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115. On Generalized Peano’s Theorem concerning
the Dirichlet Problem for Semi-linear Elliptic
Differential Equations

By Isamu HIRAI and Kiyoshi AKO
(Comm. by K. KUNUGI, M.J.A., Oct. 12, 1960)

The purpose of this note is to prove a theorem which concerns
the Dirichlet problem for semi-linear elliptic differential equations
and is similar to Peano’s theorem concerning the initial value problem
of ordinary differential equations of the first order.” The precise
statement of the theorem will be given in §2.

The authors of this note wish to express their deepest gratitude
to Prof. Masuo Hukuhara who has constantly inspired and stimulated
them.

1. Preliminaries. In this note we shall consider the semi-linear
elliptic differential equation
(1) i a;,(x) Fu__ f(x, u, grad u) ®

i3=1 0x,0%,
in a bounded domain G under the following assumptions.

Assumptions. 1°. G is a bounded Poincaré domain in the Eu-

clidean m-space; i.e. for each boundary point # of G there exist one

half C, of a circular cone with vertex x and a closed sphere K, with
center x such that

Co K, ~G={}.?
2°. The symmetric matrix [[a,,(x)|| is continuous and positive-
definite in the closure G of G.

8°. The function f(z,u, ») (P=(py,- -+, p,)) is defined in D:xeG,
[u]< oo, |p|< oo and Holder-continuous (with some exponent a, 0<a
<1) in every compact subset of D. Further f(x,u,p) is non-decreas-
ing with respect to wu; i.e.

flw,u, D)<f(x, %, p) provided xcG, u<m, |p|< co.
Moreover, we assume that for every constant M >0 there exist two
constants B(M) and F'(M) such that

| f (2, u, p)| = B(M)|p|+F (M)

1) As for generalized Peano’s theorem concerning the Dirichlet problem see T. Sato:
Sur 1’equation aux derivées partielles 4z=f(z, ¥, 2, », @) I, Compositio Math., 12, 157-
177 (1954); II, ibid., 14, 152-172 (1959). See, in particular, Théoréme 8 of the second
note.

2) Here z=(x1, - -, #n) and grad w=(0u/0x,---, 0u/0ry).

8) We denote by G the closure G+1I" of the domain G, where I'" is the boundary
of G.
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provided that zeG, |[u|<M, |p|< .
4°. The a,,(x) satisfy the Lipschitz condition in G;
iﬁ la,(x)—a,(y)|=L|x—y| (for some constant L>0).
=1

For the sake of convenience we give here the following
Definition. We denote by C* the class of functions u(x) satis-
fying the following two conditions:

a) (@) is in C*G)~C(G),
b) ||=||&? is finite for any closed sphere S contained in the domain
o*u

afl} aw 2,§=1 axlax‘]

lulls*=sup |u(e)|+3| 24|+
H‘S(g)~— sup JM (0<0(<1)

wy*es lx '“

+ 3

7,j=1

M. I\fagumo proved the following Theorem I in his famous note.”
THEOREM I (M. Nagumo)

Assumptions. 1°. Let ¢(x) be any continuous function prescribed
on the boundary I' of G.

2°. There ewist two functions w(x) and o(x) in C(G), where
o(®)=max o,&) with w,(x)cCG)~C(G) which satisfy the conditions
- v=1,2 —

0x,0%;
w, (%) < ¢(x) on the boundary I' (v=1, 2),
and o(*)=min »,®) with o,(x)cC*G)~C(G) which satisfy the condi-
v=1,2
tions

m 2
[g; 0@ -T2 = @, 0, gradw)  in G,

0x,0%,
w,(%) >o(x) on the boundary I' (v=1,2).
Further we assume that o(x)<w(x) in the closure G of G.

{jﬁ_ ay(@) 22 < f(z,5,gradm)  in G,

Conclusion. There exists at least one solution u(x) im C* of the
Dirichlet problem [D¢]

[ iZ a;,(x) a a -= f(x, w, grad w) in the domain G,
=1 L
u(x) =o(x) on the boundary I' of G,
satisfying the imequalities
o(@) Zu(r) <w(r) in the closure G of G.

