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10. Notes on Commutative Archimedean Semigroups. I

By Takayuki TAMURA
Department of Mathematics, University of California, Davis
(Comm. by Kinjir6 KUNUGI, M.J.A., Jan. 12, 1966)

1. Introduction. A commutative semigroup S is archimedean
if and only if for any ordered pair of elements, (@, b), of S there
are an element ¢ of S and a positive integer n (depending on (a, b))
such that a* = be. The author proved the following theorem in [5]
(or p. 136, [17).

Theorem 1. If S is a commutative cancellative archimedean
semigroup without idempotent, then S 1is isomorphic onto the
semigroup of all pairs of mon-negative integers and elements of
an abelian group G,

{(n’ a); neN’ C(GG}, N:{Oy 1’ 29"'}
with a non-negative integer valued function I: G X G—N where the
multiplication is defined by
(n, @) (m, B)=(n+m+Ia, B), aB)

and I satisfies
(1.1) Ke, =18, a)
(1.2) Kea, B)+IKaB, v)=I(«, BV)+1(B, )
1.3) For any &€ @, there is a positive integer m depending on

& such that I(&™, &)>0.
1.4) I(e, e)=1, € being the identity of G.
Further S is homomorphic onto G, S= U S, where each congruence

class S, i1s a linearly ordered set w:ﬁz respect to the ordering
<y defined by x=ary for some positive integer m for a fixed
element a of S.

No satisfactory construction theory has been established in the
following cases: commutative archimedean semigroups with zero and
commutative archimedean semigroups without idempotent in which
cancellation is not assumed, except special cases (see [4], [5], [7]).

This paper and the continuation reports the theory of construction
of the two cases just mentioned without proof. These results would
complete the construction theory of commutative archimedean semi-
groups in all cases. The detailed paper will be published elsewhere
[6].

2. Group decomposition, In §2 through §4 S is assumed
to be a commutative archimedean semigroup either without idem-
potent or with zero.
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Lemma 1. If 0, then x==xy for all ye S (see [4], [5]).

Let a be a fixed non-zero element of S. We define two relations
7 and o on S:

xty if and only if x=a"y for some non-negative integer n.
“xty” will be also denoted by “x<y” or “x<y”. If z<but z+y
then we denote it by x<y. ’ ’

xzpoy if and only if a"x=a™y for some non-negative integers m,
m. Then 7 is a compatible partial ordering, namely S is a naturally
partially ordered semigroup with respect to z. The relation p is a
congruence on S generated by <.

Theorem 2. The factor semigroup S/ is a group. If S has
a zero, then o=S8XS namely S/po is a trivial group.

Thus we have a decomposition of S modulo p

S:)\LGJGS)\’ G=S/p.

Each congruence class S, modulo o is still a partially ordered set
and no element of S, is r-related to any element of S,, 2+ p.
Lemma 3. ForxeS, ax<x and there is wmo ze€ S such that
ax<z<wx. If b<e, then there are a finite number of elements x
between b and c; the set of x forms a chain.
Lemma 4. x2<y and z<y imply <z or x=2 or x>z.
Lemma 5. The ascending chain condition holds:
x1< x2< coe
terminates at a finite number of terms.
Thus S has maximal elements with respect to z. These are
called primes (to @). The element a itself is a prime (to a).
Lemma 6. FEach S, is a semilattice, namely, any two elements
of S, have a greatest lower bound in S,.
Thus S is the set union of disjoint semilattices S, in the above
sense.
3, Trees. Apart from S, we give a concept of trees in general,
Let L be a semilattice with respect to N in which a<b means
aNb=a. The following conditions are equivalent:
(2.1) For any b<ec, the set {x; b<x<ec} is a chain.
(2.2) For any a, the set {x; x<a} is a chain.
(2.3) For any a, x, ye€ L either anz>any or ane<any.
(2.4) x<z, y<z imply either <y or x>y.
(2.5) At least two of anbd, bNe, and ¢cNa, are equal for any a, b,
ce L,
A semilattice L is called a tree if one of the above conditions
holds. A tree is called dispersed if any set of the form {x; b<x<c}
is a finite chain.

