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167. A Note on Strongly (C, a)-ergodic Semi-Group
of Operators

By Isao MIYADERA
Mathematical Institute, Tokyo Metropolitan University, Japan
(Comm. by Z. SUETUNA, M.J.A., Nov. 12, 1954)

Let {T(§): 0< &< «»} be a semi-group of operators satisfying
the following assumptions:

(i) For each & 0< &< w, T(§) ts a bounded linear operator
Jrom a complex Banach space X into itself and

(1) T(E+5)=TET().
(ii) T(&) s strongly measurable in (0, oo).
(iii) f T dE < o for each = ¢ X.

We may further assume without loss of generality that
(iv) T(E)|| is bounded at E=co.
If T(¢) satisfies the condition

(v) 1im2 f cx’e‘&T(!;’-‘)awl& =z Jor each x e X,

then T(¢) is said to be strongly Abel-ergodic to the identity at zero.
If, instead of (v), T(§) satisfies the stronger condition

(v) lgimaS‘“ f E(8—17)"‘“1T(77)900l7;:x Jor each x ¢ X,
>0

then T(§) is said to be strongly (C, a)-ergodic to the identity at zero.

Recently R.S. Phillips [1] and the present author [3] have
independently proved the following

Theorem 1. A necessary and sufficient condition that a semi-
group of operators strongly Abel-ergodic to the identity at zero be of
operators strongly (C, 1)-ergodic to the identity at zero is that there
exists a positive number M such that

{ k

(2) sup || > (B A)"

k=21,2>0

=M.

In this note we shall give a generalization of Theorem 1 which
is stated as follows:

Theorem 2. Let a be a positive integer. A mecessary and suffi-
cient condition that a semi-group of operators strongly Abel-ergodic
to the identity at zero be of operators strongly (C, a)-ergodic to the
identity at zero is that there exists a positive number M such that

o k—a+1 (k—i)! [ZR(Z ; A)]t § M.

(8) S0 o) (et D) & ot 1)

A>0,kza
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We denote the infinitesimal generator of 7(§) by A and the
domain of A by D(A). If T(§) is a semi-group of operators strongly
Abel-ergodic to the identity at zero, then the following properties
are known [17, [3].

(a) The operator R(4; A) defined by

(4) R(; A= f Te (e )wde for each 2 > 0,
%8s a bounded linear operator from X into tself.
(b) R(2; AQ—Ax=x for each x e D(A),
QA—AR(; Ax=x

for each x such that lgim &t f ET(n)ocol?;:——ov.
>0 o

(e¢) D(A) is a dense subset in X.
We remark that the (C, a)-ergodicity implies the Abel-ergodicity.
Proof of Theorem 2. By the conditions (b) and (¢) or (4), we
obtain the resolvent equation

(5) R(2; A)—R(p; A)=—@A—mR(A; A)R(u; A)
for positive numbers 2 and g, and then
. o zk =3 e e -
(6) ARG A= T Of e I (wdr, k=1, 2, ...,

from (4) and (5). For any positive integer «, we get

JEHL e o (e e
f ¢ ﬁek[ae f (E—0) IT(T)xdT]dfs

!
0
:%‘_ f EOr] f Tae ok (6 — ) | dr

"‘“a;zj,( 1)t( ) f °°7-1T<T)x[ f” §k"1”’e““§d§]d7-
0 T
_ 2/c+1 adzl( 1)¢< >,:—~%—fwe_m~r’“"lT(7—)wdT
+ 5“:212;@' [T T
L (—1—4)! Is _MT[T(T)xdT],

Ak 3
where k=>a. Therefore we have by (6)

ll’:"l J'”e_zs &k[a s-a[E(g_T)a-lT(T)xdr:ldf

_Ak’_:;:( (%5 D)je—vrare a0

+(k—1—0)(k—2)I[AR(A; A)]* 4 -
+(k—1—3) 3! [AR(% A)]‘“}x
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a (]C 1) & 3
k(o—1)- - -(h— a+1){(lc o AR A Z( 1)< >

+E§g zgztmu A1 S (T 1=+ -
E’Izw“%[zfe(z A S (= 0 (“3 Ne~1~0)- - (k—a+1-i)
e+ G RGPS (10 ()
+EZ 2;'[13(1 o1 S - (7 l=1=0)- (=104 -
+@,T[zm 3 (=" Hde—1-0)- - @=i)
%J%, ARG A)e.

Let us put

F@)=2"%z—1)""= g(“l)i<a;1>”kﬂ"i.
=0
Then it is obvious by the Leibniz formula that
Fo)= S (=1 (* Tl —1=0)- (k=i —9)
0 for j<a—2,
(e—=D)! for j=a—1,
(j__i_,_l)(a——l)!(k——a)---(k—j) for k—1>j=a.

Thus we obtain
Zk—(-l

(7) oo [Temefu [ E(s—Ty—lT(T)xdT]ds

B o B—d+1 (k——@) B . .
STy (et D) B (h—at iy CEA DT for k=

We first prove the necessity. From the strong (C, a)-ergodicity and
the condition (iv), there exists a positive number M such that

(8) H at [ (& =) T Yadr

= M| for & > 0.

Thus we have the relation (3) by (7) and (8).
On the other hand, using the well-known theorem that if f(§) is
a bounded continuous function and k/2—>5 (2=24(k) > o, k—>c0) then

2 [emer@as=fo),

we have by (7)
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s @ R (i) e
tim nf sz@il).'--(k—aﬂ) 2 (fmat1—oy & AT

|
= o [y T)ods
0
Therefore we get by (3)
at* [((e =y Tirds

=Mzl

sup
>0

Thus the sufficiency follows from the following theorem [2; Theorem
27.

Theorem. If the semi-group of operators {(T(§); 0 <& < o}
satisfies the conditions (3), (i2) and (42), of T(§) is strongly Abel-ergodic
at zero, and further if

HaE'“fE@——r)““lT(T)xdT]I ~ Mzl  for 0<£<1,

then T(&) is strongly (C, a)-ergodic at zero.

Remark 1. Necessary and sufficient conditions in order that a
operator A generates a semi-group of operators strongly Abel-ergodic
to the identity at zero are given by R. S. Phillips [1] and the
present author [3]. Thus we can obtain, by Theorem 2, necessary
and sufficient conditions that a given operator A generates a semi-
group of operators strongly (C, o)-ergodic (a=positive integer) to
the identity at zero.

Remark 2. We note that the sufficiency can be proved as fol-
lows. We have lgirgl T(&)x=z for x ¢ D(A) and a fortiori

13
lim &~ f (E— )T wdr—.
>0 )

Since D(A) is a dense set in X, we see by the Banach-Steinhaus
theorem that the latter relation is true for all x ¢ X.
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