We remark here that M. Nagumo obtained a more general ex-
istence theorem. But for the sake of convenience we quote his

4) M. Nagumo: On principally linear elliptic differential equations of the second
order, Osaka Math. J., 6, 207-229 (1954) (see, in particular, Theorem 6).
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result in this weaker form.
COROLLARY. We can always construct the functions o(x) and
o(x) in the form
o@)=—00—e") and o@)=00—e"")
for sufficiently large numbers 6,y. Hence the Dirichlet problem [D,]
18 always solvable.

REMARK 1. If we choose two numbers @ and 7 sufficiently large,
then o(v) and w(x) satisfy the differential inequalities

m A2
> 4,,(@) 22 = f(%, o, grad o) +1
i=1 0,0 - =

m ’w
mz=1 %) 02,0
respectively in G, together with the boundary condition
o(®) < () < () on the boundary I'.
THEOREM II. Let {u(x,0)} (—1<dé<1) be any set of solutions in
C* of the Dirichlet problem containing a constant parameter

= f(x, », grad w)—1

:Y: a;,(x) o'u = f(x, u, grad u)—o in G,
=1 ox, 0,
u(x) =¢(x) on the boundary I' of G.

Then there exist two sequences 0,40 and 5,10 such that the sequence
{u(x,d,)} converges from above to a solution w.,,(x) in C* of the Dirichlet
problem [D,], and the sequence {w(x,d,)} converges from below to a
SOlULTON Umin(x) tm C* of the Dirichlet problem [D,]. Further if u(x)
18 any solution in C* of the Dirichlet problem [D,], then
U 1n () SU(E) S U0 () in the closure G.

REMARK 2. The existence of the family of functions {u(z, )}
(—1<d<1) is a direct consequence of the corollary of Theorem I.

REMARK 3. Let o(x) and w(x) be the functions stated in Remark 1.
Then it is easily seen that w()=<u(x,d)=<u(z,d)=wo(x) in G provied
that —1<0<d6’<1.” According to a theorem due to M. Nagumo®
we see that for every closed sphere S contained in G there exists a
constant K(S) such that

[l u(x, 0) ||5* = K(S)

for every u(x,d) (—1<d<1).

Proof. By virtue of Remark 3 there exists a suitable sequence
0,40 such that for a certain v(x)eC*G)

u(z, d,) > v(x), oulx,d,)/ox, — dvfox,

5) The proof follows from the fact that if v(x)eC*G) attains the greatest value
at a point x, in G, then

5 v _o, grad 0
i,;-:':laij(w()) axiaxj =V, ar v(xO)"’ .
6) See Lemma 3 of the note of M. Nagumo, loc. cit, in the footnote 5).
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*u(x, 8,)/0x,00; — 0*v/ox,0x,
uniformly in every closed sphere S contained in G. The limit function
v(x) clearly satisfies the differential equation (1) in G. But since
u(x, —5)=v(x)<u(x,d,) in G, we see that v(x) is continuous in the
closure G of G. Hence the function v(&)=1ums(x) is a solution in C*
of the Dirichlet problem [D,].

In the same way we can see the existence of the solution %y.(x)
in C* of the Dirichlet problem [D,]. The last statement of the
theorem follows from the inequalities

u(xy an’) é u(x) é u(x9 5n)
(see Remark 3).

REMARK 4. Thus we have shown the existence of the maximal
solution %n,..(%) and of the minimal solution w.;,(x) of the Dirichlet
problem [D,]. We note here that w,,.(®)=Fun,(®) in general. T.
Satd gave a concrete example of the “maximal” and the “ minimal?”
solutions in one of his notes.” In a forthcoming paper of K. Akd a
concrete example for generalized Peano’s theorem will be given.®

2. Generalized Peano’s theorem. In this section we shall state
the generalized Peano’s theorem in a precise form and prove it.

THEOREM III (Generalized Peano’s theorem). Let G be any
bounded Poincaré domain in the Euclidean m-space. And let o(x)
be a fixed continuous function prescribed on the boundary I' of G.
We denote by W the family of all solutions w(x) in C*G)~C(G) of
the Dirichlet problem [D,]

(1) 3 e @) -2 = f,u, gradu)  in G,
=1 0,0
(2) u () = ¢(x) on the boundary I' of G,

such that ||ul||§® are finite for any closed sphere S contained in the
domain G.”

