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30. Fourier Series. XV. Gibbs’ Phenomenon

By Kazuo ISHIGURO
Department of Mathematics, Hokkaidé University, Sapporo, Japan
(Comm. by Z. SUETUNA, M.J.A., March 12, 1957)

1. Concerning Gibbs’ phenomenon of the Fourier series H. Cramér
[1] proved the following theorem.

Theorem 1. There exists a number r, 0<r,<1, with the follow-
ing property: If f(x) is simply discontinuous at a point &, the (C, r)
means o5(x) of the Fourier series of f(x) present Gibbs’ phemomenon
at & for r<r, but not for r=r,.

On the other hand S. Izumi and M. Saté [2] proved the follow-
ing theorems:

Theorem 2. Suppose that f(x)=a(x—&)+g(x), where ¥(x) is a
periodic function with period 2m such that Y(x)=(m—x)/2 (0<x<2m),
and where

lin;f;up 9(x)=0, lirzignf 9(x)=0,

lim+inf 9(x) = —am, lim sEup g9(x) < am,
ZVE x4
(1) [ 19 +u) | du=o(la1),

them Gibbs’ phemomenon of the Fourier series of f(x) appears at x=E&.
Theorem 3. In Theorem 2, if we replace the condition (1) by
the following conditions:

[ s +wdu=o(a),
and '

[ ott+w)—gt—udu=o())

untformly for all t in a neighbourhood of &, them Gibbs’ phenomenon
of the Fourier series of f(x) appears at x=§.

We proved that Theorem 1 holds even when the point & is the
discontinuity point of the second kind, satisfying the condition in
Theorem 2 [38]. More precisely,

Theorem 4. Suppose that

F@)y=a¥(x—&)+g(x)
where ¥(x) is a periodic function with period 2m such that

V()= (m—1x)/2 (0<x<2m)
and where
lim sup g(x)=0,  liminf g(x)=0,
z A%

lim inf g(x) = —am, limsup g(x) <am,
ZVE A%
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[ 19G+w) | du=o(z.

Then there exists a number r,, 0<r,<1 with the following property:
The (C, r) means of the Fourier series of f(x) present Gibbs' phenome-
non at § for r<r, but not for r=>r, 7, being the Cramér number
wn Theorem 1.

We shall extend Theorem 4 replacing the assumptions by those
of Theorem 3. More precisely
Theorem 5. Suppose that f(x) = ay(x—E&)+g(x), where ¥(x) is a
periodic function with period 2m such that ¥(x)=(m—x)/2 (0<x<27),
and where
lim+s§up g(x)= liménf g(x)=0

liriignf 9(x) =—am, linjgup g(x) < am
(2) [ o+urdu=o(a)),
and '
(3) [ tot+uy—gt—u)du=o(lz]),

uniformly for all t in a neighbourhood of €. Then there ewxists a
number r, 0<r,<l, with the following property: The (C,r) means
of the Fourier series of f(x) present Gibbs’ phenomenon at & for r<r,,
but not for r=r, r, being the Cramér number in Theorem 1.

2. Proof of Theorem 5. Without loss of generality, we can
suppose that £=0 and a=1. We have

‘7;('% f):g:;(x, ‘l’)‘l“‘ﬁz(x; g)'

By Theorem 1 o7 (7/n, V) tends to a constant which is greater than
m/2 if r<r, but not greater than =/2 if r=>r, Since o}(km/n,¥)
is near to m/2 for sufficiently large k, if r<r,, there is a k such that
(4) FHon(m/n, )+ (ke /n, )}
tends to a constant, greater than =/2; and if r>7, then (4) tends
to /2. Hence it is sufficient to prove that o(m/n, 9)+a,(km/n, g)

tends to zero as m—>oo, for any r, 0<r<1, and for any k.
Now

oz, g):;n_l— f “g(t+x)K,:(t)dt=;1; f " 9Kt —)dt,

-

where K, (t) is the nth Fejér kernel of order ». It is known that

(5) | K(t) | < An
and
Kit)y=1 sin{(n+1/2+7/2)t~mr/2}y , r
A (2sin ¢/2)r*! (n41)(2 sin £/2)*

1 & 4 sin{(n—y)t—m/2}
e A .
Az v—_%l ' (2 sin t/2)*
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where A= (7‘+n> [4]. We write
. , 1
oiw =1 [T+ [ a®Kit—wrt="1 T+,
0 -
We shall estimate I only, since J may be estimated quite similarly.

We set now
I=f"/"+f"=11+12.

