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in Quantum Field Theory
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Department of Mathematics, Osaka University
(Comm. by K. KUNUGI, M.._., July 12, 1962)
1. Introduction. In quantum field theory we must consider
the Hilbert space having non-countable bases which corresponds to a
sequence of non-negative integers (n, n.,...).
Since we can construct one-to-one mapping from the set of
the sequences (n, n,...) onto the points in 0, 1 interval [8, we
can identify these bases to [0, 1 interval.
be the element
Let 7 denote a point in 0, 1 interval and let
of the Hilbert space which corresponds to y. The element of this
Hilbert space is usually represented by the formulae flCrrdt(7) and
Cr, in [3], E4] and [6], where C, Cr are constants, and d/(’)
is a measure on E0, 1].
By single dz(r), however, we cannot represent every element of
this Hilbert space. That is to say, by a continuous measure dz(’),
we cannot represent the element of the second form. On the other
hand by the second form, we cannot represent the element of the
first form.
In this paper we take a Lebesgue measure dm() and represent
each element of the Hilbert space by the unified single expression
(cr + C
dm() using generalized distributions [7].
Our method of representation uses a L-space’s closure. But our
topology is weaker than L%topology.
2. New topology defined in L
Lemma 1. There is a one-to-one correspondence between the
sequence of non-negative integers (n, n.,...) and the point of interval

r

f

.

Let’s consider the corresponding interval 0, 1]. Let LO,
denote the space of functions which are defined in the interval [0,
and belong to L
Let p,.o(X) denote the function
0 for Ix--x01>=/n
p..o(X)- kn
exp {--((/n)/((/n)
x--xo 1)]/5 for X--Xo I< (/n,
where is a positive constant and k is a constant which satisfies
exp --1/(1-- x)} dx--1.
the following equality:

kf

Ixl<

-
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In the space L[O,I, we introduce the new topology by the
following neighbourhoods:
+(t)
sup

/(t)

sup

,
9i_(t) 12- 9_(t) } dtds < ,
/ (t) 12(t) dtds < ,
_(t)

sup

dtds

where

Lemma 2. The space L 0, 1 is a Hausdorff space.
Proof. It is evident that the axioms (A) eU,()and (B)

Um ,,,,,.)() U,,() U,..()

are satisfied.
We see also that the following inequality is satisfied; for

.,

_

e U,,(),

[I /.<t> I-I /+<t> =} dtds

+

fff*

< +

.

+(t)

]gt+p(t)]

dtds

By the same way, we can prove other similar inequalities for
...gtg. Now, if f U,(), then f U() for
and
0 < s < s. So, if we take 0 < s< s-- s then U.,(p) U.(). Hence we
see ha he axiom (C) is satisfied.
If p(t)#(t) in he sense of [0, 1, then at least one of the
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following inequalities is satisfied;

{[ 9+/-(t) ]’--I 4(t) J"} dtds

{1 f(t)I

-

(t)} dtds

(In this representation, double suNees are taken by the same order.)
So, the axiom (D) is satisfied. herefore L [0, 1 is a Hausdorff saee.
Purther we can see in III that he topology of this saee is
uniform [9. Let
[0, 1 denote the closure of the saee L [0, 1
by this topology.
Remark. We can also express this topology by the following
way.
Let’s decompose f into four arts: f=f+--fg-+if+--if-.
(fg+, f-, f+, f- are ositive distributions.) We eall {f} converges
in the new topology if and only if
to --Tc+i-i
T
T+,
lim (f+)=
lim (f-)-lim (f+)-- T+, and lim (f-)= T

-

-,

-

in D topology.
3. Classification of the Cauchg sequences. he Cauehy sequences
{p} in
[0, 1 satisfy the following condition; for an arbitrary
s>O, there exists a suNeiently large number N such that
U.()

for all m, >N.

