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2. On Convergences of Sequences of Continuous Functions

By Takesi ISIWATA
Tokyo Gakugei University
(Comm. by K. KUNUGI, M.J.A., Jan. 12, 1961)

We assume here that X is always a completely regular T',-space
and functions are all continuous and real-valued. It is well known
that various types of convergences are defined for sequences of con-
tinuous functions. In this paper, we shall give the characterizations
of spaces in which one of eight types of convergences, listed in §1,
implies some other types of convergences.

1. Definitions. We denote by {f,}—>f that {f,} converges to
f pointwisely on X. We denote {f,}—>f (unif.) that {f,} converges
uniformly to f. {f.}—>f (compact) means that {f,} is uniformly con-
vergent to f on every compact subset of X. We shall say that {f,}
converges locally uniformly to f{f,}—>f (loc. unif)) if for every
¢>0 and every point z, there is an open neighborhood U of z and
some integer m>0 such that U>y implies that |f,(¥)—f(y)|<e for
every n>m. {f,} is said to be strictly continuously comvergent to
J{f} = (str. cont.)) if {f(x,)}>a implies {f.(x,)}>a. {f.} is said
to be continuously convergent to f({f,}—>f (cont.)) if {x,} >z implies
{fule)}>Sf(x). f is said to be convergent to f quasi-umiformly
(S} = f (quasi-unif)) if {f,}—>f and if for every &>0 and m>0,
there exists a finite number of n,, n,>m (i=1,2,---, k) such that for
every x in X, |fa(®)—f(x)|<e holds for at least one n,. {f,} is said
to be almost wuniformly convergent to f({f,}—=f (almost unif.)) if
every subsequence of {f,} is quasi-uniformly convergent to f.

In the following, in case one type of convergences implies always
the other one type of convergences, for instance, {f,}—>f (unif.) im-
plies always {f,}>f, then we write [unif.]>[pointwise]. If U is
an open set, then y non-negative continuous function f such that
f=0 on X—U, 0<f<1 and f(x)=1 for some z in U is said to be
an associated function with U. For a given U containing two points
at least, there are many associated functions. If f is an associated
function with an open set U, then V={x; f(x)>1/2} is said to be an
Jf-section of U. Let {U,} be a family of open sets and let f, be an
associated function with U,; then {f,} is said to be a sequence as-
soctated with {U,}.

2. Constructions of sequences of functions. (2.1) Suppose that
X is mot finite. Then there is a sequence {r,} such that each point
x, is isolated in {x,}. Thus there is, by the regularity, a family {U,}
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of open sets such that U, U,=6 (an empty set). In the sequel,
such a family {U,} is said to be a family of closure-disjoint open sets.
Let {f,} be a sequence associated with {U,}. It is obvious that {f,}
—>¢ (almost unif.) but {f,}->¢ (str. cont.) where ¢ denotes a function
such that ¢(x)=0 on X.

(2.2) Suppose that X has a convergemt sequence {x,}->x where
z, %%, (m=*n)and z,5z for all n. Let {U,} be a family of closure-
disjoint open sets such that U,>z, and let {f,} be a sequence associated
with {U,} such that f,(x,)=1 for every n. It is easy to see that
{f}=o (almost unif.) but {f,}->¢ (cont.).

(2.3) Suppose that X 1is mot pseudo-compact. Let {U,} be a
locally finite family of closure-disjoint open sets and let {f,} be a
sequence associated with {U,}.

(a) {fil—=>o (loc. unif), {f.}>¢ (almost unif.) but {f,}->¢ (str.
cont.). Since {U,} is locally finite, for any point x, there is an open
neighborhood which intersects finitely many U,. Thus {f,}->¢ (loc.
unif.). The other parts are obvious.

Let us put g,(x)= g}”fm(x) and Ic,,,(a:)=min<g nf.(x), m)

(B) {g.}=o (loc. unif.) but {g,}~>¢ (quasi-unif.). The first part
follows from the facts that for a given point x, there are an open
set U containing x and m>0 such that g,(¥)=g.(y) for n,k>m and
yeU. The latter part is obvious.

(r) {k,,}—)F:”ﬁE nf, (str. cont.) but {k,}-> F (quasi-unif.). Since
{U,} is locally finite, F'(x) is continuous. Suppose that {F'(x,)}—> a.
For any &>0, there is m such that m>a and |F(x,)—a|<e for all
n>m. This means that F(x,)=k,,,(x,) for n>m. Thus we have
k,(xz,)—>a. The latter part is obvious.

Let us put hs,=f;, and hy,_1=9:,., (n=1,2,--:).

(0) {h}>o (loc. unif.), {h,}>¢ (quasi-unif.) but {h,}>>¢ (str. cont.)
and {h,}->¢ (almost unif.). Since {h,,_ ,}>¢ (quasi-unif.), we have
{h.}=>¢ (almost unif.)). The other parts are obvious.

3. Next implications are obvious: [unif.]—>[almost unif.]—
[quasi-unif.], [unif.]->[str. cont.]>[cont.]—>[pointwise] and [com-
pact]—[cont.].