Let P be a set, N be the set of all non-negative integers,
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Consider a mapping of PXP into Nx N
(9, @)—(hs(p, @), ho(p, @)
such that h,(p, q) and h,(p, q) satisfy the following conditions:
8.1) hy(p, 9)=0 and h,(p, ¢)=0 if and only if p=¢q
(3.2) hy(p, )=h,(q, D).
(3.3) For any p, q, r, at least one of the following three systems
holds
(3.3.1)  hy(r, D)+ hy(D, )=hy(p, Q)+ g, ),
hy(q, ) =hy(q, D), h.(r, P)=h.(q, )
(3.3.2) hy(p, @) +h.(q, r)=hq, )+ h.(r, D),
hr, p)=hr, @), ho(p, Q)=Ph(T, D)
(3.3.3)  h,(q, ") +hy(r, p)=h.(r, )+ hD, 9),
ho(p, @) =hi(D, 1), h(q, T)=h(D, @).
Let L’ be the product set of N and P
L'={(n, p); ne N, pe P}.
Define a quasi-ordering < on L’ as follows
(4) (m, @)<(nm, p) if and only if
m—hy(p, 9)=0, n—hy(p, Qy<m—h,p, q)
and then define an equivalence & by
(5) (m, @)é(n, p) if and only if (m, ¢)<(n, p) and (m, q)=(n, p).
Then L=L’'/& is a partially ordered set respecting the partial order-
ing induced by <. A partially ordered set is said to satisfy the
abovebounded condition if for any element x there is a maximal
element b such that x<b.

According to [3], we have

Theorem 3. L is a dispersed tree, without smallest element,
satisfying the above bounded condition. Any tree of this kind is
1somorphic with the above-mentioned L,

For the case where a smallest element is, let w: P—N\0 be a
positive integer valued function defined on P. Consider a mapping
of PxP into NXN, (p, q)—(hsp, q), h(p,q)) such that h.(p, q)
and h,(p, q) satisfy (3.1) through (3.3) additionally (3.4) below
(3.4) hy(p, @) <w(p) for all ge P

hy(p, @) <w(q) for all pe P,
L’ is defined as the same as the previous case and & is defined as
follows:
&=E&U¢
where & is defined by (5), and & is defined as follows:
(m, @)&'(n, p) for all m, n, p, ¢ such that n>w(p), m>w(q).
Let L,=L’/&. Then L, is a partially ordered set with respect to
the partial ordering induced by <.

Theorem 4. L, is a dispersed tree, with smallest element,
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satisfying the above-bounded condition. Any tree of this kind is
wsomorphic onto L.

4. The Congruence classes, Returning to archimedean semi-
group S, we can say in the following way:

If S has no idempotent then each S, is a dispersed tree, without
smallest element, satisfying the ascending chain condition; if S has
a zero, then S is a dispersed tree, with smallest element, satisfying
the ascending chain condition.

The functions hu(p, q), hp, q) given in S, are denoted by
kM (p, @), h¥(p, ), respectively.

We define a relation » on S as follows:

xny if and only if a"x=a"y for some positive integer n where
a is originally fixed.

Theorem 5. The relation 7 is the smallest cancellative con-
gruence on S. If S has mo idempotent, Sy is a commutative
archimedean semigroup without idempotent. If S has a zero, n=
Sx8S.

By a maximal ascending chain from b we mean a sequence of
elements of S

b:b0< b1< b2< o <bn:p
where p is a prime and there is no element between b, , and
b,(t=1,---,m). The number n is called the length of the maximal
ascending chain from b.

Lemma 7. For a fixed be S, the set of the lengths of all
maximal chains from b is bounded.

By a maximal descending chain from a prime p we mean a
sequence of elements of S

C:Pp=Cy>C,>C, >0 >C, >0
where ¢,_;>x>¢, for no xe€S. For a fixed C, let f(n) denote the
maximum of the lengths of all maximal ascending chains from e¢,.
Let f(0)=0.

