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3. Main theorems. Let us resolve L, in (1 3) into
]
@D Lt 2V —1y|y|)=]1 A+ 2, r;))H(Hl‘ 3t %, 7))

(m2k>0 ® 7x0)
such that |[Re™ 2,4t 2,7)|=0>0 (5=1,---,m—k) with a constant a.
Then, we can write

% m—k
Ly(t,x, 2,4—18) =iH (A4 A55(¢, @, ERY)r/™) q A+ 28(t, ¢, ER~M)r™)
=1 j=

with r=7(¢) defined by (2.1) and R defined by (2.4); see [4].

Theorem 1. Let L be a differential operator of the form (1.1)
with bounded measurable coefficients in a neighborhood of the origin,
and assume that the coeﬁicients of L, are in C=.

Suppose that §3(t,x,7) (i=1,- -+, k) are in CE,,, 5(n>0) and distinct,
and each A,(t,x, 5) A4, x, ER 1)4"1’"‘ satisfies the condition
63 St 3 pepa— g aep =oHn (612D
or, " ox, %,

for pi—i]%e Zi, qi_f}m A, and some H (t)eCn. Then, with ¢,=(1+t/2h,)
we have a priori inequality

¢ A’u

(3 3) i+j=m—1 at’b
. o
=C {f%‘” || Lae |f? dt+i+j=2,§m_2"2<'”‘”"lf¢o"” aatf A \ P t}

ueCe(2,,)%
Jor a suffictently small fixed h, and every n(=1).

Remark. i) If P,=0 or P,>x0 for any &0, the condition (3.2)
is always satisfied. ii) Here we do not require the regularity of
A% (9=1,-+-, m—k), but in the case when 2%} are in CZ,,, (20) and
distinet the uniqueness of the Cauchy problem holds; see [4].

m—k
Proof of Theorem 1. Let us write [] (244t x,7))= Zho ;
j=1
(t,2,m)2""*79 (hyo=1). Then, from the infinite differentiability of the

6) In the case when we can take k=0, L is hypoelliptic if the coefficients are in
C=, and the existence theorem of solutions is easy from Lemma 8 for sufficiently small
h. Hence, we may consider only the case £>0.

7) For a complex number a, by Re a we shall denote the real part of @ and by Im a
the imaginary part.

8) 2={(, 2); t*+K(@):<h.
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coefficients of L, and of iy (¢=1,---,k) it follows that &, %,,7)
are in Cg,,, (7=0). So we have

. m—k
Ly(t, z, 2, V=1 &)= ﬁ A+ 255, =, «SR'I)T’/'”)< 3 ho,j(t, x, éR'l)rj"”Z"‘""j)
i=1 J=0
and with a positive constant o
(3.4) mz—fho'j(t, z, ERY) ’r”’"(«/———l l)m—k—j’zgaz(lz(m—k)_I_K(§)2(m—k)>.
=)

For ueCp(R2,) (h; sufficiently small) we may consider operators H®
(¢=1,---,k) and H® (j=1,---,m—k) of class Cp with o(H®)
=2,i(t, %, 6R™") and o(H®)=h, (t,«,ER™") respectively; see [3] p. 206.

Set A,=J,---J, for J,=olot+H™ A (i=1,---,k) and A,

=m2-kH§”/lf o™k ifgtm-*- (H{®=1). Then, by the assumption (3.2) we
j=0
can apply Lemma 1 to A4, and get
2
@5 w3 [or| Lrauasc fom)a@mw|ra
It j=h—1 ott

€ Cs*(Ln,)
for sufficiently small fixed h, and every n(=1). On the other hand
by the assumption (3.4) we can apply Lemma 3 to A, with the form
A, (d'fot* Av) (+i=k—1, v=¢;™u), and get
)

2

ai 2 ai ai
(3.6) Ky gc( s 114,22 &t
i+ j=—1

ott ot’ ot’
From easy application of the Fourier transform we get
Jal
%

2
Hax =l =u(®) [P KE)m=mu(e) |[P=1] A3 e |7,

R 2P| Lu|PSC, || Asn ] (0=b=Za, ueCo(K(x)<h)).
Hence, by the theorem for the commutators of singular integral
operators (see [3] p. 184), we have

_I.

14 j=m~1 i+ jsSm—2

(3.7

(iAfAz—AziAf>u ‘<¢ T a_"/ﬂu”’
t+5=%-11| \ gt¢ ot T a+j=m—2l| ot
and
1= AddulP=||(L—Lyu+L—Ad)ul<C_ 53 |2 rul.
i+j=m—1|| Ot

Replacing v by ¢;™« in (3.6) and using (8.5) and the above inequality
we get (3.3). Q.E.D.

Now using (8.7) we have for ueCy(2,)

ai+]a] 2 ai
- U -
otlox" ot’
so that if we take sufficiently small 2 (<h,) depending on fixed =
such as 1/2=<¢;*"<2 for every ¢t (—h<t<h), then we have by (8.3)

-2tm-7-1) at-Hal : < 2 oo
w3 h u|| =Cll| Lull* (weCy(u).

tdmla:M|=rsm—1 ot'ox*

This shows that L-* is bounded, so that there exists at least one weak

2
h—2(m-—1—r)

t+mle:M|=rSm=-1

Au

’

i+ j=m—1
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solution of L* u=f for feL¥%2,).

Theorem 2. Let L have the form (1.1) with the coefficients in
C> and the inequality (3.83) hold for this L. Suppose Lu=f for
feC>, and u belongs to C* in the compliment of a strictly convex
set,!” then w 1s im C* im a meighborhood of the origin.

Here we do not prove this, but we remark that if we transform
t by 6=log (1+¢/2h,), we get by (3.8)

-2n6 _a; J :
an‘,”_l f e YT Afu|| do
-2né 2 2(m-7)-1 -2né ~a—z g : }
<ol feiizulpant | 53 weneot foonn | g an
ueCy(2n)

where Q2,={(0, x); *hi+ K(x)*<hj} (c.f. [2]).
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9) L* means the formal adjoint operator of L.
10) By ““strictly convex set’’ we mean a set which lies in {(¢, x); ¢>0} and of which
closure meets the plane (t=0) only at the origin.



