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3. Notes on the Riemann-Sum

By Shigeru TAKAHASHI
Department of Mathematics, Kanazawa University, Japan
(Comm. by Z. SUETUNA, M.J.A., Jan. 12, 1955)

§1. Let {t;(w)} ¢=1,2,... be a sequence of independent random
variables in a probability space (2, B, P) and each ¢,(w) has the
uniform distribution in [0, 1], that is
(1.1) F(x)=P(t(w)<x)
which is 1, #, or 0 according as x>1,0=<x=<1 or x<0. For each w,
let tf(w) denote the i-th value of {¢;(w)} (1<j<n) arranged in the
increasing order of magnitude and let
(1.2) t(w)=0,  hH(w)=1, (n=1,2,...).
Further let f(f) (— o <¢< + o) be a Borel-measurable function with
period 1 and belong to L0, 1).

Professor Kiyoshi Ito has recently proposed the problem: Does

(1.3) S.(10)= AP ())(E(w) — H2 (1))
converge to f I,f(t)dt in any sense?

In this note, we consider the following translated Riemann-sum
(14) 8w, $)= 33 £ () +8)(E(w) — i, (w)
and prove the following

Theorem 1. Let f(£) be Ly0, 1)-integrable and for any £>0,

(L.5) ( f L+ Ry —£E) |2dt>”2=o(1 / \ logllTl]‘”> (17 1~0).

0
Then for any fixed s, we have

1
P{lim S (w, s)= | f(t)dt)=1.
i 0= * 00
Remark. The w-set on which S,(w, s)— f S(®)dt depends on s.

)
Theorem 2. Let f(t) be L,(0, 1)-integrable and for an £>0,

(1.6) fllf(t+h) —f®)] dt:O(l/’ log |IT| 1+e) (1710

Then for any fixed w, except a w-set of probability zero, there exvists
a set M,CJ0,1] with measure 1 such that

lim S, (w, )= f ‘ot (s € M,).

0
§2. By (1.1) and the independency of {#,(w)}, it may be seen that
(2.1) P g (En=1t.))=0.
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On the other hand, we have

P(tn(w):tsam(w)):P( RN [tv1<tv3< st <tv,,_1<tn:|):
where \_~ denotes the summation over all permutations of (v, v,,
...v,_,) and v; denotes an integer between 1 and (r—1) such that
v3v; if 3.

For different permutations of (v, v,...%_,) the corresponding
sets [¢, <t,,<-::-<t,_,<t.] are disjoint with each other and by the
definitions of {#,(w)} (1<%), we have for any permutation of (v, v,
v Vpoy)

1 Ty %y 1 5 1
Pt <t,,< -+ <t, <t)= f da, f dny [ " dityy- - - j dmy=.
Therefore we obtain ’ ' ' '

2.2) P(t(w) =t3(w))=1/n.

Let us put, for t1<mn,
(2.8) i s(W)=t7(w) —ty(w), if t(w)=t(w) (U=12,...n)
and

(2.3") df J(w)=t(w)— @ (w), if t,(w)=t7(w) J=1,2,...n).
Then we can write
(2.4) S0, )= S1f (1) + )l (1),
Lemma 1. We have, for‘ _oghgl,
P(d; (w)<h)=P(d} (w)y<h)=1—A—h)".
Proof. By the definition of d;.(w), we have
P(d;, (w)<h)=P([di f(w)<h]N [t (w)<1—=R])+P(t(w)>1-h)

=f " P(dyw) < B | ) = 2)AF (@) +

where P(E|F) denotes the conditional probability of E under the
hypothesis /. From the independency of {f(w)}, it follows that
P(d; o) < tw) =2)=P(J (e=t) <o+ ) | 1) =2)
i
=P(|) @<t (w)<z+h)
g
=1—TI(1—Ple<t;w)<z+h)=1—1—h)".
J=1
Hence, we have "
P, w)<h)= [ =Ry dF@) + h=1— (1 —R)".
0
By the same way, we can show the second relation.