Theorem 1. [str. cont.]—>[loc. unif.]->[compact].

Proof. i) If {f,}—>f (str. cont) but {f.,}=>f (loc. unif.), then
there is a point  such that {f,}-»f (unif.) on some neighborhood U
of z, and hence some >0, there is a sequence {z,}" in U such that
| fulx,)— f(x,)|>c. We lose no generality by assuming that Usy

1) There is, in details, a sequence {x,} containing a subsequence {xn,} such that
| fal@n;)—f(2n)|=c. But we shall write simply {,} in stead of {#»,} where no am-
biguity arises from the abbreviation.
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implies | f(x)—f()|<e. Thus, since {f(z,)} is bounded in a real line,
{f(=,)} has a cluster point «. Let us put {f(xn)}>a. By the assump-
tion, we have {f,(x,)}>a. This is a contradiction.

ii) Let {f,}=>f (loc. unif.) and F be a compact subset of X. For
each z in F, there is an open neighborhood U(x) on which {f,}>f
(unif.), that is, for a given >0, there is an integer m(x) >0 such that
| fo(¥)—F(y)|<e for all n>m(x) and all ¥y eU(x). Since F is compact,
we select a finite open subcovering {U(x,); 1=1,2,---,n} of {U(x);
zeF}. Let m=max{m(z,),- - -, m(x,)}; it is obvious that | f(y)—f.(%)|
<g for all n>m and all yeF.

Theorem 2. The following conditions are equivalent: 1) X 1is
pseudo-compact, 2) [pointwise]—>[almost unif.], 3) [str. cont.]—>
[quasi-unif.], 4) [str. cont.]>[unif.], 5) [loc. unif.]>[unif.] and
6) [loc. unif.]—>[str. cont.].

Proof. 1)->2) (from [1])->3)—>1) (by (2.3, 7)). 1)—4) [8, Theorem
2]«5) [2, Theorem 2]—>6)—>1) (by (2.3, a)).

Theorem 3. The following conditions are equivalent: 1) X has
no convergent sequences, 2) [pointwise]—>[cont.], 3) [quasi-unif.]—
[cont.] and 4) [almost unif.]—>[cont.].

Proof. If there are no convergent sequences, {f,}—f implies
always {f,}>f (cont.). Thus we have 1)>2). 2)->3)—>4) are obvious.
4)->1) follows from (2.2).

Theorem 4. The following conditions are equivalent: 1) any
compact subset of X is finite, 2) [pointwise]—>[compact], 3) [quasi-
unif.]>[compact] and 4) [almost unif.]—>[compact].

Proof. 1)->2)->3)—>4) are obvious. Now suppose that there is
a compact subset F' which is not finite. Let {z,} be a sequence in F
such that each z, is isolated in {z,} and let {U,; U,>x,} be a family
of closure-disjoint open sets and {f,} be a sequence associated with
{U,}. It is easy to see that {f,}>¢ (almost unif) but {f,}->¢ (com-
pact).

Theorem 5.2 The following conditions are equivalent: 1) for
any family {U,} of closure-disjoint open sets, there i8 a sequence
{Vu ¥.€U,} which contains a convergent subsequence, 2) [cont.]—
[unif.] and 3) [cont.]—>[str. cont.].

Proof. 2)-3) is obvious. We shall prove 1)->2). Let {f,}>f
(cont.) and {f,}=>f (unif.); then there is, for some £>0, a sequence
{x,}* such that |f,(x,)—f(x,)|=>c. We lose no generality by assuming
that z,=z, (nFm) and each z, is isolated in {x,}. Thus there is a
family {U,; U,>x,} of closure-disjoint open sets where U,>y implies

2) (a)—(b) in Theorem 1 in [4] is in the wrong. In a éech—compactiﬁcation of a
discrete space, (a)—(b) does not hold (see Theorem 8 in [6]—a function g, defined in
iii) should be read as follows: gn(a,)=1 for all % and gn(2)=0 for zxay).
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that |f.(x,)—f.(¥)|<e/2" and | f(z,)—Ff(W)|<e/2". By the assumption,
there is a convergent subsequence {y.}(—¥). Since {f,}>f (cont.),
{fWa)}>Sf(y) implies f,,(¥n,)—~>S(%). On the other hand, since |f,(xa)
—Jfo:(Un;) | <&/2" and | f () — f (¥n,) | <&/2", we have li}n Ja ) =1i‘m S(xn).
This is a contradiction.

By (2.3, a), 2) or 3) implies the pseudo-compactness of X. Thus,
to prove 3)—1), it is sufficient to show, by Theorem 2, 2)—->1). Sup-
pose that there is a family {U,} of closure-disjoint open sets in which
there are no sequences having convergent subsequences. Let {f,} be
a sequence associated with {U,}. Let {z,}>2. By the assumption on

{U.}, lle,, contains at most finitely many points z,. Thus for suf-

ficiently large n, we have f,(2,)=0, in other words, f,(z,)—>¢(z)=0.
Since f, is associated with U,, there is a point x,€U, such that
Jfo(@)=1, thus it is obvious that {f,}-»¢ (unif.).