We classify these sequences by the following equivalence rethe Cauehy sequence {} is equivalent to {} if and
lations
only if there exists a sequence {s} sueh hat s>O, lim s--0 and
We denote this relation by {p}{}. If we define the equivalent class of the Cauehy sequences by this topology, then we can
identify he set of these classes to the complete saee L [0, 1.
Lemma 3. If f U.(), p s g.();

+

(3)
Proof.
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(1, (t)I+

,

--4+@[)dtds

(t)I- ?, )

We can rove similarly inequalities.

So p+p

We can prove other inequalities also. So

]a

If f ( +

+1.

-,

ae U,,,(0).

IgloO(t)) dtds

(
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I.

+

-I (tl I

<ls+ls+.l
((

, I+ ,

+ +

.

/- ,(t)

s-

s.
<(
ls= ( +
We ean rove similarly oher inequalities. Hence
for +--1, 0NI, 0NN1. Prom this lemma we eonelude
the saee
[0, 1 is a convex topological saee.
But it is not linear. Because, we can eonstrue the following

example;

We can define X(), using above remark. Now let
L [0, 1, -{p} L [0, 1 be the sequences whieh satisfy the

--(1/2), p>0, p>0 and
()Carrier (p)-. hen {+p}-2(1/2) #2](1/2).

following

conditions

Carrier

4. Unified representation of state ectors. In order to construct
he linear ogologieal saee which reresens he saee of
vectors, we select subelasses from the saee
[0, 1 as follows:
At the first step, from any equivalent class ({p})eL [0, 1 we
select a artieular sequence {p} as follows:
Pot g eL [0, 1, we define pg- i.e. -{, ,...}.
Pot L [0,1-- 0,1, we selee {g} by the following way.
Let A., denote the following functions;
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for x _0, 1
for x 0, 1, where Xoe 0, 1_.

0

we define {0,} {/,.o}.
For --/(x0) (x0=0,1),
we define {0}
For -/-o (Xo-0,1),
For -e/(0) (o=0, 1), we define
For -e4l) and e*4(0) we define {p,}-e-/--/
By these selections, from every equivalent class of L 0, 1,
we can select [} because the following lemma holds.
Lemma 4. In L 0,1, here is no oher elemen$ $han the

countable linear combinations of

$he following

elements;

L

0, 1
(0 xg 1).
3,(x)
Proof. Using the above stated remark, we see that
if ((f’), 9)0 for all 0<e(D), then (T u’, )0 for all 0<ge(D),
if ((f-), 9)0 for all 0< e(D), then (T )0 for all 0<e(D),
if ((f’), )0 for all 0<e(D), then (Ta., )0 for all 0<9(D),
if ((f-), 9)0 for all 0<e(D), then (T a-, 9)0 for all 0<e(D).
Ta., T a- are positive measures.
From these results T T
Hence we can obtain the conclusion of this lemma lJ.
In the 2nd step, we construct set of subclasses which satisfy the
uniformly equivalent condition and include the above selected particular sequence, where uniformly equivalence is defined as follows:
Definition. If there exists e,>O such that lim ,--0 and
then we say that {9,} is uniformly equivalent to {n}, and denote
it by {gn}{,}.

(1)
2

-,

,

-,

Using these notations, uniformly equivalent subclass is expressed
as follows:

Lemma 5. If {9,} and {,} are Cauchy sequence and if {9,}{,},
{,} {,}, then {,+,} {,+,}, {a,} {an}, and {,}, {,},

{,+,}, {a,} are Cauchy sequences.
Lefts efine he inner roduet ({}, {}) --lim

fl p

gt.

Let’s define [{p}, [}) by <{gl,{gl) where {glg{13,{g.l s
Lefts call the saee
of uniformly equivalent classes which is constructed in he above 2nd se a saee of generalized state vectors.
Now our sate veeor’s saee L mus satisfy he following heorem;
Theorem. A aee of eealieg tate veeto atif the
tio (1) ag ().
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(1) in the space L, we can define an innerproduct,
L is a complete linear topological space.

.
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