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Let A--(n) (, n--O, 1, 2,...) be an infinite matrix whose elements
are real numbers and let f() be an integrable function periodic with
period 2r, and its Fourier series be
1
1
cos x
sin

f(x)---a0 + =1 (a

( )

).

+b

The Fourier series (1)is said to be A-summable to a(x), if the series
1
cos ,x+b sin ,x)
(2)

n(X)--aoon+ (a

converges for all n and
lim a(x)-a(x)
(3)

exists.

n

If the convergence of both (2) and (3) is uniform in x, it is said to
be uniformly A-summable to a(x).
Concerning the A-summability of Fourier series of all continuous
functions, J. Karamata [1.] has established the following
Theorem. A necessary and sucient condition that the Fourier
series of all continuous functions be uniformly A-summable to f(x)
is that

1)
2)
where

3)
where

for

lim--I
K(t) dt

M

,

every

(n--O, 1, 2,... ),

1
Kmn(t)--on
+ =1 n COS ,t and Mn

is independent

of m, and

f dK(t) l-O(1 for
K(x)-fx Kn(t)dt.

all n,

lim

In this note, we shall prove L-analogues (p 1)of this theorem.
For the proof we use the following theorems
Theorem A. A necessary and sucient condition that [} be a
sequence of uniform convergence factors
tions belonging to
(p 1), is that

of

Fourier series

L

IKn(t) ldt-O(1)

(n

-

),

of all func-
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Theorem B. A necessary and sufficient condition that [n} be a
sequence of uniform convergence factors of Fourier series of all functions belonging to L, is that

g(t)--O(1)
uniformly in both n and t.
1. In the case p> 1, we get the following
Theorem 1. A necessary and sufficient condition that the Fourier
series of all functions belonging to L, (p > 1) be uniformly A-summable
is tha
1) lim exists for every

,,

and

2) there exist functions K(t) belonging to Lq such that
K(t) 2o+ 4=1 2 cos vt
and

fl K,(t) lqdt-O(1)
where

for every n,

-!-+--1-1.
P q

Proof. Let f(x) be a function in L, and its Fourier series be
f(x). 1 + (a cos x-t-b sin x).

-’
,

-a0

By Theorem A, the series

l-ao,o+

V=I

(a cos x+b sin x)

converges uniformly for every n, if and only if

K(t) ]qdt Mn,

(4
where K(t) is the

(5)

th

partial sum of the series

I
2

0

.

By (4), the series (5) is the Fourier
and M is independent of
series of a function Kn(t) in Lq (cf. [3, p. 79). Since f(x) and K(t)
belong to the conjugate classes respectively, we get the Parseval
formula (cf.
1
1.
cos u+b, sin

f(+t)K(t)gt---o2o+ N 2,(a

u).

=1

We shall now consider the linear funetionals on
A(f)=

L"
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By a well-known theorem, those linear functionals A(f) converge, if
and only if
1) the norms of An are uniformly bounded, that is
(6)
K(t) [qdt M (n 1, 2, ..),
and

2) [A} converges for every element of the base [cos kx}, that is
(7
An (cos kx)= k converges.
By the Riesz theorem [_3, p. 153, (4) is a consequence of (6).
Thus we have proved that the conditions (6) and (7) are necessary
and sufficient for the uniform convergence of (2) and the convergence
of (3). It is esy to see the uniform convergence of (3) under the
condition (6) (cf. [2]), and hence the theorem is proved.
2. In the case p-l, we get similarly the following
Theorem 2. A necessary and sucient condition that the Fourier
series of all functions belonging to L be A-summable, is that
1) lim exists for every
2)
K,(t) M,

,

and

3) there exist bounded functions Kn(t) such that
and IKn(t) lM uniformly in both n and t.
Proof. Let f(x) be a function in L with Fourier series (1). By
Theorem B, the series

1--a00n + ] n(a cos x+b sin x)
=1

converges uniformly for every n, if and only if

(s)
By (8) the series
1

0+

n COS ,t

is the Fourier series of a bounded and measurable function K(t).
Since f(x) and K(x) belong to the conjugate classes respectively, we
get by a well-known theorem (cf. [3, p. 88),

f(x+t)K(t)dt---

oao+

n(acos,x+bsin,x).

Consider now the linear functionals on L:

hen we may find similarly as in the roof of heorem 1 the necessary
and sueient condition that A(f) converges for every f, that is:
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K(t)

1)
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and
converges as n--> for every k.
Thus we can complete the proof as in 1.
3. Using above results, finally, we shall give some sufficient
conditions for Fourier series of all functions belonging to
and L to be uniformly A-summable.
Corollary 1. If a ma$ri A () satisfy $he following conditions:
1) lim exists for every

2)

L

,

40 ( )

2)

and

-

q <M

uniformly in n,

then the Fourier series of all functions belonging to L, (pl) are
uniformly A-summable.
Corollary 2. If a matrix A-() satisfy the following conditions:
1) lim exists for every

,

2)
unifovmly in n,

,

8)

z-O(1) uniformly in both n and
then the Fourier series of all functions belonging to L are uniformly
=0

A-summable.
In fact, we can prove by the Hardy-Littlewood theorem [3, p.
213], that the condition 2) in Corollary 1 leads the condition 2) in
Theorem 1, and using a theorem of Szsz 4] slightly modified, that
the conditions 2) and 3) in Corollary 2 lead the conditions 2) and 3)
in Theorem 2. We shall omit their detailed proofs.
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