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Mathematical Institute, Nagoya University
(Comm. by Kinjird6 KUNUGI, M.J.A., Dec. 12, 1963)

Introduction. Let 2 be a locally compact Hausdorff space, every
compact subset of which is separable, and G(x, ¥) be a positive con-
tinuous (in the extended sense) kernel on 2. In [2], we proved that
a regular symmetric balayable kernel G satisfies the U- and BU-
principles® if and only if it is non-degenerate, that is, for any dif-
ferent points x; and «, in £,

G(x, x,)/G(x, x;)=any constant in Q.
In this paper we shall extend this result to non-symmetric kernels.

§1. Non-degeneracy. Theorem 1. If G satisfies the U- or
BU-principle, it is non-degenerate.

This is evident.

Theorem. 2. Let G be non-degenerate and satisfy

(i) the domination principle or

(ii) the balayage principle and the continuity principle. Then
its adgjoint kermnel G is non-degenerate.

Proof. If G satisfies the condition (ii), then it satisfies (i).*
Therefore we may assume that G satisfies the domination principle.

Contrary suppose that G is degenerate. Then there are different
points x, and x, such that G(z,, x)=aG(x,; x) for any point z in Q
with a positive constant a. Then G(x,, x,) and G(x,, x,) are finite and
Ge, (x)=bGe, (x,) (i=1,2) with b=G(x, x,)/G(x,, ;). Hence by the
domination principle
Ge,,=bGe,, in 0.

This shows that G is degenerate.

Corollary. The adjoint kernel G is non-degenerate iff and only
if G is non-degenerate, provided that

(i) G satisfies the domination principle and G satisfies the
continuity principle or

(ii) G satisfies the balayage principle and the continuity
principle.

1) We use the same notations as in [3].

2) The U-principle means that if G-potentials of positive measures with compact
support coincide with each other G-p.p.p. in £, then the measures are identical.

The BU-principle means that the G-balayaged measure is uniquely determined by
a given positive measure and a compact set.

3) Cf. [8,4].
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§2. U-principle. Let K be a compact subset of 2 and €(K) be
the space of all finite continuous functions on K with the uniform
convergence topology. We denote by D(K) the subspace of E(K)
consisting of functions f which are (v}-potentials of signed measures,
that is, f"—‘é/ti—éﬂz with gy, e M,.2

Theorem 3. Let G satisfy the balayage principle and the conti-
nuity principle. If G is mon-degenerate and K 1is (v}-regularf’ then
D(K) ts demse in E(K).

Proof. This follows from the following two remarks.

(a) D(K) is closed with respect to the operations Vv and A.®
In fact, let é#l and (V'};zg be é-potentials in DK) with g,eM, (¢t=1, 2)
and put u:é,al/\éyz. By the existence theorem” there exists a
positive measure g, supported by K, such that

éyzu G-p.p.p. on K,

épgu on Sy.
Since G satisfies the balayage principle and the continuity principle,
G satisfies the domination principle.* Hence by the above inequalities
we obtain

épgu in 9,

éy:u G-p.p.p. on K.
Moreover by the regularity of K we have

Cv}yzu on K.
Consequently Cv?pezu on K. This shows that épl/\épz belongs to

D(K). From this it follows immediately that D(K) is closed with
respect to Vv and A.

(b) For any different two points x,, ®, on K and any real
numbers a,, a,, there exists a function f in D(K) such that f(z,)=a,
(t=1,2). In fact, G being non-degenerate, there exist different two
points %, and y, on K such that

Y ¥ %y, o (’i=1, 2)’

G(yy, ) A G(ys, @) .

Gy, %) G(Ye, @)
We can take a positive measure 1 such that G2 belongs to D(K) and
Cv},l(w,-)>éaz,1(xi) (¢=1,2). Then there exists a positive measure g,

4) M, is the totality of positive measures with compact support.
5) Namely an inequality éﬂzh G-p.p.p. on K for peM, and a positive finite
continuous function » on K implies éth everywhere on K.

6) (fVg)(e)=max {f(x), 9(®)}, (fAg)x)=min {f(x), g(x)}.
7) Cf. [8,4].
8) Cf. [8,4].
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supported by K, such that (Y}yleSD(K), Cvm‘vm:Cvr'l/\(yr'@,,l on K, and hence
é,ul(xi)=ée,,l(wi). Similarly we have a positive measure p,, supported
by K, such that GueD(K) and Gu(z)=Ge, () (i=1, 2).
Now we take real numbers ¢, and ¢, such that
t1é/11(901) +tzéﬂ2(w1) =,
t1é#1(xz) + tzéﬁz(wz) =0as.
Then f =tléﬂl+tgéy2 belongs to D(K) and f(x;)=a,. This proves (b).

Our theorem follows from (a) and (b) by the theorem of Weier-
strass-Stone.”

Theorem 4. Let G satisfy the balayage principle and the conti-
nuity principle, and G be regular.!® If G is non-degenerate, then
G satisfies the U-principle.

Proof. Let Guv,=Gy, G-p.p.p. in £ with v, v,eM,, We take a
é’—regular compact set K containing Sy,;{JSv,. Then by the preceding

theorem D(K) is dense in G(K). From this follows immediately our
theorem.

§3. Uniqueness of balayaged measures. Lemma. Let G satisfy
the balayage principle and the comtinuity principle, and let G be
regular. Then G-balayaged potentials are uniquely determined.

Proof. Let Gy, (1=1,2) be G-balayaged potentials of v on K.
Then Gy;=Gy, G-p.p.p. on K. Take a point z, in 2—K. As G is
regular, there exists a é—regular compact set K’DOK which does not
contain «,. Then é’-balayaged potential Ge' of &, on K’ coincides
everywhere on K’ with (v}'exo.“’ Consequently

Goi(w)= [ Ge,du= [é< du= [Gude'= [Grde' =Gl
This proves that Gy, =Gy, everywhere in Q—K. Consequently Gv, =G,
G-p.p.p. in Q.
Theorem 5. Let G satisfy the balayage principle and the conti-
nuity principle, and let G be regular. If G is non-degenerate, then
it satisfies the BU-principle.

Proof. This is an immediate consequence of Theorem 3 and the
above lemma.

Summarizing up the preceding results we have
Theorem 6. Assume that G satisfies the balayage principle and

9) Cf. [1].
10) Namely for any compact set K and its open neighborhood w, there exists a

é—regular compact set K’ with KcK'Co.
11) @G satisfies the balayage principle (cf. [3, 47).
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the continuity principle and that the adjoint kermnel G is regular.
Then, in order that G satisfies the U- and BU-principles, it is
necessary and sufficient that G is non-degenerate.

8§4. U.-principle with respect to the adjoint kernel. Now we
consider whether G satisfies the U-principle provided that G satisfies
it. The answer to this problem is negative in general. In fact, let

2 be an open interval {|z|<1} in the 1-dimensional Euclidean space
and let G(z, y) be given by

G(x, y)= g x2yn,

Then G satisfies the U-principle but G does not.

If G satisfies the balayage principle and other additional condi-
tions, the answer is affirmative.

Theorem 7. Assume that G is regular and satisfies the balayage
principle and the continuity principle, and that the adjoint kernel

G is regular.t® Then G satisfies the U-principle if and only if G
does 1it.
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