Theorem 6. The following conditions are equivalent: 1) for
any family {U,} of closure-disjoint open sets, there is a sequence {x,;
x,€U,} which contains a subsequence contained in a compact set, 2)
[compact]—>[unif.] and 3) [compact]—[str. cont.].

Proof. 2)—>3) is obvious. We shall show 1)->2). If {f,}>f
(compact) and {f,}-of (unif.), there is, for some >0, a family {U,}
of closure-disjoint open sets such that {U,}>s=z,” |f.(x.)—f(x,)|>¢
and U,>y implies that |f,(x,)—f.(¥)|<e/2* and |f(z,)—f(¥)|<e/2.
Let {Un; ¥a,€U,} be a sequence contained in some compact set F.
Since {f,}—>f (unif.) on F, we have |f,(¥)—sf(y)|<e/4 for yeF and
for all n>m where m(>0) is some fixed integer. From the follow-
ing inequalities: |fo(Un) —S(Un)| < /4, |fu(®n) —ful¥n)| <&/2" and
| f(@n)— S (Un) | <€/2", we have |f(%n)—Sfu(%n)|<e. This is a contra-
diction.

Conversely, by Theorem 1 and (2.3, ), 2) or 3) implies the pseudo-
compactness of X. Thus, to prove 3)—>1), it is sufficient, by Theorem
2, to show that 2)—>1). Suppose that there is a family {U,} of closure-
disjoint open sets which has no sequences having subsequences con-
tained in a compact subset. Let {f,] be a sequence associated with
{U,}. Then, since any compact subset intersects only finitely many
U,, we have {f,}->¢ (compact). On the other hand, it is easy to see
that {f,}-o¢ (unif.).

Theorem 7. The following conditions are equivalent: 1) X is
finite, 2) [pointwise]—>[unif.] and 8) [almost unif.]—>[str. cont.].

Proof. 1)->2)-3) are obvious. 38)—>1) follows from (2.1).

Theorem 8. [cont.]—>[compact] is equivalent to the property
that if each U, of family {U,} of closure-disjoint open sets intersects
with a fized compact set, then there is a sequence {x,; x, €U,} which
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contains a convergent subsequence.

Proof. If {f,}—>f (cont.) but {f,}=>f (compact), there is a compact
set F' on which {f,}~>f (unif.)). Therefore there is, for some ¢>0, a
point z,% for each =, in F such that |f,(x,)—f(z,)|>c. We can
assume that x, is isolated in {z,}. Let {U,; x,€U,} be a family of
closure-disjoint open sets. By the assumption, there is a sequence
{¥.; ¥, €U,} which contains a convergent subsequence {y,}(—¥). Since
{f.}=>f (cont.) and f is continuous, we have {f,,(¥s)}—>S(¥) and {f(¥a)}
—>f(y). This is a contradiction.

Conversely suppose that there is a family {U,} of closure-disjoint
open sets such that each U, intersects with a fixed compact set F'
and any sequence {x,; z,€U,} has no convergent subsequences. Let
{f.} be a sequence associated with {U,}; then it is easy to see that
{fa}>¢ (cont.) but {f.}+>¢ (compact).

Theorem 9. [compact]—>[loc. unif.] is equivalent to the property
that for any point-finite family {U,} of open sets and for a sequence

(£.} of associated fumctions with {U,} such that (['J V,,)—D V.%o
n=1 n=1
where V, is an f,-section of U,, there is a compact set imtersecting
infinitely many U,.
Proof. Suppose that there is a point-finite family {U,} of open
sets and a sequence {f,} of associated functions with {U,} such that

=<01V">—0 V.40 where V, is an f,-section of U,, but there is
N= n=1

no compact subset intersecting infinitely many U,. Since {U,} is point-
finite, it is easy to see {f,}->¢ on X. Moreover, but the assumption,
any compact set intersects only finitely many U,, and hence {f,}—>¢
(compact). On the other hand, let ze M. Any open neighborhood W
of x contains «,, in V,,, (1=1,2,---). Thus {fa}->¢ (unif) on W, that
is, {f.}=o ¢ (loc. unif.).

Conversely let {f,}—>f (compact) but {f,}-of (loc. unif.). Then
there are some >0 and a point x such that {f,}->f (unif.) on every

neighborhood of z. Thus, since {f,}—>f, lj O(n; e) —-D O(n; €)%
n=1 n=1

where O(n; 1)={y; | f,(¥)—SF(¥)|>1} and we shall sum up =, in case of
need, greater than some fixed integer n,>0. If we put
0.(y)= {(f,.(y) Ff@)le—1/2  for y; | fi(y)—f(W)|>¢/2,

for y; | () — F(¥)|<e/2.
Then g, is an associated function with O(n;¢/2) and O(n;e)={y; 9(¥)

>1/2} is a g,-section of O(n;¢/2). It is an immediate consequence
of {f,}>f that {O(n;e/2)} is point-finite. Thus by the assumption,
there is a compact set F intersecting infinitely many O(%;¢/2). This
shows that {f,}-ef (unif.) on F, and hence {f,}-of (compact). This
is a contradiction.
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