Then there exist two Solutions Um,(¥) and Um (%) in U such that
for every w(x)ell the inequalities Umin(®) <uU(X)<Um.<(x) are valid in
the closure G of G. And further for xcG the set

1= {u(@); well)
18 either a closed segment or a single point, which means that all
other solutions of the Dirichlet problem [D,] fill the gap between the
Junctions umn(®) and wup. ().
Proof. 1°. The existence of the solutions w%m,i,(%) and Um.(%)

7) See the first note of T. Satd, loe. cit. in 1).
8) K. Ak6: On the Dirichlet problem for quasi-linear elliptic differential equations
of the second order, to appear in J. Math. Soc. Japan.

9) i.e. u(x)eC*, see Definition in §1. We remark here that every C%G)~C(G)-
solution of the Dirichlet problem [D,] is always in C*,
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has already been verified in Theorem II of the preceding section.
2°. We shall show that if w,(x)ell (¢=1,2) are such that wu,(x)
=u,(x) and if c=max (u,(*)—u,(x))=0, then there exists an element
u(x)ell such that =
0=u,—u=zc/2, and 0=u—u,<c/2.
3°. We set
on(®)=max {uy(x) —1/n, u,(¥)—c/2—1/n},
w,(x)=min {u,(x)+1/n, u(x)+c/2+1/n}.

Then ©,(%)<®,(«) in G and further o,(*)<¢(@)<w,) on I'. By virtue
of Theorem I there exists a solution 4™ (x)ell satisfying the inequalities
©1(%) S 0,(2) Zu™ (%) S©,(¥) S0, (2)
in G. According to Remark 3 there exists a subsequence {u“’(x)} con-
verging to a function u(x)eC*G) uniformly in every closed sphere S
contained in G together with first two derivatives. Hence w(x) satisfies
the differential equation (1) and since Umin(%) < U™ (%) =< Umax(®), the
function u(x) is continuous in the closure G of G. Hence u(x)ell and
max (us(%), u;(%) —¢/2) Su() =min (u,(x), us(x)+¢/2).

Thus we have proved the statement of 2°.
4°, According to 3° the closure of the set

Us={u@*); u(®)ell, uy(@) <u(@)<u,(x) in G}

is either a closed segment or a single point. Hence we need only to
show that I« is closed in the one-dimensional u-space. Let u*eli.
Then there exists a sequence {u,(x)} in U such that w,(x*)—>u*.
Again by virtue of Remark 3 there exists a subsequence {u,(x)} con-
verging uniformly in every compact subset of G to a function v(x)
eC¥ @) together with its first two derivatives. Hence again as in 3°
we see that v(x)ell. Evidently the function v(x) satisfies the condition
v(@*)=u* and therefore u*cl,., so that I« is closed. Thus we obtain
the theorem, setting u,(#) =um.x(¥) and uy(®) =mn,(2).

‘We can make precise the theorem as follows.

COROLLARY. Let u,(x) (i=1,2) be two solutions of the Dirichlet
problem [D,] (in W). Further let u(x)<u,(x) in G. Then for each
point x* of G and for each constant u* such that u,(x*)=<u*=<u,(x*)
there exists a solution w(x) of the Dirichlet problem [D,] (in W)
satisfying the following two conditions:

a) (@) Su(e) <uy (%) in G,

b) w(x*)=u* at the point x*.

This corollary follows from 8° and 4° of the proof of the theorem.

COROLLARY. Let us assume that the solutions of the Dirichlet
problem [D,] are mot unique. Then there exists a constant &>0
such that the solutions of the Dirichlet problem [D,] are mot unique



No. 8] Peano’s Theorem concerning the Dirichlet Problem 485

provided that |[Y(x)—e(x)|<e on I.

Proof. Let %,(x) and %,(x) are the maximal and the minimal
solutions of the Dirichlet problem [D,] respectively. Further, let ¢
be a quarter of the maximum of the function u,(x)—i,(x) on the
closure G. Clearly ¢ is a positive constant. Assume that |¥(x)—¢()]
<& on the boundary I" of G. Then there exist two solutions wu,(x)
and u,(x) of the Dirichlet problem [D,] such that

Uy () —eZu,(x) <2, (x)+¢
and

o () — ey () STUo(2) +¢
in G by virtue of Theorem I. Since at a point x, where the function
u;(x)—u,(x) attains its greatest value we get

Uy (%) Z Uy (%) — &> Uy (20) + = U5 (),

we see that two solutions u,(x) and u.(x) of the Dirichlet problem [D,]
are different. Thus we have established the corollary.



