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149. On Indefinite (E.R.)-Integrals. I

By Kumiko FuJita
(Comm. by Kinjiré6 KUNUGI, M.J.A., Oct. 12, 1965)

§1. I.A. Vinogrdova [1] constructed a function f(x) such that
(i) flx) is D-integrable [2] on [0, 1], (ii) f(x) has a continuous
indefinite A-integral, A(x)z(A)Sx fdt [3], (iii) A(x);t(.g))gxf(t)dt
(xe P, mes P>0). On the other 0hand I. Amemiya and T. Aniio [4]
proved that A-integral is equivalent to (E.R.) integral for Lebesgue
measure [5].

In the paper ‘‘On indefinite (E.R.)-integrals. II’’, we shall show
that, for every function f(x) which is 9-integrable on I,=[a, b],
there exists a measure v such that f(x) has a indefinite (E.R. v)-
integral, (E.R. u)S” ft)dt [6], and (E.R. u)S” f(t)dt=(£))rf(t)dt for
all we I, ’ ’ ‘

For this purpose, first we shall generalize (see the Lemma of § 2)
the theorem which has been proved by S. Nakanishi (formerly S.
Enomoto) [7].

Nakanishi’s theorem. Let f(x) be a function which s D*-
wntegrable [87 on I,=[a, b] and let F(I )=(Q*)S flx)dx. Then, for
every sequence {€,}, €, | 0, there exists a non-deéreasing sequence of
closed sets such that (i) G F,=1, (ii) flx) is summable on every
F,, (iii) the condition, I, ﬁ—i’—'ni?':gb for all i, implies that

SFO-3D| e <e,
Sfor every finite family {I,:t=1 --- 4,} of non-overlapping intervals
contained in I,

§ 2. For 9-integral, we shall prove the following lemma which
may be regarded as a generalization of Nakanishi’s theorem.

Lemma. Let f(x) be a function which is D-integrable on I,=
[a, b] and let FF(I )=(@)Swf(t)dt. Then, for every sequence {e,},
€, |0, there exists a nona-dec'reasing sequence of closed sets {F,}
such that (i) g F,=I, (i) f(x) s summable on every F,,

(iif) ‘F(I)—SF N f(a_c)dwbgsn for every interval IC I, (iv) §|F(I;)1s

¢, for the sequence of intervals contiguous to the closed set which
consists of all points of F, and end points of I,

Proof. It is enough to show that every function of _L,(I),
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for a<f, possesses this property. Let us show it by transfinite
induction.

(1) In the case, @=0, being -Li(I,)=-L(1],), the sequence {F,=1I}
fulfills the required conditions (i), (ii), (iii), and (iv).

(2) In the case, 0<a<®, we shall show that every function
of _L,(I,) possesses this property if every functions of _£(I,), for £<a,
possesses. We shall consider two cases separately.

() The function f(w)e( g,z;(zo))”. Let {p,:1=0--- 1)},

0, <Di+1, be the set consisting of all (Z.[’e)-smgular points in I, of
f(x) and end points of I,. Then on account of continuity of F(I)=
(@)S Ax)dt, there exists 6,>0 such that, for every interval IcC I,
! |I|<d, implies | F(I)|<&./ls . (1)
In each interval [p,_,, p;], we may choose two sequences {af}
and (b}, p1.< <+ <AfM'<a]< cee <AILKHI< oo KBIKHITI oo <y,
such that
—p<0; and  p,—b{<9; (2)
for every j.
We write Ji=[a}, b], J¥'=[ai, ai™'] (=2, 38, --+),
P=0b", b1 (1=2,38, ---),
Jllzj_lz[pl—ly a{:l (-721’ 2, .- ')’
and Ji=[bl, ;] (G=1,2,---).
Since f(x)e 1 Li(J{) for every I and j, flx)e L(J/) for some
&g <a, and thereeiea;cists, by hypothesis of induction, a non-decreasing
sequence of closed sets {F7, (m=1,2, --.)} such that (i") G Fi,.=1I,
(ii") f(x) is summable on every FY,, "

(iii") ’F(I )— S , (x)dw‘ <em™/l,-27 for every interval ICJ/, (3)
Flom

(V) S FU) | <enfle2? (4)

for the sequence of intervals {I}} (k=1, 2, ---)} contigouous to the

closed set which consists of all points of F7/, and end points of Ji.
L o

Writing F,=U U F/.UpUlal, b (1=1,2, -+ 1)(G=1,2, -+ -n)}
1=1j=2

we shall show that the sequence of closed sets F', fulfills the required

conditions (i), (ii), (iii), and (iv). It is clear by the construction of
F, that {F,} is a non-decreasing sequence of closed sets on each of

which f(x) is summable and that U F,=I. On account of (1), (2),
n=1
and (3), we have, for every interval Ic I,

