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33. On the Representation of Large Even Integers
as Sums of a Prime and an Almost Prime

By Miyoko UCHIYAMA* and Saburd UCHIYAMA**
(Comm. by Zyoiti SUETUNA, M.J.A., March 12, 1964)

As is well known, the classical Goldbach problem, which remains
still unsolved, is to prove that every even integer =6 is a sum of
two odd prime numbers. In 1948 A. Rényi [3] proved that every
even integer =6 is representable as a sum of a prime and an almost
prime, i.e. an integer >1 with a bounded number of prime factors.
Recently Ch.-D. Pan [2] sharpened this result by showing that every
large even integer is a sum of a prime and an almost prime with
at most five prime factors. Our aim in the present note is to prove
the following theorem, which constitutes an improvement of this
result of Pan:

Theorem. FEvery sufficiently large even integer can be represented
as a sum of a prime and an almost prime which 1is composed of
at most four prime factors.

Our proof of this theorem runs substantially on the same lines
as in Pan [2].

By the same method we can also prove the following result:
for every fixed integral value of k=1 there exist infinitely many
primes p with V(p+2k)<4, where V(m) denotes the total number
of prime factors of m.

It is of some interest to note that Y. Wang [5] has proved
under the extended Riemann hypotheses for Dirichlet L-functions that
every sufficiently large even integer is representable as a sum of a
prime and an almost prime with at most three prime factors and
that for every fixed integral value of k& there are infinitely many
primes p with V(p+2k)<3.

1. We begin with reproducing the Fundamental Theorem of
Pan [2] in a slightly refined form.

Let k& and I be two integers such that k=1, 0<I<k—1, (k,1)=1.
We define? for =2

Pz, k, )= > ay,
DX
p=i(mod %)

where
ap:]og p exp <_p_1_0_gﬁ>,
X
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1) Throughout in this note the letters » and ¢ are used to represent prime numbers.
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and put
R.(x)=P(x, b, )— — %
@)=Pa b )= T
Let y be a character defined to the modulus k¥ and let L(s, 3)
(s=0+1t) denote the corresponding Dirichlet L-series. By a result
of D. A. Burgess [1, Theorem 2], we find that if ¥ is a non-principal
character (mod k) then
(L +it, 1) <ot +a"
for any 0>0, c¢=c¢(0) being a positive constant. It is easily seen
from the proof of Pan [2] that his Fundamental Theorem can now
be stated as follows: for any fixed é>0 and any A>3 we have
5, lum)2 R, @)|=0( %),
mza® logx

where v(m) denotes the number of distinct prime factors of m and
where (and in what follows) the O-constant may depend only on &
and A.

2. Let ¢ be a sufficiently small fixed positive real number and
let N=ZN,=N,(¢) be a large even integer. We set for u=2

1
P(N*)=2a,,
the summation being extended over the set of primes p<N, (p, N)=1,
1

such that N—p is not divisible by any prime ¢<N=% We wish to

1
estimate P(N=) for some values of wu.
For the sake of brevity let us put Ay=(eCy)™!, where C denotes
the Euler constant and
Cy=11 22 1 (=1

oy p—1 932 p(p—2)
Now we take & so as to satisfy

3-20_|_ 2.20 =§——a,

391  391(h—1) 23

ie. h=(116—391¢)/(76—3891c). Then for x=x,=x.(c)

def -1
1.5264>1=h+e> I (1)
ansel o(p)
We obtain by the sieve method of Viggo Brun, via the Fundamental
Theorem of Pan, that

= N NloglogN
P(N3%1)>39.1(1—c)A, O< ,
(N35)>89.1(1—0) g2+ O 20N )

where
:i 2m+1((m+1)2_)2m+4
m=0 (2m+-4)!

c < 0.004379.
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Hence
2 N Nloglog N
(1) P(NS)> 38,9287 Ay 2 +0( R )

