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58. On the Uniqueness of the Cauchy Problem for
Semi-elliptic Partial Differential Equations. III

By Akira TSUTSUMI
University of Osaka Prefecture
(Comm. by Kinjiro6 KUNUGI, M.J.A., April 13, 1964)

1. Introduction. In this note we shall remark the superfluity
of the condition IV of the uniqueness theorems obtained in the previous
note [5]. As Theorem 1 is fundamental among Theorems in [5], we
shall only indicate the modifications to be done in its proof. That
theorem is related as the following:

Theorem 1 in [5]. P(x, D)=Pyx, D)+Q(x, D),

Pw D)= 3} a@D" QD=3 3, a@D”

J=1 ]a:m[Sl—;r
I. (1) m,>m,. (2) The coefficients of Pyx, D) are in C*"(Q)
and those of Q(x, D) are in C(Q) and bounded on 2, where 2 is a
domain containing x=0. (8) For a=(m,0,---,0), a.(0)=0.

II. Pz, D) is semi-elliptic at x=0, t.e. Py0, &) does not vanish
Jor any mon-zero real vector €.

III. Let §,=C,E) be a root of Py(0,C, 8)=0, then P{0,C, &) does
not vanish for any mon-zero real vector .

IV. Let be N°=(—1,0,--+,0), N=(N,, N, -+, N,) where N,’s are
real, and £+icN=(&+4rN,---,,+1cN,) where r is a real number.
For m,>2 there are neighborhoods U,0) of x=0, V(N of N° and
a constant C, such that
D BB [EHNFSC) 3 PO, +ieN) 1]
holds for any xe Uy0), any NeV(N) and any (§,r)eE"X R, t>1.

Suppose that 1, I, IIT and IV hold. Then there exist the constants
C, 6,>0, M>1, and for any real number ¢, § satisfying 6<d, 70> M,

2) 3 [+ T [ Do exp (2004(e)) da
<C [P, Dyu|* exp (2ep,(2)) dz

holds if ueCy(U,(0)), where ¢,(x) s (x1-5)2+5z"}x§ and U,0) is a
=2
netghborhood depending on é. !
2. The superfluity of the condition IV. We first used the

-5,

* a=(ay, @s,- -+, @y)ey; integer >0, m=(mi, mz, -+, mpy)m;; integer >0, |a:m|=
J

/. For the other notations, see [5].
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condition IV to estimate the third term in the right hand side of the
inequality (5.8) in [5] (p. 788);

f | D*u, |? exp (2c0,) dov< D, f [ | Py, Du, [*+(c6)| P&(x, Dyu,
) , | Du, |*] exp (200,) da.

=1 |az 11—

]am] 1

However this term is an estimation of
[ 18, Dyu,— P, Dyu, [* exp (22¢:) do
on the support of u,. So the above third term can be replaced by

Dyed) [ 31, |Du,[* exp(2rey) do.
my 1

Then by using (4.9) in [5] (p. 785), for any «; |a:m|=1——-
there exists at least one B; |8:m|=1 such that m

f | D*u, |® exp (27¢;) de=Cr™* f | Du, |? exp (2r¢,) dx

holds.
Thus we get for a constant D
(z-B)I Z | Du, |* exp (27¢;)) dng&l z;_l f | Du, |? exp (27¢;) da.

By transferlng this term in (5.8) from the right to the left, and by
choosing 0 small properly, we get for a constant D;
| Du, |* exp (27%) de<D; f LI Po(x, Dyu, |*+(z8)*| P§°(x, D)u, |*]

X exp (2r¢,) du.
Thus in this case we can avoid to use the condition IV.
Next we used the condition IV to prove the inequality (5.14) in [5];

3 4u 1 <D A+Ad (D42 )]
=1 my m;
where A, and A denote > f | Du |? exp (2¢,) dx and f | Po(, DYu|?

|aim]| =

[aml 1

X exp (2r¢p,) dx respectively for ueCy(92).
Taking notice that we need the above inequality, to get (1.2), only
for ueCy(U,(0)), we can use (5.15) in [5];

(1 +522')A1_;17£ CA, for each j, ueC(U,(0)) and a constant C.

By this, we can calculate the following:
Az = (A4 D) (A DOl 0] A (A )}
g A3 <OTe(U+30) 04, [2 (Al_m%)ﬂ
=20 [r(145%)] 24, *[é A J*
=C"[e(1+0%)] [A—]—A §<2A1 1> }

”j

=C(c0) | A+4, gf(EA,_mJ) d!
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Thus we get (5.14) in [5] without the condition IV. The superfluity
has proved.

3. Typical examples satisfying the conditions I, II and IIL

(1) In the case of m,=my="--.-=m, Pz, D) satisfying I, IT and
III is the elliptic operator same as that treated by L. Hormander
(see [1]).

(2) The heat operator P D)=Di+D;+--.-+D:_+iD? satisfies
I, IT and III for m,=my=---=m,_,=2,m,=1.

(8) Pyx, D)=(tD))"+a(x)D;, n; odd number =3, a(x)>0, a(x)
eC"**(Q), satisfies I, II and III for m,=mn, m;=2. This result is due to
M. Picone (see [3] and [4]). He proved for any integer >2.

(4) Py(D)=@D)™~+a(tDy)™, m,>m,, one is odd, the other is
even, a; a constant =0, satisfies I, II and III. This result is due to

L. Nireberg (see [2]). He proved the uniqueness without “odd, even”
restriction on m, and m..
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