0 z/n

Then by (5) and (2) we get
/N t=m/n w/n
111=| [T o ramien < eoRe] |+ [T Ee e =o),

where G(t)= f tg(u+x)du. Further
0

-7 ” B sin{(n41/2+7/2)t —mr/2}
L= [“a@roKies= [Toe+a) SHOE - t

T/n m/n
AT cos(n—u)t
t Tl dt
D) i +f D) o 3 A G
—I3+I4+I5, Sayy
and

f gt+a )cos{(n+(1+u)/2)t (14-r)m/2} A+ L=I,+1I..
Art1+'r
@ /n

By the Riemann-Lebesgue theorem we easily see I,=o(1), and

I_w f 9(t+) cos {(1+7) (t—m)2) S8 ™ gt

t1+r

’N/’IL

_1 f g(t+@) sin {(1+7)(t—m)/2} - Sm_”idt I,—I,, say.
" r/n

We have

sin nt_ g 2m/n (=2 x(t+km/n) | .
e f {;}( 1) (tEI—k ;T/)H)r} in nt dt

where
X(8)=g(t+a) sin {(1+r)(t—m)/2}.
By the second mean value theorem
3l 29t/n
L1=C S | [ ottt 2o im)— oo+t @ — D) o)
z/n
which is o(1) by (2). Similarly I,=o0(1), and hence I;=o(1).
On the other hand
t 4 g(t+w) ¢4 o(1
;//;g( + )(n-l-l)(2 smt/2)2 n+1 f di+o(1)
_ A TG~ A G(t) di
n-l—l[ t? ] -vc/n+ n—l—l 18
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:ﬁ{%@—(—gﬂ&)}mﬁlo<;m“%:—>=o<1>—

And further

i, Ar-2 €08 (n—u)t b dt

J v+1 7, (2 t/2)2
= L V%lAzﬁf + P f =I,+1,,, say.
w/n

A; = A:; V=2n+lw/n
Then
1 & cos At
L= 33 A5, [
w=E A Y 96+ 5 in 12"
1 ) g Ak, cosat it ) Z] A2 . cosat ]
_747.!; ot+a) (2 sin £/2)? A’ (2sint/2)* o
<2 A7, o8 2t )'
1 (Tew| = dt
A; < ® (2 sin ¢/2)*
where
<§ A, cos 2t )'
(2sin t/2)?
—(2 sin t/2)* E AR AsinAt—4 8in t/2 cos t/2 )ﬁ} A2, co8 At
B (2 sin ¢/2)*
Since 14734, (A=1,2,--+,m) is monotone increasing, we have
s1A8in Zti At
i = |sin#/2]
Also
n . A?‘—2
; 2 c Szt)_ “in+2
= e €0 |sint/2|
Hence
|I |< 1 {G( ) }\EIAM S (— l)k G(or/m) )\E_IA;:?)\-I-I COSZW/n}
=|- — n)-2=
wl=] 4 4 (m (2 sin /20y’

i1 |cost/2| A7}
+flG()|{4|s t/2|3+ 4 |sin¢/2]* }dt o

x/n

And further

1 & 4 cos At
Iu—‘AT _27“' A+z;z+1f g+ )( *”ﬁ‘t//é)z dt

T/n

If we write

" ot _eosad 4 (T cos &t 4, J,
me g(t+w @sin 1/2)° «fm g(t+x) o +

then from the Riemann-Lebesgue theorem J=o0(1) as i—c, Now
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[ ot+w) B ay

a/n
m/ntam/A 1-1

1)*cos At cos At
= Fttkma) (CLICOSAE G (T —ﬂf—dt
w/n Igg(x i (t+Fmr/2y wf/nuﬂ/(x ?

[QA-1)/2)  pw/nta/A Mﬂ'}@f/l) g(x+t+(2k+1)f[%)]
I;) f { (t+2km/2)? (t+ (24 1)m/2) -jeos at dt+o(1).

In view of the second mean value theorem and (2), we get

f g(t )08 ztr dt= 5’1_1 o/ +o(1)

w/n

z/n k=0 (W/n"_k /2)2
_ 140A/n] 1 _ e .
—0(1/2)kg‘%@q—r-/-/{Sé +o(1)=0(1/2)-2 Hz;/ ;;;;; +o(1)
=o(n)+o(1).

Hence

IIIII< § l A+n+1

"ot _cos & g
q!/; 9(t+2) (2 sin t/2)2
1

~o(n)= P xo(n) =o(1).

_<_

Me

1
A=n+1 (Z—i—n—l—l)g ”
Thus the theorem is proved.

Finally I wish to express my hearty thanks to Professor S. Izumi
for his kind advices.
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