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When we discuss group algebras on a locally compact group,
the notion of C*-algebra is very useful. But some group algebras
are not always C*-algebra. Hence we shall introduce a notion of
normed algebra including C*- and group algebras.

5. A normed*-algebra % with the norm ||-|| over the complex
number field is called with D*-algebra if U has an approximate
identity {e,} (cf. Segal [1]) which is a directed set such as |le.|| <1
and |le,x—x||—> 0 for any x €. Clearly C*-and Li-group algebras
are D*-algebras. f(-) is said to be semi-trace of % if it is a linear
functional (not always bounded) defined on a dense subalgebra
generated by {wy; xz,yeqA} such that f(xy)=sS(yx), f&*)=Ff(x)
Sfla*x) >0 and f((xy)*zy) <||z|*f(y*y). A semi-trace is pure, if it
i8 not a linear combination of two linearly independent semi-traces
of A. A representation {U,, H} is said to be proper, if the element
£e$ satisfying U,&=0 for all xe ¥ is only the zero element O in
9. Moreover we also define the properness for a two-sided re-
presentation {U,, V,, 7, 9}, if the one-sided representation {U., $}
or {V,, $} is proper. Denote the W*-algebras generated by {U,;
zeA} or {V,; xeU} by U or V respectively.

Theorem 5. Let r be a semi-trace of a D*-algebra N. Then
there corresponds @ proper two-sided represeniation {U., V., i, D}
such that U=V", U=V and jAj=A* for Ac U~ V.

Corollary 5.1. If the D*-algebra % is separable, then the semi-
trace is a directed integral of pure semi-traces n(+, 2), AN (o(2)-
null set), with respect to a o()-measure.

A two-sided representation {U,, V., 7, } is strictly normal,
if there exists £€$ such that U.6=7V,£ for all xze¥A and {U,5; x< A}
span 9. Then

Theorem 6. If a D*-algebra A has a strictly normal two-sided
representation {U,, V., 7, O}, then the normalizing function s trace
and conversly. This correspondence is one-to-one without equivalence.
The generated W*-algebra U (or V) has a complete trace and both
wn finite class (in the sense of J. Dixmier [3]).

6. Motion in C*- or D*-algebra. The investigation of a motion
in C*-algebra has been introduced by I. E. Segal (cf. [2]) which is
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one parameter group of automorphisms on 2. We shall describle
on a motion G of C*- or D*-algebra whose parameter is any group
with a continuity, i.e., let % be a D*-algebra and G be a group of
automorphisms on A : for any s€G (ax+Ly)f=ax’+pLy’, x*=a*
and (ay)’=x'y®, and G has a topology such as, for each xec a* is
continuous on G.

A trace or semi-trace r of A is said to be stationary, if
(x*y’)=t(wy) for all x,yeA and seG. A stationary trace or semi-
trace is ergodic, if it is not a positive linear combination of linearly
independent such two other traces or semi-traces respectively.

Theorem. 7. Any stationary trace z(-) 4s represented by a
directed integral of ergodic traces =n(-,2), A& N, with respect to a
suitable weight function Q) :

r(w)=gn' @ Ddo()  for all ze.
R

Finaly we shall state that the decomposition of invariant re-
gular measure on a locally compact space with a group of homeo-
morphisms. Let Q be a locally compaet Hausdorff space and G be
a group of homeomorphisms on Q. C., or C, denote the class of
ail continuous functions on Q vanishing at infinity or zero out-side
of compact sets of Q respectively. For all xe C. or C,, if we put
l| || =8UDueo | % (w)], then C. or C, is C*- or D*-algebra. A homeo-
morphism % on Q reduces an automorphism on C., or C, by 2*(w) =x(hw)
for xeC.. or C, and weQ, and conversely. Hence G can be con-
sidered as a group of automorphisms on C,, or C,. We can introduce

a topology into G for which G is motion of C.. or C,.
Let p(-) be a regular measure on (2 invariant under G. Putting

z'(a:)=§a;(w) dp () for we Cy

7(+) is a stationary semi-trace of C,. Applying the Corollary 5.1,
we have

Theorem 8. Let Q be a locally compact Hausdorff space satis-
fying the second countable axiom with a group G of homeomorphisms
on Q, and p(+) be a regular measure of Q invariant under G. Then
there exists a system of ergodic measures p(+,2) of Q, A& N(o(2)-null
set), such that for all xe C,

@ gw(w) ap)=| iw(w) a2, ) do(2)
and for all compact sets K in Q
@ pE) = 1K, 2) do D)

R
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where o(2) is a suitable weight function.
The proofs of all theorems in this paper will apper in else-
where.
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Appendix for the definition of semi-trace z(x) in §5: there
exists a sequence {e,,} ({e,}) dependently on ze2 such that
(er ¥ X eqy) = r(x*x) a8 n— co.



