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34. Deformation of Linear Ordinary
Differential Equations. I

By Michio JIMBO and Tetsuji Miwa
Research Institute for Mathematical Sciences, Kyoto University

(Communicated by Koésaku Yosipa, M. J. A., April 12, 1980)

In this article we report on the general theory of isomonodromic
deformations for a system of linear ordinary differential equations (1),
having irregular singularities of arbitrary rank. A general scheme
for such deformations was constructed by L. Schlesinger [1] for equa-
tions with regular singularities, and was recently extended by K. Ueno
[2], B. Klares [10] to the case admitting irregular singularities. The
main results of the present note are (i) proof of complete integrability
of the nonlinear deformation equations (§§ 2-3), and (ii) introduction
of the notion of = function (§4).

Details of this and the forthcoming note II will be published else-
where.

We wish to thank Prof. M. Sato, Drs. K. Okamoto, K. Ueno and
also Profs. H. Flaschka, J. L. Verdier for many invaluable discussions.

1. Leta,,---,a,, 0,=c be distinct points on P!. We consider a
system of linear ordinary differential equations with rational coeffi-
cients

(1) Y _Awy, A@=3>3% A _¥
dx ;

where A, _, are mX m constant matrices. Weset 4.,=—> A4,,. The
v=1

leading coefficients A, _,, at x=a, are assumed to be diagonalized as
(2) A, _, =GVT" G»! =1, ..,n, )
T® : diagonal with eigenvalues mutually distinet (if »,>1) or
distinet modulo integers (if ,=0).
In the sequel we assume A, _, =T%), and choose G*’=1. Along with
(1) we consider equivalent systems with diagonalized leading term at
r=aq,

(3) ‘dg T _AY@YY,  AY@)=GOA@E.
X

Equation (1) is specified by the following data

(4) a,4, -, Av,-r,,+1’ T(_”’r,, G®» v=1,---,m); Ay, -+, Aoo__,w.

‘We denote by J1 the affine manifold of “singularity data” (4).
Equation (3) has a unique formal solution of the following form

(516D :
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(5) YO@@) =Y ()e™®, YO (z)= i Yozh, YP=1
T (x)= Z T®, ¢ :k) + T log 2, : diagonal

where

(6) 2, =x—a, (v#00), =% (v=1c0).

We call T the exponent of formal monodromy at x=a,. The
coefficients Y{?, T are determined from dY® /dz,—l—l?"”)dT‘”) /dz,
=A¥(x)dz/de,Y . Let
Av@)= 5 AP@-a) o), =— 5 40(1) T e=c0)
kE=-7ry k=~7

be the Laurent expansion at x=a,. We set Y‘"’(x)_-F“)(z,)D("’(zp),
Foz)=3 Fzt, D¥(z) =3 DPzt, F=1, DP=1, and FY diagonal
k=0 k=0

free, D{» diagonal for k>1; then the following recursion relations
hold (with A%, =T%.).

-7y

(7 (F9, T9,)= 33 (A%, Fi2,—F2 10, )= 12,

Y;V) — Z F(v) D(v)
=0

Here we have set T{’=0 (k>1) and
(8) Ip=0(k<0),  =kDY—3 12D (r=D.
For instance
[F©, T9,]1= A%, = T%,
[, T 1= A0, F O+ AL, — FOTS, =T,
D(v)_.<Z AQ;,+kFry+1 k) s
D

k=1

2 v
2D~ D =(5} A% aFR0s) -+

k=1
where (X),=(5,,X..) denotes the diagonal part of a matrix X=(X,,).
Quantities Y, T®, F$ and D’ are rational functions on J1.
Next choose a set of sectors S, ---,S%,, in the universal cover-
ing manifold R of R=P' —{a, - - -, a,, oo}, such that S NSH,#¢ and

ky+1 —

Q (S =V,—{a,}. Herern: R—QR is a projection and V, is a small
=1

neighborhood of a@,. For example we choose

(9) (S ={xe v, ==l z(l—1) —i<argz, < ”l} k,=2r,

v D

with >0 small. For #,=0 set S’=V,—{a,}.

