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12. On Riemannian Spaces Admitting a Family of
Totally Umbilical Hypersurfaces. II.

By Tyuzi ADATI.
(Comm. by Z. SUETUNA, M.J.A., Feb. 12, 1951.)

§ 4. When orthogonal trajectories of the hypersurfaces o(x*)=
const. are geodesies, (1.2) reduces to the form

4.1) ;= POt morcu,

namely o, is a torse-forming vector field. In this case, since v, is
proportional to o, and consequently v; = v,B;* = 0, (1.6) becomes

R;. = B;"B;*R,.,+ B9 .
Thus we have
Theorem: 4.1. When orthogonal trajectories of the totally
umbilical hypersurfaces o(x) = const. are geodesics, in order that
the hypersurfaces o(x*) = const. are Einstein spaces, it is necessary
and sufficient that the tensor II,, takes the form

HZM == ug;,,,+Clap,+Cua'; .

Cor. 1. If o, is a torse-forming vector fleld and II,, = ug,,
+ k0,0, , then the hypersurfaces o(x*) = const. are Einstein spaces:

Cor. 2. If an Einstein space admits a torse-forming vector
field o,, then the hypersurfaces o(x*) = const. are also Einstein
spaces.

We consider next a conformally flat space admitting a torse-
forming vector field.

Differentiating (4.1) and substituting the resulted equations in
Ricei identities o, yy—0u;w = —0,R%y» We have

(4-2) —o ,R? Apy = (Pv “"p’ﬂa'v)g}\u. - (Pp.-— P’)a'u)g)w + U'A(nvo'u - mnlfv) .
Multiplying by ¢ and summing for 4, we have
(py + a‘"oum) o= (P,,L + tr)‘o'knu.)o' v =0,

from which follows that p,+ %07 is proportional to o,, that is,
o’oy" = aoy—py, Where a is a certain scalar. On the other hand,
multiplying (4.2) by ¢** and summing for 2 and ux, we have
—o.RYy = (’n_l)(Pv“‘Pﬂo’v)+¢7}0‘,\’7v“¢7)"77\0v
= (n—2)ps+{a—(n—1)pn—c’m}oy .

Thus we obtain the equations of the form
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a_wnu.uv = Pv+b0'v ’
1 { R

h b= —
where 5 —1)

- 1 +a—(n—Dpr—c*m) .
n—2
However, by virtue of C,,, =0,

— ooy = jyoyv—1Ihyou + Gopo IV —gave J1Y,
= (Hlu + bgm)o'v"(ﬂn + bgn)vp
+PvGrp—PuGrv -

Comparing with (4.2), we have

{HAV. + (b+ P’))gAu - "';:‘l‘“o'kpw} oy
oo,

wl a;_Py}d“ =0.
oo,

— {sz +(b+pPn)grn—

Consequently II,, takes the form
HAu. = ug}‘p'i'c}\a'u‘l"c;;a'h .

Hence from the theorem 4.1 we know that the hypersurfaces
o = const. are Einstein spaces. However since the totally umbilical
surface in a conformally flat space is also conformally flat, the
hypersurfaces o(x*) = const. are conformally flat and consequently
of congtant Riemann curvature. Thus we have

Theorem 4.2. When a conformally flat space admits a torse-
forming vector field o,, the hypersurfaces o(x*) = const. are of
constant Riemann curvature (n > 3).

§5. The fundamental quadratic differential form of the space
admitting a torse-forming vector field is given by the form?

(5.1) ds® = p(a®)~*fi (o) da’da’ + (dx”)?
@, Js k=12, ..., n—1),

for a guitable coordinate system. Consequently the fundamental
tengor becomes

g’ij=P-2f’i.‘i’ Qin = O’ Jon = 1 )
gﬁ=p2 ‘J" g’in=O’ gvm=1,

where fify = 6} .

The fundamental tensor g, of the hypersurfaces 2" = const. is
equal to g;. If we denote the Christoffel symbols of the second
kind, curvature tensor, Ricei tensor and sealar curvature with
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respect to G; by {%}, B';u, E;. and R respectively, we have from
(56.1) the next equations:

{Zn} = {Zm} - {f'n} =0,

nl_, N ("
(5'2) { ’k} - pﬂg{lk ’ {j,n} = Pusg ’
# } {akJ Uk} Spe st S fnprs
where p, a; >L and {;k} are Christoffel symbols with respect
X
to f,‘; ’
man;d = R’?nlal = 0 ’
n 1 1
R-jul = P(";)':mgjl ’ H canl & T p(—b“)mzai ’
B o= g Loy,
5.3)

Blan= = Pttt
o
[ B'ju = R ju—pl (05k61_gjz8k) ’

e (1) 2 (3): (D= (2o

3

( R = — (n——l)p(%)m :

