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161. A Characterization of Lukasiewician Algebra. II

By Corneliu O. SmOE
Calculus Centre of the Bucharest University

(Comm. by Kinjir5 KUNU, Oct. 12, 1967)

In [4], I introduced according to algebraic technique used by Prof.
K. Iski [1, the notion of L-algebra and I showed that a L-algebra
is a three-valued Lukasiewicz algebra. In this note I shall show that
a three-valued Lukasiewicz algebra is a L-algebra, hence the notion
of L-algebra is equivalent with the notion of three-valued Lukasie-
wicz algebra.

A three-valued Lukasiewicz algebra is [3 a system (A, 1, ,
/, , } such that the following axioms are verified:
A1) x1-1,
A2) x g (x @ y)-x,
AS) x (y z)- (z f x) U (y x),
A4) x x,
A5) ,(xy)-x ,-y,
A6) x/x- 1,
A7) x V x-x/x,
A8) /(x y)-/x /y.

In a three-valued Lukasiewicz algebra hold the followings"
1) /qx x,
2) g/x
3) (x y)- px @ y/,

4) x ,.x<_.y
5) x t,x-x O ..x,
6) x /x
7) x/x-0,
8) x /x- 0,
9) /x /x-0,

10) /x -/x- 0,
11)
12) x f y 0_/y_< x,
13) lx-ly and /x-/y imply x-y, which is the Moisil
determination principle.

If we note x,y-(xly)(.-fx.-y), we shall prove that
<A, 0,., -} is a L-algebra.

Lemma 1. x,y- O_x <_ y.

1) We note 0=--1.
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Really, ,y-0N --/y-0, ,-/,-N ,--y-0__/xpy,
xyxy,,xy y.

Lemma 2. x,yx.
(x,y),x-(((x ) (gx )) gx) (Z((x Zy)

,u x Zy x 0, hence x,y x.
Lemma . x-x,(x,x).

We have
hence x,(x,x)-x,gx-(x
(Zx Zx) -,ax (x x) Zx x x.
Lemma

x,y-(x ) (gx y)-(y gx) (,ay x)
:y$x.

Lemma . x,y-y,x.
It is easily proved by Lemma 4 for x-x, y-y.

Lemma 6. x,(x, x) (y,(y, y)).
We have x,x-(xx)(gxx)-px hence,

x,(x, x)- (x ggx) (gx gx)
X)-(xx)U(xx) x(xU

=xx-x x;
also (y,(y, y)) (y y) y y and from x x y U y we
obtain Lemma 6.

Lemma 7. (x,y),(x,z) z,y.

We have
z,y (z

and
(x,y),(x,z) (((x n ) u(gx n )) g((x z)
(px z))) (((x gy) (,ux )) ((x pz)
(x z))) (((x gy) (gx y)) (gx
(gx ,az)) (((gx gy) (x y)) (x z)
(zx z)) (((x zy) (zx y)) (zx upz

x))) (g x gy (x z (z g x))) (x gy
N gz) U(xN gxN gyN gz)U(xN yNz)U(
N gy N z),
hence

g(z,y) (Fz n Fy) u (,u z n y),

FY N Fz) U (,u x N FY N P z) U (P x N FY N P z) p
x N gy g z,g((x,y),(x,z)) (gx N gy N z) U (gx N

x N Fy N Fz) U (F x N F y N F z) U (F x N FY N Fz),
whence
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ff ((x,y),(x,z)) <_ ff (z,y),
ff((x,y),(x,z)) <_ ff(z,y)

and with a consequence of Moisil’s determination principle, we have
(x,y),(x,z)__z,y.

s. x,(x,(z,(z,y)))- z,(z,(y,(,x))).
We have
z,(z,y)-(z ff((z fly) u (ffz y))) u (ffz .((z

fly) (ffz y)))-(z fly (ffz ffy)) (ff..z fly (ff
.-z U y))-(z f ,-z f ffy) U (z ff....y) U (,,-z f y)
--(z ff,-z ffy) U (z y (. ff.-y U
hence

.-,u.-(z,(z,y))-(,.ff.-z lt,.z fly) U (Nz ,-,.y(,ff,-y
L ffz))- ff(z y)
and

ff(z,(z,y))-(ffz ffz fly)u (ffz fly (ffy u ffz))
ffz fly (ffz u ffy u ffz)- ff(z y),

whence
z,(z,y) z y.

Then,
x,(x,(z,(z,y))) x (z ) z (y x) z,(z,(y,(,x))).
Lemma 9, (x,z),((x,z),(y,z))-(y,z),(y,x).

We have
(x,z),(y,z)-(((x ffz) u (ffx z)) ff((y ffz) L (.
z))) U (ff((x ffz) (ffx z)) ((y ffz) U (ffy

..z)))-(x ffz ffy) U (ffx ..z ffy) L (ff.-x
n ff ,--,y) U (,--, ff ,--,x N ffz n ,-y)
whence

(x,z),((x,z),(y,z)) (x z n ( ffz U ff x) f ( fix U ffz U fly)
(if... x U ff,. z U fly) (ff x U ff,- z U ffz U ff,. y) (ff x U ffz U
ff ,--,y)) u (,- ff ,.,,x r ffz r (,-.,x u ffz @ fly) (ff ,-..,x u z u fly) (ff,x @

z U ffz U ,--,,u,--, y) N (ff x U ffz U y).
Applying to the preceding relation ff and ff respectively, we
obtain after long calculation

ff((x,z),((x,z),(y,z)))- ffx n ffy n ffz
and

ff((x,z),((x,z),(y,z)))-(fix n fly n ffz) u (ffx n ffy n ffz).
Using the calculation made at the Lemma 7, we have

ff,-((y,z),(y,x))- ff .-y ffz ff ,.x
and

ff((y,z),(y,x)) (fly r ffz r ff x) u (fly ff y ffz r fix)
U (,---,ff,-.-,y N ff,...,zn ,,ff,-.,x,)U(,--,ff,--,yN ,-.,ffzN ffx)-(ffx, N ,--,ffzN((ffy
n ff,-.,y) U (,-., ff,--,y) U (,.-, ff,x n fly n ffz) U (ff,--,x n ff’--’y n ff,.-,z)



736 C.O. SCOE [Vol. 43,

By the preceding relation, we have
,U,-((x*z)*((x*z)*(y*z)))- ((y*z)*(y*x)),
t((x,z),((x,z),(y,z)))- t((,z),(x,x))

and with the Moisil determination principle, it follows that
(x*z)*((x*z)*(y*z)) (y*z)*(y*x).

Hence we have proved that a three-valued Lukasiewicz algebra
is a L-algebra. According to the result obtained in [4 we have
the following

Theorem. The notion of L-algebra is equivalent with the
notion of three-valued Lukasiewicz algebra.
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