It is known that there exists a unique actual solution Y {(x) of (3),
holomorphic and invertible in S}, having the asymptotic expansion
(10) YP@) ~YO@er™ ™  in SP).
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The Stokes multipliers S are defined to be the constant matrices
satisfying

(11) Yg?l(x)= Y?J)(x)S;u)’ l= 1: Tt kv'

Since Y{*(x) and G®Y(x) satisfy the same equation (1), the connec-
tion matrices C® are defined through

12) Y&O(e)=GYY P (2)C?, v=1,...,m,00 (C*=1).
The monodromy matrix for Y{~(x) at a, is given by
(13) Yiw)(x) |zu|—~e2ﬂzu = Yim)(x)Mw

M”=C(v)—1e2niTév)S’S|;)—1‘ . 'S{”)_IC(").

2. Now we are concerned with a family {Y(x,?)} of functions
parametrized by some t e C¥, such that the monodromy property is
preserved under the variation of parameters in the following sense:
(14) The Stokes multipliers S{*, connection matrices C*® and the ex-

ponents of formal monodromy T'{” are independent of ¢.
In particular the monodromy matrices M, are also invariant by (13).
Following the scheme developed by Schlesinger [1] and Ueno [2], it is
shown that a necessary and sufficient condition for (14) is expressed in
terms of a system of total differential equations with respect to ¢ ; for
Y{(x) it is linear

(15) dYP=00Y® =1, .-,n,00),
and for the coefficient matrices it is non-linear
(16) dA<v>_ +[Q<»> A®¥]

dG(V) — @(v)G(v) .
Here d denotes the exterior differentiation with respect to the para-
meters ¢, and Q¥ =02%(x), O are matrices of 1-forms calculated from
A(x), G® as follows. First we define matrices @ of 1-forms through

an YO@dTO@)-TO@) = > 0wzt
k=-7ry~1
with
(18) ATO@=31aT9 2 = 5 T,
(k) =

For y=00, @) _,=0 and the second term of (18) is absent. Explicitly
we have (T‘_‘” =0if k>r)

19) oY= (df;js —T9,.da,
Tpdeer +Ic; [ EiTk/) 9;91+1d0/,,, ( Y;(cl;) ](— Y](c’;) e (_ Yl(c‘;))
T1yeers

(V‘_‘]-, ce, N, 1_.<.k£7'p+1)

oo) o
@ onp=TTE . N o]
§= k 2

O<k<r,).
In (20) dT<)/(—k) is omitted if k=0. In terms of @y, 2® and 6®
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are given by

@1 o=@ =3"3" guonge-__1 | S0
V=1 k=1 (x—a,)k

(22) 2V(x) =GV (2 () —6)G® (v£0)
@3) 69 =GO(— 0P + YOda )GV + 5 0al

k=0

Tp+l 1
G(#)@(#)G(ﬂ) 1 .
+/‘<Z¢:»> k§=::1 a,—a,)*

The system (16) together with dQ® =02 guarantees the integrability
of (1)4(15). It is shown (cf. (29)) that dQ® =02%"? is a consequence of
(16), and that there is a canonical choice of deformation parameters ¢
(see (27) below).

3. Actually (16) contains redundancy and is reducible to a smaller
set of equations. We set

24) E<v>(x)=dA<v>(x)——a.§;i— [29(2), A®@)].
It is shown that the Laurent expansion of (24) at a, has the form
(25) F) () = i Eém)(_l_)kn

k==7e+1 X

EO@= Y BP@—a)  (v£o).

E=—ry+l
Let J denote the ideal of differential forms on JI generated by the fol-
lowing 1-forms
(26) (‘-’—r,,+1 apy " (59))aﬁ (”—_—1: ce, N, 005 0['_#,8)
(Eapy @GV —0VG"),, (=1, ---,n;all a, f).
It is easy to see that the totality of following quantities (27) +(27)”
(regarded as rational functions on Jl) constitute a coordinate system
on J1:
(27), Qyy - - ’a’n,t )a (1Sk£7'n lgagmﬂ-’=1; Y () OO)
@n” (A—r,,+1 apy (A(—vi)aﬁ (’J:l, cr M, 005 “75,3)
(Af)epy (GP)oy =1, ---,m;all a, p).

