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47. A Generalization of Haar’s Measure.

By Yoshimichi MiBu.
Mathematical Institute, Nagoya Imperial University.

(Comm. by T. TARAGI, M. I A., Sept. 12, 1946.)

The theory of Haar’s measure asserts that we may introduce an invari-
ant measure in any locally bicompact topological group G; moreover, if G
is the sum of at most countable bicompact sets, the introduced measure is es-
sentially unique and any two measurable sets having equal measures are
decomposition equivalent (Zerlegungsgleich). These last two properties, how-
ever, are satisfied by the rotation invariant measure defined on the surface
of the sphere of euclid spaces. The purpose of the present noteis to extend
Haar’s theory in such a way that the above case is obtained as a special
case. For the sake of shortness we only report the results ; the detailed proof
will be pubished elsewhere.

Le £ be a locally bicompact uniform space defined by the system' of
neighbourhood {U. (p)} and let H be a group of homeomorphisms of Q sa-
tisfying the following two conditions:

(A) oU.(p) = Uu(cp) for ocH,
(B) for any two points p and q in {2 there exists an element ¢ ¢ H sucht hat
op = gq, viz. H is transitive on £.

Theorem 1. There exists at least one H-invariant measure p#* in .

Let G be a topological group, then G may be considered as a group G
of homeomorphisms of G onto itself by corresponding to every element a of
G the topological mapping ¢ (x)=ax. If Q is a locally bicompact topological
group G and H is G, we are in the case of Haar’'s measure. While if 0 is
the surface of a sphere of euclid space and H is the rotation group, we are
in the case of the rotation invariant measure.

In order to introduce a topology in the group H we define a complete
system of neighbourhoods {V} of zero of the group H. Let « be an index
of neighbourhoods of (2 and let F be an arbitrary bicompact cet in (2 and
we define V as the totality of ¢ H such that ope U. (p) for every point pe
F. It may easily be verified that H is then a topological group. Moreover
in the case of topological group G, the topolngical group G; obtained by the
above procedure is homeomeorphic with the topological group G.

Theorem 2. p* is a continuous measure, viz. if A is a measurable set of
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finite measure in Q then, for an arbitrary positive number ¢, there exists a
neighbourhood V of zero of H such that oe V implies ¢ (A © o A) < ¢, where
A® g A denotss the symmetric difference of A and ¢A.

Theorem 3. If f(x) is a continuous function on (2, then f(o-1x) is alco
a continuous function of (x, ¢) on the product space Q x H.

Theovem 4. If Q is the sum of a sequence of bicompact cets and if the
topological group is locally bicompact and if H is expressible as the sum of
at most countable bicompact sets, then the H-invariant measure in § is unique
and any two measurable sets having equal measure are decomposition-equiva-
lent.

Corollary. Haar’s measure is unique.

Inh the rest of this note, we assume that Q is the sum of at most coun-
table bicompact sets.

Theorem 5. In order that H is totally bounded it is necessary and suf-
cient that () is totally bounded.

Theprem 6. For any open set U in H there exists at most countable ele-
ments @, as, ... in H such that ’}Zan U=H.

Theorem 7. If ) is connected or is a metric space in which evrey
bounded subset is compact, then H is locally bounded.

We furthermore assume the following condition:
(C) for any point g € U. (p) there exists an index A (which may depend upon
@) such that ye Ug (p) and se Up (v) implies se Us (). This condition is satis-
fied if (2 is a metric space or a topological group. Under the condition (C)
we have the

Theorem 8. Let H be the group of all the homeomorphisms ¢ of Q sa-
tisfying the condition (A), then H is complete,

Theorem 9.. Let H be the group given in Theorem 8, then H is locally
bicompact in the following cases:

(i) Q is bicompact (H is bicompact in this case),

(ii) Q is connected,

(iii) Q is a metric space whose bounded set is compact.
In these cases if H satisfies the condition (B), the H invariant measure is unique
and any two measurable sets having equal measures are dceomposition-equiva-
lent.

Theorem 10. Let H be a group given in Theorem 1. If His locally bicom-
pact and if a subgroup A’ of H is transitive on Q, then the H’-invariant
measure is unique and any two measurable sets having equal measures are
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decomposition-equivalent with respect to H’. Thus the H’-invariant measure
is H-invariant.
Corollary. Lebesgue measure is invariant by rotations.



