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93. A Note on Metric General Connections

By Tominosuke OTSUKI
Department of Mathematics, Tokyo Institute of Technology
(Comm. by Z. SUETUNA, M.J.A., Oct. 12, 1962)

In this note, the author will use the notations in [8], [9], [10],
[117, [12]. He proved in [9] the following

Theorem A. Let P=Pjou,®du’ and G=g,,du’@du’ be a normal
tensor and a mon-singular symmetric tensor on an n-dimensional
differentiable manifold X such that P 1is orthogonally related with
G. Then, there exists a normal general connection I” which satis-
fies the following conditions:

(i) P=uI", (ii) I is proper, and

(iii) I'" %s metric with respect to G.

Furthermore, if we add to them the condition:

(V) S/,d2=LAKPL—PL)AL
where Al are the local components of A, S/,L:-;?(F{,,—Fijn) and the

semi-colon “;” denotes the covariant derivatives with respect to Levi-
Civita’s conmection made by G, then I' is uniquely determined.
In this theorem, A is the projection of T(X) onto the image of
P with respect to the direct sum decomposition of T'(X) by means
of the image and the kernel of P.
On the other hand, we say a curve C:u/=wu/(t) in a space X with
a normal general connection I"=0u,&(Pjd*u’+1'{,du’@du") is basic,
if its tangent vector at each point is invariant under 4. In [12], he
proved that if I' is contravariantly proper, that is
Nir;AiA5=0,
where Nji=gi— Al then we can uniquely parallel translate any A-
invariant® contravariant vector at a point along a basic curve through
the point, preserving the A-invariant property and if I is covari-
antly proper, that is
AjA; N} AL =0,
where A, =1I%,—0P}ilou*, then the same fact holds good for covariant
vectors.
In [9], a normal general connection I” was said proper, if NI'=0,?
that is

1) We say vectors or tensors are A-invariant, if they are invariant under the
homomorphism A of T'(%).
2) See [11], §1.
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Nirt,=o,
hence it is contravariantly proper.
The author will show that for the uniquely determined general
connection /' in Theorem A we have I'N=0, that is
'l{:hNik:(),
accordingly it is covariantly proper. And so he give a new the
following
Theorem B. Let P=Pjou,®du’ and G=g,,du‘®du’ be a normal
tensor and a mon-singular symmetric tensor on an n-dimensional
differentiable manifold X such that P is orthogonally related with
G, then there exists a uniquely determined normal general connection
I' such that P=A(I"), metric with respect to G, N['=0, 'N=0 and
satisfies the gemeralized symmetric condition with respect to G:

S/, Al = %A{(P,z;h—PmAf.

Proof. According to Theorem 1 in [9], a normal general con-
nection I" is uniquely determined under the above four conditions
except I'N=0 and it is given by
(1) Th=([ih, 1] — S, Pi*— 8,1, PHQLg" +8/,,°
where [ih,l] are the Christoffel symbols of the first kind made by
gij:ghkPihP{c and

J

S/, =L ayPr,—PL), Sii=0.,5/.

T2
In the first place, we notice that
(2) 9* A%, = Ai and ¢’*Ngg,,= N7

which we can easily prove, making use of the orthogonality of P,
and N, at any point xeX with respect to G, where P,=P(T (X)) and
N, is the kernel of P on T, (¥%).

Since

agil = Gusnt Tudi" b+ 9udi)
ou

:qu(P;];hPlk—l—P;Pl]‘;h)_l——g—kl{ikh}+yik{lkh}’
we have
99 QLo =9, (Pl As+ P AL — PIPIQL ) + 9, PRAN W+ 90l 51101 977

ou”
= A‘%P;?n - quPgNz?;ngpj —0uQnng" + AIPR gik{zkh}Qfo_gM
= A‘/ichk,h"' quPf;thfgpj —0:Qp:n9" + Pi{r} + 9051 Q097;
that is