Here t*),, are the entries of the diagonal matrix T, appearing in the
exponential (5). Note that the 1-forms (26) are of the form dy,
—2f.(x, y)dx, where x, (resp. ¥,) signifies the coordinate (27)" (resp.
277").

The following hold.

Theorem 1. All the coefficients of the rational function (24) be-
long to the ideal Y.

Theorem 2. The ideal 9 is closed: d9C 9, where d denotes the
exterior diff erentiation on the manifold Jl.

By Frobenius’ theorem the system J=0 is then completely inte-
grable. In conclusion, the deformation equations (16) are equivalent
to a completely integrable Pfaffian system ((26) set equal to 0), whose
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independent variables and the unknown functions are chosen to be (27)
and (27)”, respectively.

In the course of the proof of Theorems 1, 2, we find that the follow-
ing also belog to J.

(28) AYO+POPTO—QOF®  (y=1, ..., n, 00)
@9) deY—Qw (=1,---,m,0), dOY—O (y=1,---,m)
(30) ary (=1, .-, n, o).

In particular (28) gives an infinite system of nonlinear differential
equations among Y{’s. For instance the differential d.Y  involving
d'T* is given by
(o0
G 4. Y™ =— [ are,) '
Tateos+lg=k' +k —K

E1yeeesks,k 21,ks 2k

(=Y ](= ¥ (-¥g)

(k=1,2,..-).
By construction the singularities of (the coefficients of) the defor-
mation equations are confined to
(32) a,=a, for some p+v,
t(_”;,a——:t(_”’,y,a for some a+#p, v with »,>1.
We expect that the deformation equations are “of Painlevé type”,
namely :
Conjecture 1. Aside from the fixed critical varieties (32), a
general solution to (16) can have at most poles.
4. To each solution of the deformation equations, there is canoni-
cally associated a closed 1-form. We set
33) o=— Z Res trace ¥ ) (x)" X d’T“’(x)dx

v=1,000,n00 T=ay

Here the residue of a formal Laurent series Z Sfolx—a,)edx (resp.
k=—r

ki'rka"‘d:v)is defined to be f_, (resp. —f). Intermsof Y (83) reads
(34) =+ +0,+ 0.,

,—trace ( S5 ZpdTo,+57 IcZ,‘c”)T‘_"}mda,)

(for y=c0 17:cl=1; second tell'cr—; is omitted)
where Z9=Y(, ZP=Yy— %Y{"ﬂ, Zp=yp— 2 Zypyp- %Y;w Y

1
SYPs, .,
-+ it

(35) Zp= ——}; > Z (=Y (=Y.
s=1 k1+ +
k1, 21

Theorem 3. dwe d.

Hence to each solution of (16) there exists a function ¢, unique up
to a multiplicative constant, such that (cf. [7] [8])
(36) w=dlogr.



148 M. JimMBO and T. Miwa [Vol. 56(A),

We conjecture that this r function is free form movable poles.
Conjecture 2. The t function is holomorphic everywhere on the

universal covering manifold of C¥—{the fixed critical varieties (32)}.

Here N=n+m >, r, denotes the number of independent variables

v=1,000,m,00
@7

Conjectures 1, 2 are known to be true in the case where (16) re-
duces to the Painlevé equations (cf. [9]).

Remark (cf. [10]). If we fix T%’s and vary a,, - - -, a, only, then

the deformation equations (16) and the 1-form o (83) reduce respectively
to
Tu ry—k

a6 da, o= 3 55 (A A PO

(a,,—d/,,)“"‘”

Yoo min (I—-1,7y—k) l__l
5T (A A dai
=1 m=0 m
n rw_—‘lc mwin (I-1,ry) l—'l
ddo = =35 S (A A el
e | m=0 m
Ty _
4G . GO~ = A, Mo 554 ada,
#(Fv) 620 (av—all) =1

B3 w=1 3 Z” * (-)k(’c Zl> trace A, A, ,H%=0)

2 AL (al‘_au)k+l+l
n Ty Too l__l

-, < > trace A, _,A. 0% 'da,.
V=1 k=0 1<% +1 k
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