From the above lemma, it may be seen that

(2.5) P(Max d, ()24 10g n/n)< 31 P(ds () =4 log n/n)
o =n(l—4log n/n)"=0(1/n (n—> + )

and
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(2.5 PMax d’; (w)=4log n/n)=0(1/n? (n—> + o).
1<igsn
By an easy estimation, it may be seen that
(2.6) [ @t awaP=0m), [ (@ @) dP=0n?) (n—>+ o).
Q Q

Lemma 2. For every positive numbers x and y such that x+y<1,
we hove

P([t(w)<z]N [dua(w)<yD=2{1—A—y)"}.
Proof. We have, by the same way as the proof of Lemma 1

P([4(0) <] N [dnn@)<yD)= [ P[0 <y]|[8(w)=2DAF (@)
= ["P(Jestiw)<2+9) | a(w)=2)F )
= ["P(J e=tiw) <2+ )iFE)

= [ 1-Q-yr e =e1 -A-yr.

The following lemma is well known.
Lemma 3. Let {r,,} be sequences of real numbers suck that
O=r0,n< rl,n< "'2,n< e <'rn,n<7'n+1,n:1 (7’&:1, 2: .. °)
and lim %Vslax ("s41,n—T1,0)=0.
n>o0 i<n
Then, if g(t) is L,(0, 1)-integrable and periodic with period 1, we have
1 = 1
tim [ 133900 +8) erin—70) — [ 90t ] ds=0.
0 0

8§3. Proof of Theorem 1. From (2.4), we obtain

B1) 8w, ) =S, 8) =) {F(Ea10) +8)— 0, 5)}
where

_[, i ¢,()=£P(w)
(3.2) g”(w’ 8)= {f(tn('w) + dn,n(’w) + S), if tn(w)ﬂr‘:t%")(@())

Since t.(w)+d, (w)<1, we have
f 1S, 8)— S, _.(w, 5)| AP
Q

= [[@10) L £8a0) +5) LAP+ [ ) | f(Ea0) +9) —f(taa0)

) +6) | AP+ [ o 0) | FE(0) +8) =6 00) o 0)+9) P

=L+ 1+1,
where E1 = [tn(w) = tg;n)(,w)]’
By= [£(w) =) N (Eu(w) +dp u(w)=1)],
and By = [, (w)=Ft57(w)) N () + duu(w)<1) 1.

Let us put E,=[d, (w)=4logn/n].
By (2.2) and (2.5'), we have
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rs( [ aar)( [ e +orap)”

a y 1/2
o( f wre ([

=O(P"*(E,)) + O(log n/nPV¥(E,))=O(log n/n*?) (n—>+ o).
By (1.1) and the definition of d,.(w), we obtain

PUE)=P({) () =1)=0.
Therefore I,=0. By (2.6), we have
1,=( f (P ( f | FEa00) + i o(10) +8) = FCEa(10) + ) FAP)

-0(1/n>( f | FEa00) + ) +)— fCta(0) 4 8) AP ) = OCUm) I,
say. From Lemma 2 and the definition of E,, it is easily seen that
:{fflf(w+y+s)—-f(w+s)| (n—l)(l—y)”‘zdxdy}

where D denotes the domain (0<x<1, x+y<1 and 0<y). Hence
we have, by (1.5),

={ f 1(n—l)(l—y)”“*dy f 1_,,| f@+y+s)—flx+s) l2dw}1/2

lfmm—l)/(n—

:{f (DA —yy-dy [T @ty +o—fatd)

w1 e-Da-yyay f | fo+y+8)—fa+s)lda}

log (n—1)/n—1
—oll—[1=log(n—1)/(n—1)]""" (1 _ log (n—D\"" 1" _ 51 /10an)t+
0 (log n)?+2¢ +( n—1 } (1/(logn)'**).
Therefore, = f 1S, 8)— S, (w, 8) | AP < + oo
Q
This proves that, for any fixed s,
(3.3) P(S,(w, s) converges)=1.
Hence, for the Proof of Theorem 1, it is sufficient to show that
(3.4) M= [18,w, 8= ["fO)dt1dP=01)  (n>+ o).
Q 0

On the other hand, we have

@5 siw o [ =3[ () 9w +s-w)d

+ f Bt ) +8+ ).
Let us put E= [Max d} (w)=4logn/n].

