The restriction of f(x) on V(14) is a relative invariant corresponding
to the character y(g,,C)=C".  This is the prehomogeneous vector
space 2).

Next consider the even half-spin representation of the complex
spinor group Spin(12). We denote by V(32) the space of skew-sym-
metric tensors of even rank on the six dimensional complex vector space

E and let {e,, - - -, e;} be a basis of E. We denote an element of V(32) by
(4) x=xo+i§_j. wweieﬂr;j Yused5+Yolrs

where e, =e,e,e,e,6:6, and ef; is the element of the form e.ee,.¢, satisfy-
inge.e,ef=e;,and X, Y denote the 6 X 6 skew-symmetric matrices whose
i-j entries are x,, and y,, for ¢<j, respectively. Then Spin(12) acts
on V(32) as the even half-spin representation (see J. Igusa [1]), and
(G, V)=(Spin(12) X GL(1), V(32)) is a regular prehomogeneous vector
space. Here GL(1) acts on V(32) by the multiplication. The poly-
nomial f(x) is an irreducible relative invariant by setting (X, Y)=
—tr(X.Y)/2, N(X)=Pff (X) and X* is the 6 X 6 skew-symmetric matrix
whose i-j entry is +Pff (X,,) for i<j, where X,; is the 4X4 skew-
symmetric matrix obtained by crossing out the i-th and j-th columns
and rows. The character of f(x) is y(g,, ¢©)=c* for (g,, ¢) € Spin(12)
X GL(1). This is the prehomogeneous vector space 3). Here, Pfi(X)
is the Pffafian of X normalized by
_11
1

-1

pit =1

1

-1

Next we shall consider the exceptional complex algebraic group
E, and the 56-dimensional representation of E,. The representation
space V(56) is
(5) (@0, Y0, X, Y) 5 2,96 C and X, Y € g},
where 4 is the exceptional simple Jordan algebra over C (see N.
Jacobson [2]). An element X of 4 is denoted by

51) "’—ES’ xz
— $1) 52’ &8 € C

" R s
where @ is the Cayley algebra over C. We define the norm of X by
det X =¢,8,6,+tr (x,2,2,)— >, &,2,%, and the trace of X by tr (X)=¢,+¢,
+&,. We set S(X)=(tr (X)*—tr (X»)/2. Then (G, V)=(E,X GL(1), (¥56))
is a regular prehomogeneous vector space. Here GL(1) acts on V(56) by
the multiplication. The polynomial f(«) is an irreducible relative in-
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variant by setting (X, Y)=tr XY +YX)/2, X!=X*—tr (X)- X4+S8(X) -1,
and N(X)=det X. The character of f(x) is x(g,, ¢)=c* for (g,,¢) € E,
X GL(1). This is the prehomogeneous vector space 4).
2. The b-function of f*(x) is calculated by micro-local calculus (see
T. Kimura [3]), and it is
(1) b=+ D(s+ 12 ) (s 254 21,
for 1) 1=2, 2) =1, 3) |=4, 4) =28, respectively.
3. The prehomogeneous vector spaces 1)-4) have the following
real forms (Gg, Vz)-
1) D-i) Gz=SU@G3,8,C)XGL(, R)
v, {(xo V—Ty,X,Y); @, %cR. X,YeMGB, C)}
and ‘X=-X, ‘Y=Y
1)-ii) Gz=SL(6, R) X GL(1, R)
Ve={@y, ¥, X, Y); 2, Y€ R. X,Y € M(3, R)}.
1D-iii) Gx=SU(1,5,C)XGL(1,R)

VR={(x0, — T, X, ( 111)) y 2, C, Xe M(3, C)}

2) 2)-i) Gr=SpB3,R)XGL(1,R)
Ve {(xo, Yoy X, Y); s o€ R. X, Y € M(8, R)}
and ‘X=X,'Y=Y
3) 3)-i) Gr=Spin(6, H)XGL(1, R)
Ve={(xy, %, X, X); 2, C. X € M(6,C) and 'X=—X}.
3)-ii) Gr=Spin (6,6, R)X GL(1, R)
Vo= {(xo, Y, X, Y); 2, Y€ R. X,Y € (6, R)}.
and ‘X=-X,'Y=-Y
3)-iii) Gr=Spin (10,2, R)X GL(1, R)

