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19. Trividlity of the mod p Hopf Invariants

By Nobuo SHIMADA
Mathematical Institute, Nagoya University
(Comm. by K. KUNUGI, M.J.A., Feb. 12, 1960)

In this note we shall extend Adams’ result® to the mod p case.

1. Let p be an odd prime; let A be the Steenrod algebra over
Z,. An A-module is to be a graded left module over the graded algebra
A. Tor each integer k>0, define C, to be the free A-module generated
by symbols [P*"] of degree 2pi(p—1) (¢=0,1,---, k) and [4] of degree
one. C, may be considered as a submodule of C, for k<, and the
induective limit I%JC,C is denoted by C. Define d:C—> A to be the A-map

of degree zero such that d[4]=4 and d[P**]=2"" (i=0,1,---), where
Pr* denotes the reduced power and 4 denotes the Bockstein operator.
2. We call a homogeneous element of Ker d a d-cycle. A d-cycle
Z may be written in such a way as a,[ P J+a, [P 1+ - - +a [ P]
+a,[4], of which a,[ P"*] (a;=:0) is called the leading term of Z.
We choose specific d-cycles (occasionally indicated only by their
leading terms) as follows:

U, = 4[4], Vo=QP'4—AP"[P]—2P* 4], W,=Pr~'[P1],

Z, =A[P"]+- - (k=1),
Zi,k= g)pi[@p"]_.l_ v (Oé’bék—?.:),
U, = P[P+ (k=1),
Ve = c@P™ " = PP (k2D),
W, = c(ggp"(p—l))[g)p"]_{_ oo (k=1),

where ¢ is the conjugation.” We call these basic d-cycles.

Lemma. C,-Kerd is generated by the basic d-cycles as an A-
module.

This lemma follows from Proposition 1.7 of Toda’s paper.®

To each basic d-cycle Z corresponds a basic (stable secondary
cohomology) operation @,. Among the basic secondary operations, only
the followings are of degree even:

@y, of degree 4(p—1), and @, of degree 2p“(p—1) (k=1).

3. We shall state a proposition which is a generalization of
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Theorem 6.3 of Peterson-Stein.*

Proposition. Let > a,8,=0 be a relation in the Steenrod algebra
i=1

A, where a;, 8, are of degree positive. Let f:X—>Y be a map. Let
ueHY(Y, Z,) be a cohomology class such that a;,fu=0 (i=1,-+:,n) and
f*Bu=0 (t=1,---,mn). Then there exists a stable secondary operation
@ corresponding to the relation > a,8,=0, and we have

Of *u= ~§1 a,,(Bu)  modIm f*+3 Ima,
where a, , denotes the functional operation.”

4. We shall calculate the basic secondary operations @,, and @,,
(k=1) in the infinite dimensional complex projective space P.

Let yeH*P,Z,) be a generator of the cohomology ring of the
space P. @, (y") is defined only if r=0 mod » and @, (y") is defined
only if »=0 mod p***.

Theorem 1.

@y (y?") =ny? i e-b mod zero,
@, (y7""' ") = —my?*inrrto-v mod zero (k=1).

In the proof of this theorem we make essential use of the prop-
osition in the preceding section. There is another method according
to Adams® making use of a formula for the composite operation
@, PP?~Y, but it is rather complicated for calculation.*

5. We shall state the conclusion which follows from Adams’
Theorem 3" and the above Theorem 1.

Theorem 2. For each k=0, the following formula k) holds for
classes u such that du=0, P*u=0 (i=0,---, k) and modulo a certain
subgroup Q,:

0) Pru=d4Py,u-+Pr- @, u,

1) Pu=A0yu-+c(PP 2 AP0, u—e(PPP )0, uA+ S, Dy U,

k) Pu=dA0y,u—c(PPO O APP2Q, u—o( PPN, U

+S Dy (k=2),
where a,c A and Z, run over basic d-cycles belonging to C,_,.
As a consequence we have
Theorem 3. The mod p Hopf invariant®
H® n.N+2pk(p—1)—l(S)——)Zp
18 trivial for each k=1.
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*)  Added in proof. By such a method, Prof. T. Yamanoshita has also obtained
the same result as ours.