1 F(I)— SF  flada [ - f :g{:g FAEND+FI™ 0D+ FJ0I)

n
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- E S f(x)dx} < 22 FinD- S d nrf(x)dxl

Fm =17j=2 Fin

+ g{l FmnD |+ FI™NI) 1}

! n
<3 (Bewt-2+ e/t e, /l) <,
=1 \j=23

Let {Ii} be the sequence of intervals contiguous to the closed set
which consists of all points of F', and end points of I,, Then, the
family {I} is equal to the family
{I{'rf(k:19 2,--9) (l=1! 2, .., lo) (j:]-’ 2, .., 27&)}
Ui (1=1,2, -+ -, )} U{J"(1=1, 2, - -+ L)}
and therefore, we have, by (1), (2), and (4),

SR =2 (B D Fu 1+ FUp+ FIm)||

lo /on
<31 (3 eullorit e/l e, L) <e,
(b) The functlon flx)e (Z L(1))°Z. Let S be the closed set of all

(Z‘.[}) -singular points in I of ), {J,(1=1,2,3. )} the sequence of

mtervals contiguous to the closed set consisting of all points of S
and end points of I,. Then f(x)e (>)-Li(J;))’. Hence, by what has
<

just been proved in (a), there exist; a non-decreasing sequence of

closed set {F},,(m=1,2,3 --.)} such that (i") U F,,,=J;, (ii") f(x) is
m=1

summable on F,,,,

(iii") ‘F“)‘S f(w)dw’ <, /o1 (5)
Fiomnr
for every interval IcJ,,
(iv") 2 | F(I} ) | <&,/27 (6)

for the sequence of intervals {I7,.(j=1,2, ---)} contiguous to the
closed set which consists of all points of F), and end points of J,.
Since f(x)e (E.EG(IO))"” there exsists a strictly increasing

sequence of mteger {l,} such that

3L T £)I<e8, (7)
O((SILY Jis f<e.8 (8)

for all I>1,.

Let F,= UF, .. Then f(x) is summable on F,. Hence there
exists 9,>0 such that, for every measurable set EC F,

mes(E)<?¥, implies S | @) | de<e,/8. (9)
B
Let f,(x) be the restriction of f(x) on S and let



No. 8] Indefinite (E.R.)-Integrals. I 689

F(D=@)| f(w)is.
Then f(x)e (E.C (1))’ and there exists a non-decreasmg sequence
of closed sets {F0 » (m=1, 2..+)} such that (i"") U F,.=1, (ii"") f,(x)
is summable on F,,

(iii"”) R(I)—S  fa)da| <eud (10)
F ,m I
for every interval Ic I, '
(iv™) ; | F(T].0) | <&/ (11)

for the sequence of intervals {I[{.(j=1,2, +-+)} contiguous to the
closed set which consists of all points of F|, and end points of I,.

Since lim mes (I,—F,,)=0, we may assume that

mes (I,—F,,,)<0,. 12)

Writing F,=(SUF,)N F,, we shall show that the sequence of

closed sets {F,} fulfills the required conditions (i), (ii), (iii), and (iv).

It is clear that {F,} is non-decreasing sequence of closed sets on

each of which f(x) is summable, and that G F,=1I, Since F,=

(SN F,.,)U[F—{F.NC(F,)] and mes (SN F)=0, it follows from
(5), (7), (8), (10), (9), and (12) that

‘F(I)—Sm f(x)dx‘ HFL(IH—% F(Jmf)}

_ {S f(oo)dx+g f(x)dm—g
SNFg NI F'y0I P NO(Fy NI

< ‘ F,,(I)—SFO . f(x)dx‘ +l§_;1 F(J,ﬂI)—SF

+ > |F<Jml>|+§ . |f@lda

FoNO0Fg,y)

Sen/4+25n/2l+2+ 2 |F(Jl)|
+2 s>ulp0((2.fe)" Jl, f)+6n/8<6
for ever interval IcI,.

Finally, let {I7} be the sequence of intervals contiguous to the
closed set which consists of all points of F, and end points of I.
Then for each Ii,, 0<Il<l,, [for each J,(I>1,)], there exists a
interval I} such that I/, c Ii[J,cI;]. Hence, we have

CI7'

fla)dz|

f@)s|

Ly

1=1,+

1
17 cI"” J,cz‘ On

T U@ENC(F, )N Y.
Therefore, on account of (6), (), (A1), (9), and (12), we have
21F<I»|<221F<Im>|+ S| F)|

1=T,+1
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+RNFEE] )

<e,/4+¢,/8+¢,/4+¢,/8<¢,.
This complete the proof.
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