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57. On the Strong Convergence of the Césaro Means of
Contractions in Banach Spaces

By Kazuo KoBAYASI* and Isao MIYADERA**)

(Communicated by Kosaku Y0SIDA, M. J. A., June 12, 1980)

1. Introduction. Throughout this paper X denotes a uniformly
convex Banach space and C is a nonempty closed convex subset of X.
A mapping T: C—C is called a contraction on C, or T ¢ Cont (C) if
(Te—Ty||<||lx—y| for every x,ye C. A family {T'(t); {=0} of map-
pings from C into itself is called a contraction semi-group on C if T(0)
=I (the identity on C), T(t+9)=T®)T(s), T(t) e Cont (C) for ¢, s=0
and lim,_,. T(®)x==z for every x € C. The set of fixed points of a map-
ping T will be denoted by F'(T).

The purpose of this paper is to prove the following (nonlinear)
mean ergodic theorems.

Theorem 1. Let T € Cont (C), x € C and F(T)+#0. If lim,_.. || T"x
—Tr*'x| exists uniformly in i=1,2, - .-, then there exists an element
y e F(T) such that

(the strong limit) lim n“nzlé T g =y uniformly in k=0,1,2, - ...

n—co

Theorem 2. Let {T(f); t=0} be a contraction semi-group on C,
2zeC and N FX@®)#P. If lim,_, | TW)x—T(t+h)x|| exists uni-
formly in h>0, then there exists an element y € (5o F'(T(t)) such that
limt- [ T(s+hye ds=y  uniformly in h=0.

0

L0

These results have been known in Hilbert space (cf. [1, 2]).
2. Proofs of Theorems. For a given T € Cont(C) we set S,
=n"'I+T+- .- -+T"") for every n=1. We start with the following
Lemma 1. Let T e Cont (C), xeC and F(T)+=0. Suppose that
*) lim,_., | T"x—T"*‘x| exists uniformly in i=1,2, - ..
Then we have
(1) lim, ,..||12°%S, T "x+S, T ™x)—T"2°'S, T2 +2'S,, T™x)||=0
uniformly in 1=1,2, - ... In particular,
(2) lim,_..|S,T""x—T'S,T"x||=0 uniformly in 1=1,2, - - ..
Proof. Take an feF(T) and an >0 with »=||x—f|, and set
D={zeX;|z—f||£r}NC and U=T|, (the restriction of 7 to D). Since
D is bounded closed convex and U € Cont (D), by virtue of [4, Theorem
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2.1] (cf. [3, Lemma 1.1]) there exists a strictly increasing, continuous
convex function 7 : [0, c0)—[0, o) with y(0)=0 such that

oS m) 20
<r7( max Ue—a, |- U2~ U, )

1=

for any 4,, - -+, 2,=0 with 2,+---+2,=1, any %, ---, 2, €D and any
k, I=1. Consequently

n—1 m—1 n—1 m=1
H Tl(;; A%, +§1 ﬂt?/z) — (é 2T 2+ iZ_(:) /«%Tl?/z)
sy (max {|z,— 2| = | T'%,—T'2,|, (|2, — Y, | = T2, — T*Y, |,
”?/p_yq“"” lep'—leqH; Oéi: jé’n_‘l, Oép; Q§m"’1})
for any 2, #,=0 with > 721 2,4+ > " p,=1, any «,, ¥, € D and any n, m
>1, 1=0. Using this inequality with 1,=1/2n, x,=T"x for 0<i<n
—1and g,=1/2m, y,=T"""x for 0<i<m—1, we obtain
(8) T2 'S, T*2+27'S, T™2x)—2'S, T "x+21S, T ™2)||
ér-l(max {“Ti'l'nx_Tj+nx”__“Tl+‘l+'nx___Tl+j+'nx”’ ” Tt+nx_Tp+mx”
_”Tl+z+nw_Tt+p+mx”’ “Tp+mx_Tq+mx“
—||THermy Tt g 04, j<n—1, 0<p, g=m—1})
for any n, m=1and 1=0.
For any ¢>0 choose a >0 such that y"'(6)<<e. By (*) there exists
a positive integer N such that p@)<||T e —T" x| <p(E)+0 for every
1=0and n=N, where (@) =lim,_.. || Tz —T"*‘z|. Henceif n, m=N then
HT“”%—T“"L.’Z)”—H Tl+'l+nx_Tl+j+mx“
<pli+m—i—npD+o—p(j+m—i—n)=34 for every 4, 7=0.
Combining this with (8), we obtain that if n, m>=N then
1218, Iz +2-'S,Tmx)—2~'S, T "2 +27'S,, T ™x)| < r'(0) <e
for any 1=>0. Thus (1) holds true. Taking m=n in (1), we have (2).
Q.E.D.

We note that for every sequence {z,} in X the following equality
holds good : For any I, p=1 and k=0

(4) l in-i-k—l lz<p-12xt+j+k)+(lp) Z(p_z)(xiuc l—xi+k+l 1)

Lemma 2. Let T e Cont(C), e C and F(T)#Qf. If (*) is satis-
fied, then {|S,T"x—f |} is convergent for every fe F(T).
Proof. Let fe F(T) and a,=sup,,||S, T2 —T'S, T x| for n=1.

