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3. Complex Numbers with Vanishing Power Sums

By Sabur6é UcHIYAMA
Department of Mathematics, Hokkaidé University, Sapporo, Japan
(Comm. by Z. SUETUNA, M.J.A., Jan. 12, 1957)

1. By 3,. we denote the set of systems of n complex numbers
(24 295+ +, 2,) With the property

stz\:.‘z,‘f:O p=m+1,m+2,---, m+n—1)
7=1

for a prescribed non-negative integer m.

In a course of their study of the theory of Diophantine ap-
proximations Vera T. S6s and P. Turan* were led to the problem of
determining all the systems in 3, ,, and proved that:
1° the systems in 3,, are given by the zeros of an equation

2"+a=0 (a arbitrary complex);
2° the systems in 3,, are given by the zeros of an equation

2n 'ff 2. +—aj;ﬁ=0 (@ arbitrary complex); and
! n!

8% the systems in 3,, are formed by the zeros of an equation
ot Hi('/l) IR : £0)] (l)

where H,(t) stands for tile yth Hermite polynomlal defined by
H()=(-1ye" L e,

2 denotes any zero of the equation ,M(t)_O and o is an arbitrary
complex number.

In the present note we wish to give a characterization of the
systems in 3, , for general integer values of m>0.

2. We define polynomials C,=C¢,,---,t,) (+=0,1,2,--+) by

(1) exp( -t W)z $ 6y,
p=1 =0 !
that is, by
<_ ﬁ)“‘<_t_z>“2. . .(4@)’“’”
C=y! 1 2 m
=0 mlpele e !

Wy k2ot M=V
It is well known that the Hermite polynomials H/t) (»=0,1,2,--+)
are generated by
eto-at — Z H(t)

v=0 y'

*) Vera T. S6s and P. Turén: On some new theorems in the theory of Diovphantine
approximations, Acta Math. Acad. Sci. Hungar., 6, 241-255 (1955).
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Thus, for m=2 we have
C,(—2u, 2@2)=vay(l> (»=0,1,2,--+).
\v

Now, our result can be stated as follows:
Theorem. All the systems (2, 2s,* * *, 2,) "1 3, , (m>0) are formed
by the zeros of anm equation

é Cv(xly 12" ‘% lm) zn—v:O,

V=0 y!

where (A, Agy *, A,) 18 any solution of the system of equations
Ctyty-t,)=0 (=n+1,n+2,---,n+m—1).
We note that the value of any one of the 2, A, say, is arbitrarily

given. Clearly our theorem covers the results 2° and 3° due to Sés
and Turan.

3. Put
jﬁl (z—z)=2"+a;z" '+ +a,_2+a,

We are now going to determine the coefficients a,,---,a, under the
condition
(2> Sma1=8ms2=""* =8p n1=0.

There hold the recurrence formulae of Newton-Girard:
(3) 8,18, _10,+8, s+ - +8,0,_;+va,=0
for 1<y=<m, and
(4) S8y 10+ 8y 1@y 8y 10, =0
for v>n. It follows from this that, if s, s,---,s, are given, then
a;, Ag,+++, @, are uniquely determined. Moreover, it is not difficult

to see that
(-3) (=5 ) (=)
1 2 n
& = > 1l !
ws20 b peleeep,!
Wyt 2ot e Hnply =V
whence, putting s,=t,, s,=t,, -+, s,=%, and using s,,;=8,,2="*"*
=8,.2-1=0, we thus obtain

Ay = 1[ CV(tly oye e vy tm) (1 =v= ’I'L).
v

1=v=mn),

Next, we shall show that these ¢,’s must satisfy the relations
Coinlity -, t,)=0 («=1,2,--+,m—1).
By differentiation with respect to x we get from (1)

(5) — St ) Go=5 Cup,
p=1 V=0 y!

v=0 !

Put m,=min (m,n+x) for 1<x<m—1. The comparison of the
coefficients of ™ on both sides of (5) gives

gulz _<t1 ,%ﬁ_]_ R Cnt’ﬂ;L,_)
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= —(tlan+ te +tm1an+ml—1+ s S0y +sn+l)

=0,
by (2) and (4). Thus C,,;=0. Now suppose that C,,,=-++=C,.,._1
=0. Again, by the comparison of the coefficients of x”**-! on both
sides of (5) and using (4) we find that

C C, C
LA A 2 R LD o AL LA
(n+x—1)! ( ' (mHr—1)! ot “(n+mn—x)!>
= _(tka’n—l_ ctt +tmkan+mk—lﬁ+ e +Sn+n—1a1+sn+n)

=0,
whence C,,,=0, and our assertion is proved by induction.
Conversely, let z;,2,,---,2, be the zeros of an equation of the
type described in the theorem. Then, by a similar argument as above,
we can show that the system (z,,z,,-:-,2,) satisfies the relation (2),
using (8), (4) and (5). This concludes the proof of our theorem.