3. Let v be a real number satisfying 4<v<391/20, and let ¢
be a fixed prime number in the interval N%<q§2N%. We define
Sv(‘l)zzap,
where the summation is extended over the set of primes p=N,
(p, N)=1, such that N—p=0 (mod p’) for any p’gN% and N—p=0
(mod g@). To estimate S,(q) we apply the sieve method of A. Selberg
(cf. [4, Appendix]). Thus, if ¢ is a non-exceptional prime® then we

get, again by the Fundamental Theorem of Pan,

Sv(q)éAN Cs(v’ tq) N O< N (loglog N)3 >

o(q) log’N o(@)log’ N
where ¢,=(log N)/logq and
26’y (0<a=1),
C,(?), t) - C
207 (1<a<29),

20—1—aloga
a=£<—8——26—l>.
2\23 t
On the basis of this faet it is not difficult to prove that

2 1 N Nloglog N >
P(NW)— P(N®)<J(e) Ax o< ,
(N =P )= JCe) log’N + log*”* N

where

3
J(e)= 5 " .CL’:;E)_dv.

8
We shall show that for some sufficiently small ¢>0 we have

(2) J(e)<28.5753.
Now, substituting s :%<§8§— 2¢ —-—11)—\) and putting ¢=0, we get
J(O):E?fi<§1£+ﬁ ds >
2 4 12s—1—slogs
=B g+,

say. We have

J1=log-}‘1i<o.115070.

To estimate J,, we note that the function f(s)=1/2s—1—slogs) is
convex for 1<s<2.9. Hence

J,=<0.05(f(1)+£(2.9)+0.1(f(L.1)+F(L1.2)+ - - - + £(2.8)).

2) For the meaning of an ‘exceptional’ prime we refer to [3, Lemma 1].
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We evaluated J, in this way using the electronic computer, HIPAC
103, and found that
J,<1.280044,
Thus we have J(0)<28.575216, and the result (2) follows from this
by continuity argument.
It now follows from (1) that

def ¥ ‘ N N loglog N >
3 S, 2 P(N?)>10.35344, 0< .
(3) i=PN> log*N + log¥?N
4. We put
Sz=zap,

the summation being extended over the set of primes p< N, (p, N)=1,
such that N—p=0 (modp’) for any prime p’éN* and N—p=0
(mod @) for at least three distinet primes ¢, (¢, N)=1, in the interval
N8 <qg<N% Then we have, as in the preceding section,

N Nloglog N >
35, < K(s)A, 0< :
= K(e) log?N + log"*N

where

8
K@= &gy
v
and K(¢)<31.0584 for some sufﬁc?ently small ¢>0 since we have

K(0)= 2?;0 log%<31.058372.
Hence
N Nloglog N >
4 S,<10.35284 0< .
(4) 2= log®?N + log"*N

5. Now, let us fix ¢>0 so small that the inequalities (3) and
(4) hold simultaneously, and suppose that N= N,= N,(¢) be a sufficiently
large even integer. We consider the sum

S=>la,,

where the summation is extended over the set of primes p=N,
(p, N)=1, such that N—p=0 (mod p’) for any prime p’<N¥ N—p
=0 (mod ¢) for at most two primes q, (9, N)=1, in N¥<g<N% and
N—p=0 (mod ¢%) for any prime ¢ in N} <¢<N%. It is clear that the
sum S; of the «, taken over the set of primes p<N, (p, N)=1, such
that N—p=0 (mod p’) for any p’ < N?* and N—g¢=0 (mod ¢%) for some
g, (g, N)=1, in N¥*<¢<N%* is of O(N%). By (8) and (4) we thus
obtain

S=8S,—8S;,— S,
N Nloglog N >
5 10.3534—10.3528) A, 0(
(5) > ) log* N + log®* N
N
0.00054 ,——— >1,
> N log?N >

It follows from (5) that there exists at least one prime p<N-—3,
(p, N)=1, such that V(N—p)<4, provided that N=0 (mod 2) be
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large enough. Since N=p+(N—p), this completes the proof of our

theorem.
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