Lemma 8, The set {f(n)—mn; n=0,1,2,-.-} is bounded above,
namely, there is a non-negative integer k such that

f(n)—n<k for all =,

This lemma can be restated as follows: Let p be a fixed prime
in S,. There is a prime p, in S, such that
(6) b (Do, ©)— 1Y (Do, ) Z P35 (Day D) — 13" (Pay D)

for all primes p, in S,.
For any prime p, in S, we define non-negative integer-valued func-
tions as follows:

( 7 ) {ak(pa)zh%)(po’ pa)—hgx(poy pa)9

T\(De) =Ny (Do, D).
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Lemma 9. A prime p, satisfies (6) +f and only if
0,(p.)>0 for all primes p, in S,.
Such a prime p, is called a highest prime,
Theorem 6. If S has no idempotent, then each S,, 1€ @, is
a dispersed tree withouv smallest element. If S has a zero, then
|G1=1, S is a dispersed tree with smallest element. In both cases
the trees satisfy the ascending chain condition, and each S, has
at least one highest prime to a.
5. Construction of special case. Assume that the following
systems and functions are given:
(8.1) G:an abelian group whose elements are denoted by 2, .-
(8.2) N: the set of all non-negative integers
(8.3) I(2, p): a function of G xG into N satisfying (1.1), (1.2), (1.3),
and (1.4) in Theorem 1.
(8.4) {P,; 1€ G}: a family of disjoint sets P, with functions AV («, B),
hid(a, B) satisfying (3.1) through (3.3) such that
ox(a)>0 and 7,(a)<o,(a)+1 for all ae P,.
A chosen highest prime in S, is denoted by ¢,. (S, denotes L in §2.)
Let &, denote the relation (5) on S,, and {, the relation (4) <
on S, and let
&= U 5)\, t=u CM ¢ | S}\Zé}u ¢ | SA:CA
A€EG AEG
where &| S, is the restriction of & to S,.
Then the set (NX P)/¢ is a partially ordered set and
(Nx P)fe= U (NXP/&).
Let h.(a, B) be the function on PX P obtained by uniting h{M(a, B)
through 1¢G:
ha(“& :8): U h},"’(af, 18): hB(ay B): U ht(i}\)(ay B)
AEG AEG
and also
o(@)= U o\(a), m(a)= U my(a).
AEG AEG
For convenience we state the definition of &:
(9) (n,a)é(m, B) if and only if « and B are in a same P, for some
2e€G, and n—h(a, B)=m—hga, £)=>0.
We define a binary operation on P as follows:
For any a,e P, and B,€ P,, choose a prime 7,,€ P,, such that
(10) o(an+0a(B.)+ 12, ) =7(V\u).
This is always possible since we can take at least v,,=¢,,. Such 7,,
is not unique but we choose one of those, and v,, is denoted by
Yapn =B
Additionally we can require
(a1 aB.=B.a, for all a,, B,

ay.=ta,=a, for all a,. (¢ is the identity of G)
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Thus we have a commutative groupoid P with identity ¢., and the
groupoid P is homomorphic onto G.

Next we define a function K(a,, 8.) on PX P as follows:
(12) K(ay, Bu)=0(a\)+0(B.)+ 12, p)—o(a.B.)
where «,8, is the product in the groupoid P just obtained. K is a
non-negative integer valued function and immediately
(13) K(a,, B.)=K(B., @)

K(a,, t.)=1 for all a,, all 2€G.

For the given groupoid P, and for the given function K, we define
a binary operation on S:
(14) (’I’I/, a)\) (m’ BM):(n+m+K(ahy BM)) aABu)'
This definition (14) is given for elements of N x P, but we can show
that it is single valued on S=(Nx P)/é and that the system S with
(14) satisfies all our requirements.

Theorem 7. The S constructed above is a commutative
archimedean semigroup without tdempotent.

Theorem 7 gives the construction of a special case. The general
case together with commutative archimedean semigroups with zero
will be discussed in the second part of this paper.
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