%Qfog“ = Pin+ Pi{" 1+ 005} — @) 9™,

8) @ is the homomorphism of T(¥) such that it operates as Q=P~! on each P(T%(%)),
2€ZX and Q=P on the kernel of P.
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and
01 Qug? =Pt PAL I+ Tus(F I~ Q)0
Since we have analogously
o Qi = Loun(PEuP I+ PEPE) + Tl )+ Tl 11050,
we get
[ih, 11@40" = 5 (Pl Pl + P

— 4 @@t TusQs)0” — + 0, (PLPE+ PIPE) Qg
On the other hand, making use of the orthogonality of P, and
N,, we have
— (S P+ S, PHQLgP + 87,
= = 0 AL(Ph— PL)PIQl" = — 0. (Pia—Pi) PIQig™

+ 5 AUPL—PL).
Substituting these equations into (1), we have
=L (Pla+ Pi)+Pi()

_ 1 - )
- —;“(gilezg;h‘I‘gkquq;th‘szlo)gpj— E(gthzlg;i"F gkquq;iPilfQL)gm

n %Af(P:rP;;i).

Since we have
(9uQ8n+ 94 Prn PFQL) 97
=0, PH(PIQbn+ PLrQ5) 97 = 9, PEAS 19" = — 9, PENZ 197
=gkqP£th§1gpj=NgPik;hy
hence the above equation can be rewritten as

=3 A(PLAPE)FPASI+ 5 AP~ PL),

that is
(3) ' =AjPL,+ Pii )
Accordingly we have
. j
A== 2L
P
=44 OEL 4 (1) Pi— () PE)+ PUeN 2T
that is
(4) th=(axny - 220 P,

Hence we obtain the equations
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AgthP:O;
which show I'N=0. q.e.d.
Now, in [11] the author proved the following theorems.

Theorem C. If a regular gemeral commection® I'=ou ;& (Pid*u’
+Iridu'®@du") is metric with respect to a mnom-singular symmetric
tensor G=g,,du'®@du’ and satisfies the condition

(5) stfh=-—12—(rf,.~rz,.>=—12—<Pf;h—thﬂ>,

then the covariant part I'P-' of I' is the Levi-Civita’s connection
made by G.

Theorem D. Let I" be a metric regular general connection with
respect to a mon-singular symmetric tensor G=g,,du’Q@du’ on X and
A be a projection of T(X) such that A, and N, are invariant under
P=ATI") and orthogonal with respect to G at each point x of X, where
N=1—-A, A,=A(T (X)) and N,=N(TX)). If I" satisfies the condi-
tion (5) im Theorem C, then I'=AT'A is a normal, proper general

connection which is metric with respect to G and G =A(G)=g,, ArAkdu’
Rdu! and satisfies the generalized symmetric condition:

Surat= 1 AN P~ Al
where Z@/,L:%.(fg,,—ﬁ,{,) and P=au,@Bidut=A(F).

Another proof of Theorem B. P*=P-+ N is clearly regular and
(P*)"'=@Q+N. Let us denote the Levi-Civita’s connection made by
G by I'y;. By means of Theorem A, there exists a uniquely deter-
mined regular metric general connection /'* such that P*=A(/"*) and
it satisfies the generalized symmetric condition with respect to G.
By means of Theorem C, I'*=I"43P+I'3N. Furthermore, by means
of Theorem D, the normal general connection

I'=ATI'*A=A(I';P+TyzN)A
=Al' ,PA+ATl ;NA=ATI' ;P
is metric with respect to G and satisfies the generalized symmetric
condition with respect to G. And we have
NIM=2Al';P)=A1P=P
and NI'=NAI',P=0, 'N=AI' ;PN=0. Hence this connection [ is
the wanted one. Furthermore, we have

Ar c::(Aij, Ai{ikn}),m
(P35 Ak 2 5 0P 4
Al P=(P/, Al{;",}Pi+ A}
ou”
4) A general connection I is called regular when P=A(I") is an isomorphism of
T(%).

5) See [11], §1.
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and

oPk
=AJ{} P} +A]—
zh {l h} 3?1,”

=AY 5} Pi+ Al(PL— " P PY)
=A}PL,+ Pl .},
which is identical with (3).
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