
792 Proc. Japan Acad., 44 (1968) [Vol. 44,

176. On the Sets of Points in the Ranked Space. III

By Kin’ichi YAJIMA,* Yukio SAKAMOT0,
and Hidetake NAGASHIMA***)

(Comm. by Kinjir6 KUNUGI, M. J.A., Oct. 12, 1968)

In this paper, for a subset A of a ranked space R [1], we shall
define two subsets of the ranked space, A and A. Both of them have
some properties which are analogous to the closure in the usual topo-
logical space. We shall introduce several propositions with respect to
A and A. We have used the same terminology as that introduced in
the paper "On the sets of points in the ranked space II." [6].

Definition. Let A be a subset of a ranked space R. Then A and
A are defined as follows.

A- {x {V(x)}, V(x) A :/= for all },
A {x Y{V(x)}, Vo(x) A :/: for all c},

where {V(x)} is a undamental sequence of neighborhoods with re-
spect to a point x o R [2] and cr is a natural number. We say that A
is an r-closure o A and that A is a quasi r-closure o A.

Proposition 1. If A is a subset of a ranked space R, then
(1) AA,
( 2 ) if R satisfies Condition (M) [3] then A--A.

Proof. It is easy to prove (1).
I p e A, then by the definition there exists a undamental se-

quence o neighborhoods of t0, {V(p)}, such that V(p)A or all

Let {U(p)} be an arbitrary undamental sequence of neighbor-
hoods of p, and V(p) e 1/ and U(p) e 1I. Then or each fl, there
exists y such that 8<_y. By Condition (M), U(p)V(p), con-
sequently U(p) A :/:. Therefore p e A, that implies A_A. Then,
A-A because by ( 1 ) A A.

Remark 1. In general AA. For example, i A-{z}, where
{z} is a sequence of points in Example I [3], then A :/: A.

Proposition 2. If A and B are subsets of a ranked space, then
(1) if AB, then AB and AB,
(2) A and A,
(3)
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(4)
(5) R--R and R-R.

Proof. It is easy to prove this proposition.

Remark 2. fi= and -- are not always true. For example,
let A be a point p in the example of K. Kunugi [2]. Then, it is shown

that 2{ is a proper subset of and that A is a proper subset o fi.
Proposition :. If A is a subset of a ranked space R, then the

following conditions are equivalent.
(a) A is an r-closed subset of R.
(b) A-A.

Proof. First we will prove that (a) implies (b).
Suppose that A :/:A, that is, A A. Then there exists a point p

such that p e A and p A. Consequently, p e R-A and there exists a
undamental sequence of neighborhoods of p, {V.(p)}, such that V.(p)
A :/: for all a. Hence R-A is not an r-open subset o R. There-

ore A is not an r-closed subset of R.
Next we will prove that (b) implies (a).
If A is not an r-closed subset, R-A is not an r-open subset of R.

Therefore, there exist a point p o R-A and a undamental sequence
of neighborhoods of p, {V.(p)}, such that V.(p)A for all a.
Hence p e fi. Consequently A :/:fi because p e A.

Proposition 4. If A is a subset of a ranked space R, then the
conditions below are related as follows. For all spaces the condition
(a) implies the condition (b), but the converse is not always true.

(a) A is an r-closed subset of R.
(b) A-A.

Proof. If A is an r-closed subset of R, then A-A by Proposi-
tion 3. Since A_fi, we have A-.

The example of Remark 1 shows that the converse is not always
true, because A-A and A :/= A.

Proposition 5. Let {p.) be an arbitrary sequence of a ranked
space R and Aa- (pa, Pa+I, }, (- 1, 2, ...), then the following con-
ditions are equivalent.

( a ) When p is a point of R, p e Aa for all .
(b) A point p is an r-cluster point of {p.}.

Proof. First we will prove that (a) implies (b).
If a point p is not an r-cluster point of (p.}, then for each funda-

mental sequence of neighborhoods of p, {V(p)}, and for each natural
number such that fl <_ , there exists a natural number / and Voo(p)
such that pr e V.o(p). Hence V.o(p) Aa-- (b. By the condition (a),
there exists a fundamental sequence of neighborhoods of p, {U.(p)},
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such that U.(p) A:/: for all a. This is a contradiction.
Next we will prove that (b) implies (a).
Since p is an r-cluster point of (p.}, there exists a fundamental

sequence of neighborhoods of p, (V.(p)}, such that (P.} is frequently
in each V.(p). Consequently, for each V,(p) and an arbitrary natural
number , there exists (a)such that c(a) and p,(.)e V,(p).
Since p,(.) e A, we have V.(p)A for all a. Hence p e A for
all/ .

Proposition 6. Let {p.} be an arbitrary sequence of a ranked
space R and A=(P, p/, }, (fl= 1, 2, ), then the conditions be-
low are related as follows. For all spaces the condition (a) implies
the condition (b), but the converse is not always true.

( a ) When p is a point of R, p e A for all .
(b) A point p is an r-cluster point of {p.}.

Proof. Let {V.(p)} be an arbitrary fundamental sequence of
neighborhoods of p. Since p e A, we have V.(p)A:/: for all ft.
Therefore, {p.} is frequently in each neighborhood V.(p). Hence p is
an r-cluster point of {p.}.

The example of Remark 1 shows that the converse is not always
true. For example, let p. be z. in the example of Remark 1, then the
r-cluster point p of the sequence {p.} does not belong to A for all ft.

Proposition 7. If R is a ranked space, then the conditions below
are related as follows. For all spaces the condition (a) implies the
condition (b), but the converse is not always true.

a ) If quasi r-closures B. of subsets B. (c = 1, 2, ...) in R are
non-empty subsets of R and BB:... B...., then

( b ) R is a sequentially compact set.
Proof. Let (p.} be an arbitrary sequence of R and B.-(p., p./,

...},(a-l, 2,...). We haveBB...B.., andB.. Con-
sequently, by the hypothesis there exists a point p such that p e B. for
all c. By Proposition 6, p is an r-cluster point of (p.}. Hence R is a
sequentially compact set.

The following example shows that the converse is not always
true.

Let us consider the ranked space E of Example 2 [2]. Let
R-{Zn} J {p}, and U R V, where V is a neighborhood of a point in E.
If the rank of U is defined to be that of V, R becomes a ranked space.
Then R is a sequentially compact set. However, if we suppose that

B.- {Z., z./, }, (a- 1, 2, ...), the condition (a) is not satisfied.
Proposition 8. If R is a ranked space, then the following condi-

tions are equivalent.
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( a ) If B, are non-empty r-closed subsets of R, and BB.. B.. ., then B.qf.

b ) R is a sequentially compact set.
Proof. First we will prove that (a) implies (b).
Since B is an r-closed subset, B.-B.. Therefore, by Proposition

7, R is a sequentially compact set.
Next we will prove that (b) implies (a).
Since B. there exists a sequence (p.} such that p. e B. or all. Suppose that C.-(p., p./,...} (-1,2,...). Since R is a se-

quentially compact set, (p.} has an r-cluster point p. By Proposition
5, p e C. (-1, 2, ...). Noting that B. is an -closed subset of R,
B.-- B.. Hence p e B. or all . Consequently, B.:/:.
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