18
Then by (2.5), it may be seen that
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@.6) [18.w,9— [f@eatiap
=31 [1£tw)+5)1aP+ [ aP| [ feat |

=1 P [1 £ty +9)1:aP) +PE)| [ fe)dt|=001 /"
and by (3.5) ' '
@1 Va=[ 18,9 [ fbdt|ap

=21/ 159~ [oandp [T 0w+ e +a—idu
+ [ 18w, 9)- f f(t)dtlde T fet )+l

Q-F
—"2 -V;,n'l' VW:’
t=a]
say. By (1.5) we have

(3.8) Vi.< f 1S,(w, §)— f fdt|dP f FF(t )+ 8)— F(t(w) + 8 — ) | das

Q=-E

_ f/ f 1S, (w, 8)— f S]] F(t(w)+8)—f (Ew) +s—u)| AP

< fuog n/n du< f | f(t(w)+8)—f(t(w) +5— u)IZdP> Ve

—O(V 1”/n(log n)f)
By the definitions of ¢{*(w) and d;.(w), it is seen that

(3.9) Vi= ( f |1S,(w, §)— f F@Odt 11— t<n>(w)1v2dp>

Q-F

=o[i( f Ell—tsr><w>|dP)]

o[ 0zt [ a-teur))o(HUEN")

1- t;"),g‘J log n/n 1 —tfnn) <tlogn/n
By (8.7), (3.8) and (3.9), we get
(3.10) V22— 0(1/(log n)°) (0> + ).

By (3.6), (8.7) and (3.10), it follows that
f S,(w, s)— f " At)dt] AP =02+ 01 [(log m))=0(1) (- + o).

Q
§4. Proof of Theorem 2. From (8.1) and (8.2), we have
far [ 18,0, 8)— 8, 4w, 5) | ds
Q 0

= [ dhdP [ 10+ 5) = Fto10) + ) +5) | ds

e,
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1
+ f ., 4P f | f ) +5) | ds =, + Jy= T+ +,.
0

£ ()

Let us put

Fi=[t(w)FtP(w)], Fy=[d,(w)=4logn/n], Fy=[d] (w)=4logn/n].
Then we have, by (1.6), (2.5) and (2.6),

Tim [ dndP [1,00)+8) = £t () + ) +9) | ds

FINF,

=(2 1) | ayPEY =07 (n>+ o)

and  H'= [ AP [C1A00)+8) f )+ D) 451 ds

F00Q=Fy)

=([  d..aP)oa/dog

Fin(Q-Fy)
—_— . 1 ’ —_ 14 — oy
=of (g 5 [ @},,dP) =0(1/n(log )***) (n—> + o).
Also by (2.2) and (2.5,
Ti= [ @ dP [ 1FE0) +)~ F(Ea10) 4 () +5) | ds

Q-1 0

=(2f1ro1a) [ di.ap+ [ d.ap)

Fan(Q—~Fp (Q-FHNQ-F1
:o(isﬁuill%g-’&P(g—m) — O(log n/n?) (> + o).

n
Therefore, it follows that

S [aP ["18,w, )= S, i, ) | ds< + oo

" Q 0
and this results for any fixed w, except a w-set of probability zero,
(4.1) lim S,(w, s)=S(w, s)

exists for almost all s, but the s-set depends on w.
On the other hand, by (2.5) and (2.5’), we have
P([lim Max di(w)=0] N [lim Max din(w)=01=1

and hence, by Lemma 8, it is seen that
(4.2) lim f 8, (w, 8)— f ‘f(t)dt‘ds=o
n>o0 A A

holds for any fixed w except a w-set of probability zero. Using the
Fatou’s Lemma, we obtain, from (4.1) and (4.2),

(4.3) 1A [S(w, 95— 'f(t)dt‘ds=o

which proves the theorem.