Since S, T* "z =(n+m)" 35 (S, T iz —T""S,T"a)
=0

+(m+m)” ‘"f TS, T

+[n(n+m)] %(n——z)[T"*m” lw TZ(n+m)+i 1x]
by (4),



No. 6] Strong Convergence of the Césaro Means of Contractions 247

n+m—1

[SusnT" " —fllSan+@m+m)™ 25 TS, T "z—f|

=0

+[,n(,n +m)]—lnz_il(,n__i)l| Tn+7n+'l-1x__T2(n+m)+i‘1x“
=1

Sa, +HIS. T e —f+n—D ||z —f||/(m+m)
for n, m=1. Letting m— oo, we have
lim sup | S, T"x—f||<a, +||S. Tz —f || for n>1.

m=>co

Therefore lim sup ||S,T™x—f||<liminf |S,T"x—f|| because lima,=0

M=o N— 00 N> 00

by (2). Q.E.D.

Lemma 3. Let T e Cont (C), xcC and F(T)+0. If (*)is satis-
fied, then there exists an element y e F'(T) such that lim,_... S, T *x=1y
uniformly in k=0.

Proof. Take an fe F(T) and set u,=S,T"x—f for n=1. By
Lemma 2, d=lim,_.. | «,| exists. Since ||%,,;—u«,|—0 as n—oco, we have
(5) lim,._... %, +%,..||=2d for every ¢=0.

We now show that {S,T"x} is strongly convergent to an element
of FI(T). SinceS,, T *c=m-+k)* > S, T * x4+ v(n, k) by (4) and
[v(n, B —1|z—f||/(n+k), where

v(n, k)=[nn+k)] nZ_:l(,n_,i)[Tn+k+i—-lx_T2(n+k)+i—1x],
i=1

we have

+h—

n 1
nu,,m+um+k||=ﬂcn+k)-l 3 ST 4 S T - 2)

n+k-1

+ln—m)/(m+B)n+E)] > (S, T 'z—f)

i=

o

k-

+On )75 (ST =)+ v, 1)+o0m, B)|

t=n+k

<@/+E)"S |28, T i+ S, Tm ) — |
i=0

+2m—n) |z —s|/(m+k)

+l(n—-1)/n+k)+m—D/(m+B]|z—71|
form>=n=1and k=0. Combining this with | 2-*(S,T"***'x+S,T™***'x)
—SIZ ann+127S, T 2+ S, T"x) —f ||, where a,,,=sup;z [|27(S,T"* 'z
+8,T™* ) —TY2"'S, T*x+2"'S,, T™x)|,, we obtain

% st Uom 1 | S 20 4[| U+ U |+ [0 — 1) [ (4 K)
+(m—1)/(m+B)]||z—S||+20m—n)|x—[||/(m+k)
for m=n=1 and £=0.
Letting k— oo, it follows from (5) that
24 =20y, | U+ U [| S 2000, - || U || (| 2 |

for every n, m=1. Since lim,,,... @, ,=0 by Lemma 1, we have that
lim, ,,-..||%,+%,||=2d. By uniform convexity of X and lim,._...||u.||=d,
lim, .. |S, T — S, T™%|=1lim, , . | %,— %, ||=0, whence {S,T"z} con-
verges strongly. Put y=1lim,_.S,T"x. By @), |S,T"¢—T8S,T ||
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<2|x—fl/n+|S, T %—TS,T"x|—0 as n—oco and hence y ¢ F(T).
Finally, by (2) again,
Sup ST *x —y||=sup [|S,T"* *x—T*S, T x|
k k20
+IT*S. T e —ylll <sup IS T *x—T*S, T ||+||S, T % —y|—0
k2
as n—oco. Q.E.D.
Proof of Theorem 1. By virtue of Lemma 3, there exists an
element ye F(T) such that lim,..S,T"**x =y uniformly in k£>=0.
Therefore, for any ¢>0 there exists a positive integer N such that
ISyT¥*x—y||<e for all 7=0. Since

SnTlcx:n—-l ESNTk+ix+(nN)_IJVZ-:1 (N_i)(Tk+t—lx_Tk+i+n-lx)
1=0 =1
by (4), if n>N then
n=1
IISnT”w—yllén”goIISNT"”w——in-I-(N—1)Ilw—?/||/n

N-1 n-1
<0 SISy T* =y 407 % Sy T 2~y |
+(N=D)z—yl/n
SN|z—y|/n+e+N-Dlz—y|/n  for all £=0.
Hence Sup,. || S, T*c—y||—0 as n—oco. Q.E.D.
Remarks. 1) Let T'e Cont(C)andxzeC. If {T"x}has a conver-
gent subsequence, then condition (*) is satisfied (cf. [2, Theorem 2.4]).
2) Let X be a Hilbert space, and let T ¢ Cont (C). If T is odd,
then condition (*) is satisfied for every x € C (cf. [1, 2]).
Proof of Theorem 2. Similarly as in the proof of the preceding
lemmasg, we have the following (a)-(c):
(a) lim,,.. ||27%S,T¢+mx+S,T(s+h)x)—TR)@2 'S, Tt
+2718,T(s)x)||=0
uniformly in 2>0;
(b) lim,_, ||S,T@)x—f| exists for every fe F = F(T());
(¢) there exists an element y € F' such that lim,_., S,T(t+h)x=y

uniformly in 2=>0; where Stzzt'lf T(s)z ds for ze C and t>0.
0
To prove (b) and (¢) we use the following equality instead of (4);
11 S
t [ T+ de=t [ 157 [ Te-+9+hya dids

+(ts)™ j (5= TG+ Ra—T(+t+hyaldy
fort, s>0and #=0. Now, the same argument in the proof of Theorem

1 implies that lim,_ ., S,T'(k)x=vy uniformly in #>0. Q.E.D.
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