@0y Yoo X, Y) 5 %oy Yo € C. )
VR: X=( X1 Xz >’ Y:( Y1~ 2 ) ,
—'X, mgo —'X, «/———_lfio
where X, ¢ M(4,2, ©), X,=v=1%,(_11), &=2(_1%), 7.=0(-1),
( 0’ Loy L3, X,
- 0 —v =1z v =1z
X‘ — {1}2, ’ 4 3 d
1 — &, v _1774; O, — —12?2 an
(—%y, — "‘123, v — 1.’732, 0
fO’ — Yo —Ys, — Y,
Yo 09 v —174, — 4 — 1y8 th
Y, v —v—T7, 0, , with x;, ¥, €
Yy \ _1@” —N _1?_/2, O J

4) 4)-i) Gr=E!XGL(,R)
Ve={(, ¥, X, Y); %, ¥, € R. X,Y € g%}
4)-ii) Gr=E:XGL(1,R)
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Ve={y, ¥, X,Y); 2,y € R. X, Y € '}
Here, Ef and E; are real forms of E, whose Killing forms have the
signature —25 and 7, respectively, and 4¢ and 4° are the spaces of 33
octanion Hermitian matrices whose entries are Cayley division numbers
and split Cayley numbers over R, respectively.

4. We define the inner product on V by
(@, xl> = xoy(,)"' xtl)yo— <X’ Y,> + <X/, Y>°

We define the real-valued inner product on ¥V by restricting this on
Ve and by multiplying a constant of absolute value one if necessary.
We denote by dx the Euclidian measure on V, satisfying

@r)"u(x”)= f f w(®) exp (v — I{x, ¥’)) exp (—~ — K&/, 2" Y)dxdx,

where n=dim V.
The open set Vy—{f =0} decomposes into the following three con-
nected components, which are G3-orbits.

(8) V1=G§-<1,O,(O),<1—1_1)>

(resp_ G,;(1, 0, (0), (11_ 1)) {Gy- (o, 0, (— 1100>, (— 1100>>

V,=Gs- (1, 0, (0), (11_ 1))

(resp. G- (1, 0, (0), (111)) ;

O N ||

V,=Gj- (1, 0, (0), (111))

(resp. i+ (~1,0,0), ('1y) )5 G-, 1, 0), @)

in the case of 1)-i) (resp. 2)-i) and 4)-i) ; 3)-i)).
The hyperfunction
s [If@F zeV;

(9) i @={ e
is defined first for Re (s) >0 and continued to C meromorphically. By
identifying V, and V% by the inner product {z, '), | f|i(«’) is defined
on V%. The Fourier transform of | f|(x) is the following:

|f1E (@)
(10) j [| ri (x)] -exp (v—L(, o'>)da

|15 ()

=(27‘L’)3“2-F(8—|—1)F<s+ l—Iz—S )F(S-{- 2l;—3 )F(S—}— 3l;—4 )_42“”/,‘
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(—1)*-2.8in (2rs), C+(—1))-2-cos (zs—(z(I1—1)/2)),
: 0, W=D+ (= =D +2c08(2zs—(z(1—1)/2)),
0, 2.co8 (zs—(x(I1—1)/2)),
0 Ifll—s—(n/4)(x/)
0 ] [lf 'y ““”"“(w’)],

(=D"2.8in@rs)| | Sl
for 1=2,1, 4 and 8 in the case of 1)), 2)-i), 8)-i) and 4)-i), respectively.
In the case of 1)-ii), 3)-ii), and 4)-ii), the open set Vp—{f=0}
decomposes into two connected components V. ={f(x)=0}. We can

define | f52(x) in the same way as (9) for a generic se C. The Fourier
transform of | /5 (x) is as follows:

(11) j ['f ls*(x)] exp (—+ — Iz, 2'Y)dx

| f1 ()
—_ 3l+2, l+3 2l+3 3l+4 LA28tn/4
— @r)" T(s+ 1)F(s+ ! )F(s+ ] )r(s+_2 ) gos+n
[ (—1)*2.2-sin (—2xs), 0 ]
A4+ =D'+W =D+ =1)*)-2.8in (zs), (—1)"* sin (2rs)

. [If IIS“‘"""(x’)]
[fl=2= (@)
for 1=2,4 and 8 in the case of 1)-ii), 8)-ii) and 4)-ii), respectively.
In the case of 1)-iii) and 3)-iii), the open set V,—{f=0} is a G%-
orbit and we can define | f|*(x) in the same way as (9) for a generic se C.
The Fourier transform of | f|*(x) is as follows:

12) j 171 @) exp (— v =1e, o'))dw

=(2n)“+2.r(s+1)r<s+i“;_3)r(s+ 21;3 )r(s+§l;_4)428+n/*

-4-sin (zs)-cos (xs)-| f| ™ (x'),
for =2 and 4 in the case of 1)-iii) and 3)-iii), respectively.
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