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52. The Paley-Wiener Type Theorem for Finite
Covering Groups of SU(1,1)

By Takaaki NOMURA
Faculty of Science, Kyoto University

(Communicated by Kdsaku Yosipa, M. J. A., Nov. 12, 1977)

An n-fold covering group G of SU(1,1) is realized as G={(7, ) ;
1€ G |71<1, w € R/2nxZ} with the multiplication: (, )/, o)=G", ®"),
where " =(re " + ¢ )1+ 7 e %), and

o' =0w+o’ +@20) 1 log A+ 17 e #)A + 71 e*) (mod 2nr),
and we take the principal branch of logarithm. Put u,=(0, —6/2),
a,=(@h (¢/2),0). Then each element ge G can be expressed as ¢
=u, 0,4, (0<p<dnr, t>0, 0 <27).

§1. Let du() be the ordinary normalized Haar measure on the
unit circle T in C and put $=L*T; du()). For any integer k with
—n+1<k<n and s € C, we define operators U*(g, s)(9 € G) by

k — o~ 2ioly E‘_‘J_{_]M | |2)1/2+s ZF|—1-28 ( 210 }_‘l;_l’;>’
Uy, )/ Q) =e [1% T R e G
where 1,=k/2n, 97'=(,w), e T and fe$. Then g—Uk(g,s) is a
strongly continuous bounded representation of G for any fixed se C.
We put e,(0)=¢"? (peZ). Clearly {e,; p € Z} forms a C.0.N.S. in §.

Let a¥(8)(—n+1<k<n, p € Z) be a rational function defined by
ay(s)

1 1 - 1 1 -

=Z’<—+2k+8>l“(—+2k—8> F<p+—+2k—8)F(p+—+2k+8) .

2 2 2 2
We can define for Re s>0 a bounded operator A*(s) on by A*(s)e,
=ak(s)e,.

Lemma 1.

A*()U*(g, 8)=U*(g, —s)Ak(s) (9 e G, Res>0).

Let ;=22 , Ce, and ;=22 ; Ce,. Then we have

Lemma 2. ;s U’°<‘, elk+j—~12—)-inva,riant (e=+4, — and j=1,

2, ...

Using Lemma 2, we can construct other representations V=(-, 7)
of G, which are unitary under certain inner product and irreducible
(discrete series, except for (e, /)=(—, 1)).

§2. Put (g9, 9=(U*,s)e, e,). Using Lemma 1, we have for
any seC, ut,(g, —9)=4%,()ut,(9,8), where A:(s)=ak(s)/ai(s). The
matrix elements v%;*(g, ) of V=(-, ) are given as follows: for “p, ¢>j
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when e=+" or “p,q<—j when e=—", vi(g, J’)=co’;z;(j)u’;q(g, ede+ ]

— l), where
2
el ) 1427 +e2,) V2 1+1 12
W)= 2T AN, e
0<i<eq—j-1 1+1 o<i<ep-j-1 LI+ 2(7 +€4y)
For the sake of convenience, we put wk;()=0 for any other triplet in
the above definition.

§3. Let 9, be a Fréchet space of functions f on G such that
J(u,a,u,)=0 for t>T, which is topologized as usual. Let 9% be a closed
subspace of 9, congisting of functions f such that f(u,.9)=e**"'"f(g).
Notice that u,, is a generator of the center of G.

Lemma 3. D;=>.%,,1c1cn Dk

The “Fourier transform” of f ¢ 9% is the operator-valued function

Ef(s)=j f(@U(g, 8)dg (s C). Let N be the set of all positive integers

and put, according as k+%n or k=n respectively,

Nt = {zwj—% . je N with p<qu}

U {—zk+j—-;—;jeszith qs—j<p},

Nz,={i; 1 e NU{0} with p<j<q}
U{j; e NU{0} with ¢< —7—1<p}.

Let 4% be the totality of bounded operator-valued entire functions
<F(s) on C which satisfy the following :

(i) for every non-negative integer r, there exists a constant C,
such that ||F(9)||<C,(1+|s)reTiBesl;

(i)  (F(—s)e,, e,) =My (8)(F(S)ey, e,) (P, € Z);

(iii) (F(s)ey €,)=0 for all s e N%;

(iv) for every quintet g of non-negative integers g=(a, b, ¢, v, M),
define |F|, as below. Then |F|,<oco:

Fl=_sup  sup (L+[p)*L+]a)|A-+]sD | F e e,)

P,9€Z;JEN |Res|<M
T N }<9<ezk+j—%)eq, e)]

Theorem. Let us topologize 9% by means of the family of semi-
norms|F|,. Then the Fourier transform I : f)—>5‘(-)=jf(g)U’°(g, dg
gives a topological isomorphism of Dk onto k.

§4. Outline of the proof of Theorem. We decompose f ¢ D7

into functions of different “K-type” for K={u,; 6 € R}. Let D}, r be
the closed subspace of functions % such that
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(1) h(u,g9u,)=exp (i(p + 2)p)h(g) exp (i(q+ 2 )V).
Lemma 4. Let f be a C=-function on G such that f(u,.9)
=et**/"f(g). Then f can be decomposed as
F@=p0ez 2@  (pointwise absolute convergence),
where f,, satisfies (1).
In view of Lemma 4, we first investigate the case f e 9k, , sepa-

rately. This turns out to study I J(@ukt(g,)dg. The case D, r is the

most important, and the other cases can be reduced to this case in a

similar way as in Part II of [1]. For the case of 9% », we improve the

method in Part I of [1], by giving an exact estimate of the growth of

matrix elements at infinity. Once the Paley-Wiener type theorem for

Dk, r is established, our theorem follows by summing it up over p, q.
The details will be published elsewhere.
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