6.0 | Bun=@0-2P,

6.5) R=F—@m—1) {2p(%),m+(n—-2) (p,.)ﬂ} ;

1I,, = S § (n—2) + p( L ) ~—(P7. o

apn
Hjn = y
(5.6) 8’

1 (— R ) 1 ye, .
gk = Ry — Al + P}z 5
AL p— o\ g (n—l)gk 2 (P9
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6.7

(5.8)

T. ADATI.

(C’-lqml = chl = C" gkt = Citmkl = Ciﬁnl = 0 ’

C'.'jm = n-—-2( gjz)
v o _ 1 (pe R
(mel - n-z(Rl n*—lsf),
Clim = R ju— n—}_é{(ﬁ‘- 1 Gon— B 19+ Bu8{— B;3%)
1 T A
— ———(8igs%— &% gjt)} ’
n—1

HM;:}—HM};" =0 ’

1 oFR
Hmv ""Hn s =
TR T a—1)(n—2) 0a*

E
., — O, = .._’.’L(R‘,___ )
g s n—2\. ¥ 'n—Lgi’

_ 1 3 __ R
n—2 ox" \Rﬁ 2('n~—1)g”)

2

1 f; R
= =)

1 { B

i) -1)"”‘} '

where p;; are covariant derivatives with respect to g;.
When 7 > 3, we get from (5.7) readily

Theorem 5.1.

aiw,,(m Li—Pipst —l—y’“’mmg«/) ,

[Vol. 27,

In order that the space admitting a torse-form-

ing vector field o, is conformally flat, it is necessary and sufficient
that the hypersurfaces o(x*) = const. are of constant Riemann
curvature (n > 8).

Now we consider (5.8).
suppose that p(x’, «%) =1 for some value a3 of z".

Without loss of generality, we may
Consequently

the fundamental tensor of the hypersurface z” = &} is given by
By a conformal transformation g; = p~%y, we have

fu-

(5.9)

;:— —_ 7 " 4 Y] 1]
jk} = Uk —8ipu—8%P;+S* pufir
R g = R* gy + p3 81— —pii % Lo P —rf sz;r’:lc ’

where R*}, is a curvature tensor with respect to f; and
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30
piis = ”ﬂ’T {;k} P+ P;px “‘%‘fﬂpiplf:/‘lc .

Henee we have
(5.10) By = Rji+ (n—38)p) + 1" pinfin »
(6.11) Bp™* = R*+2(n—2)f"pi, ,

where R} = R*;,, R* = f*R}. Furthermore, from (5.9) we have

Pm:;‘E*a—:;j {"/ijl

9 i l m
= BZ’ ({’Lj} sz.i“a;liPt"“fl pnfii )P s

from which follows

(5.12) Pz,j'—Pin‘l'%—gklPth"gﬁ = pj.

Let us suppose that V, is comformally flat. Since the hyper
surfaces z" = const. are Einstein spaces, we have

= R R Rp—®
RJ_' i = = ij .
‘ 2(n—1)g” 2(n— 1)g 2(n— l)ff

Differentiating with respect to «”,

3 (5 R

1 o
2 \Rﬁ—z(n_l)gm) oD W( P fo)

(5.13) = =2 2 (Lrinsa)

Substituting (5.12) and (5.13) in (5.8), we obtain

Mgy um Ty =0 (pi——Lefphfis) = 0
" n—1
from which follows the equations of the form
5.149) p,j—%éi flmp;:nﬁ:j = F(z?) ,
where F(x%) is a certain function of a’. However, when a" = 27,
by virtue of p, =0 and p% =0, the left-hand member of (5.14)

vanishes and the right-hand member does not involve 2. Conse-
quently (5.14) becomes
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1 x
(5.15) pi = ;;::'iflmpl;h @

In this case, the vector field p; of the hypersurfaces 2" = a7 is a
concircular one”.

Moreover, we note that when n >3 and the hypersurfaces
4" = const. are all Einstein spaces, (5.15) may be reduced from
(5.10).

In the case when n = 3, if V; is conformally flat, from (5.8)
we know that B is a function of &* alone and consequently the
hypersurfaces 2= const. are of constant Riemann curvature.
Furthermore we get the relations (5.15). Hence we have

Theorem 5.2. In order that V, which admits a torse-forming
vector field and whose fundamental quadratic differential form is
given by (5.1) is conformally flat, it is necessary and sufficient
that the hypersurfaces «° = const. are of constant Riemann cur-
vature and the relations (5.15) hold, assuming p(2*, x7) = 1.

Furthermore from (5.8) we have

Theorem 5.3. In a space admitting a torse-forming vector
field o), if the hypersurfaces o = const. are all Einstein spaces,
then we have

My v—Ihy; . =0 n>3).
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